1.7 The Precise Definition of a Limit

Definition 1.26. Let f be a function defined on some open interval that contains the number
a, except possible at a itself. We say that the limit of f(z), as z approaches a, is L, and we

write

lim f(z) = L,

r—a

if for every number € > 0 there is a number § > 0 such that
if0<|z—al<d then |f(z)—L|<e.
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< Every prime number other than 2 takes the form 2k + 1 for some integer k

< For all/every prime number p # 2 there exists k € Z such that p = 2k + 1.

Explanation: 715 |f(z) —L| <e 2§ f(x)e (L —¢e,L+e) *TH &bt ? dhe VAL G
FREE f(o) e LieBEE PR - LRTHEIENEZLLETHEI LR >0 -
TV PP e T BEF (23] c R 0 KA ) B PR Sk Sk
EENRBEAFT b P %8 (L—c Lte) 2 p ot Dtk o2 ?hnghd] o chibdt f
A Badkide LY ) hRg e

Example 1.28. In this example we prove, using the definition of limits, that ilirgl) v = 3.

Let € > 0 be given.

1. The case 0 < € < 1: Define § = 6 — &2 Then § > 0. If 0 < |z — 9| < &, then
9—9 <z <9+ 0 which further implies that

9—6e+e*<w<9+6e+¢e® orequivalently, (3—¢)* << (3+¢).
Therefore, we have 3 — ¢ < y/x < 3+ ¢ whenever 0 < |x — 9| < . Therefore,
if 0<lz—9<d, then |vz—3|<e.
2. The case ¢ > 1: We pick § = 5 (by letting ¢ = 1 in the definition of § given in the
previous case). Then the computation above shows that

Wz —3|<l<e whenever 0 < |z —9| <¢.

In general, one can show that lim zw = an if a > 0. In order to prove this, for a given £ > 0

r—a

what ¢ you should choose in order to have

‘x%—a%]<5 whenever 0 < |z —a| <7

n—1
a na n &£

Hint: Prove that if 6 = min {5, T}, then the statement above holds.



Proof of Part (5) of Theorem 1.11. Let lim f(z) = L, lim g(z) = K, and £ > 0 be given. Since

r—a r—a

lim f(z) = L, there exists d; > 0 such that

£
— L < ——— h 0 — 1.
|f(z) | < K[+ 1) whenever 0 < |z —a| <&

Since lim g(x) = K, there exists d; > 0 such that

r—a

l9(z) — K| < min{l,m} whenever 0 < |z —al| < ds.

Define § = min{d;,d2}. Then 6 > 0. Moreover, if 0 < |r — a] < 0 (which implies that

0 < |z —a|] <d and 0 < |z — a] < Jy simultaneously),

|f(x)g(z) — LK| = |f(x)g Lg(x) + g(x)L — LK| < |g(=)||f(x) — L| + [L]|g(z) — K|
= |g(z) K+KHf — L| + +|L||g(x) — K|
< (|l9(z) — K|+ |K|)||f(z) — L| + +|L||g(z) — K|
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Therefore, we establish that for every given £ > 0 there is 6 > 0 such that if 0 < |z —a| < §
then we have |f(z)g(z) — LK| < e. This shows that lim [f(z)g(z)] = LK. O
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