Extra Exercise Problem Sets 1
Mar. 04. 2025

Problem 1. Determine whether the sequence {a,}’°; converges or diverges. If it converges, find
the limit.
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Problem 2. Determine whether the series )] a,, is convergent or divergent. If it is convergent, find
n=1
its sum.
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Problem 3. Find values of x for which the following series converges.
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Problem 4. Let {a,}°, and {b,}_, be sequences of real numbers.

(1) Show that if lim (a, + b,) D.N.E. and lim b, converges, then lim a, D.N.E.

n—0oo n—0o0 n—00
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(2) Show that if > (a, + b,) diverges and > b, converges, then > a, diverges.
n=1 n=1 n=1

Problem 5. Let {a,}r_; be a sequence of real numbers, and {0, }_; be a sequence of real numbers

defined by

On

_a1+a2+---+an_lia
n n = b

(1) Show that if lim a, = a exists, then lim o, = a.
n—ao n—a0

(2) Suppose that lim o, = a exists, is it necessary that lim a, = a?
n—o n—a

Problem 6. Let {a,};°, be a sequence of real numbers defined recursively by

any1 =V1+a, YneNu{0},a =0.
Show that {a,}°, converges and find the limit.

Problem 7. Let a,, = (1 + l)n
n



(1) Show that if 0 < a < b, then
bn+1 _ an+1

. < (n+1)b".
(2) Deduce that b"[(n+ 1)a — nb] < a™"™.

1
n-+1

(3) Usea=1+

and b= 1+ % in (2) to show that {a,},~, is (strictly) increasing.

(4) Usea=1land b=1+ 2i in (2) to show that as, < 4.
n

(5) Use (3) and (4) to show that a, < 4.

(6) Deduce that {a,}_, converges.

Problem 8. Let a,b be positive real numbers, a > b. Let two sequence {a,}°_; and {b,}_, be given

by the recursive relation

o = P2 b = by YneN, e =12 = Vab,

Complete the following.
(1) Show (by induction) that a, > an+1 > b1 > b, for all n € N,
(2) Deduce that {a,}>_; and {b,}°_; both converges.
(3) Show that lim a, and lim b, both exist and are identical.

n—0o0 n—00

Problem 9. Let {a,},_, be a sequence of real number defined by the recursive relation

1
i1 = Vi =0, ——
=9 e, " =3
Complete the following.
(1) Show that the sequence {aq,}o is a decreasing sequence; that is, as, 2 < ag, for all n € Nu{0}.

(2) Show that the sequence {ag,+1}", is an increasing sequence; that is, ag,3 = ag,41 for all
neNu {0}.

(3) Show that agy1 < ag for all k,¢ e N U {0}.

4) Show that the two sequences {as,}>_, and {as,1}°, converges to the same limit.
n=0 +1Sn=0

(5) Show that {a,}>_, converges.

Problem 10. The Fibonacci sequence {f,}’_; is a sequence defined recursively by

=1, fo=1 and fote = foy1 + fn YneN.

Show the following.
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for all n > 2.
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Problem 11. Consider the series .
n; (n+1)!

n

(1) Find the partial sum Sy, Sp, S5 and S;. Do you recognize the denominators? Use the pattern
to guess a formula for S,,.

(2) Prove your guess by induction.

(3) Show that the given series is convergent, and find the sum.

00

Problem 12. Determine whether the series ) a,, is convergent or divergent.
n=1
1 B 1 _onggn 1
(1) a, = s (2) a =In(1+ ﬁ) (3) a, = T (4) a,, = tan -
.o 1 arctann 1,17
(5> Gp = S % (6) n = Tl (7) Ay = |:— In (eQ—i—?)}
o L\n? _ 1\ —n? ~ (n!)? ~_ nllnn
(8) a, = (1 ﬁ) (9) an = (1+ n) (10) a, = (an) (11) a, = a1 2)l
ol  (=1)™(3n)! 1-3-5-----(2n—1)
(12) an = nm (13) an = nl(n+ 1)!(n+ 2)! (14) an = 2nn]!
n!)?3" —1)™(n!)™
(15) an = (—1)"(v/n+ vi— i) (16) a, = (—1)n(én)+1)! (17) a = L0
. L (Ink)?
Problem 13. Find all p and ¢ such that ) converges.
k=2
L sin(1/k)

Problem 14. Find all p € R such that the series kgg (k)P In(n k)

to provide the reason for the convergence or divergence of the series for each p.

converges. Note that you need

0 0
Problem 15. Show that if > a; is a convergent series of positive terms, then ) sina; converges.
k=1 k=1

0 2
Problem 16. Let S = ) % Euler found that S = % in 1735 AD.
k=1

0
1
1) Sh h =1 —_.
(1) Show that S +k§1n2(n+1)
1000000 1 1000
(2) Which of the sums »; — or 14 >} -w——— should give a better approximation of 57
=k f=1 K2 (k+1)

Explain your answer.
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Hint: (1) D) nmtd)

cos(kx)
Ink

0
Problem 17. Find all real numbers x such that > converges.
k=1

0 ee} o]
Problem 18. Show by example that >} axby may diverge even if > ay and Y by both converge.
k=1 k=1 k=1

Problem 19. Let {a,}*_, and {b,}_, be sequences of real numbers such that a,,b, > 0 for all
> N. Define

Cn = by — by ypeN. (0.1)

n

1. Show that if there exists a constant » > 0 such that r < ¢, for all n > N, then Z aj converges.

k=1
Hint: Rewrite (@) as b, = ¢, + Intl —b,, 11 and then obtain
an
a a a
by = en + Dy = ey + <CN+1 + X 2bN+2> =cy + A
N an an
=cn + N1 CN+1 T N2 <0N+2 24 bN+3> =
an an aN+2
a a
=con+ ey + Cngo + o ey T
anN a
Use the fact that 0 < r < ¢,, for all n > N to conclude that
Z ap < NN VYneN.
N-1
Note that then the sequence of partial sum of Z a then is bounded from above (by Z ar +
k=1 -
anby
r )

Q0
2. Show that if Z — dlverges and ¢, < 0 for all n > N, then ). a; diverges.
=1 k k=1

Hint: The fact that ¢, < 0 for all n > N implies that b,a, < b, 10,1 for all n = N. Use this

fact to conclude that

b
ANON < ay Vn=N
bn
0
and then apply the direct comparison test to conclude that )] a; diverges.
k=1
& An4-1

Problem 20. Let Y] aj be a series with positive terms, and lim = 1. We know from class that

k=1 n—o ap
the ratio test fails when this happens, but there are some refined results concerning this particular

case.

1. (Raabe’s test):

Qo0

(a) If there exists a constant y > 1 such that —* < 1 — 2 for all n > N, then Y a4
an, n —
converges. =



Q0
(b) If there exists a constant 0 < p < 1 such that “** =~ 1 —“ for all n > N, then 3 ax
an, n P}

diverges.
es}
Hint: Consider the sequence {b,}_; defined by b, = (n — 1)a, — na,+1. Then > b is a
k=1
telescoping series. For case (a), show that {nanﬂ}:}: n 18 a positive decreasing sequence and

Q0
then conclude that >} by converges. Note that b, = (u — 1)a, for all n = N. For case (b),
k=1

. e : Na
show that {nanﬂ}f_ v 18 a positive increasing sequence; thus a, > NT forallm > N +1
- n

o0
which implies that )] a; diverges.
k=1

o0
Remark: ;1 g | (a) & 4%k {a,}0, R IF2 18 TRRE > 70 > a Jeage &
o k=1
2 ek {an}le M 2bof ik 13 7R B - Z &R o

(Gauss’s test): Suppose that there exist a positive constant ¢ > 0, a constant p, and a

bounded sequence {R,}_; such that

an+1:1—ﬁ+}3n for alln > N.
Qn n  nite
0
(a) If 4 > 1, then > a; converges. (b) If u < 1, then Z ay, diverges.

Hint: Show that if 4 > 1 or u < 1, one can apply Raabe’s test to conclude Gauss’s test. For
the case p =1, let b, = (n — 1)In(n — 1) for n > 2. Using the second result of Problem @ to
0

show the divergence of > a; (by showing that ¢, defined by (@) is non-positive for all large
k=1
enough n).

Problem 21. Complete the following.

—_

0 1 \F%
. Show that . <1 - —) converges.

k=1 vk
log(k log k
Show that Z o8 (I:gl:)Q %8 converges.
L 1
Use Gauss’s test to show that both the general harmonic series )’ Py where a # 0, and
1 Q
. k=1
the series >, — diverge.
k=1
k!

Show that 1;1 (a+1D(a+2)--(a+Fk)

Test the following “hypergeometric” series for convergence or divergence:

converges if a > 1 and diverges if o < 1.

ala+1)(a+2)-- (a+k—1):g+a(a+1) ala+1)(a+2)
1 BB+HB+2)---B+Ek=1) B BB+1)  BB+1)(B+2)
a.,3+a(a+1).ﬁ(5+1)+a(a+1)(a+2)-5(5+1)(5+2)
1.~ 1-2y-(v+1) 1-2-3-9(y+1)(y+2)

(&) .
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(b) 1+



Q0
Problem 22. Let )] ax be a conditionally convergent series. Show that
k=1

18

[1 — sgn(ak)]ak both diverge. Here the sign function sgn is defined by

k=1

1 ifa>0,
sgn(a) = 0 ifa=0,
-1 ifa<0.

Q0
> [1 + sgn(ax)]ay, and
k=1

Problem 23. A permutation of a non-empty set A is a one-to-one function from A onto A. Let

7 : N — N be a permutation of N.

1. Suppose that {a,}*_; be a convergent sequence of real numbers. Show that {aﬂ(n)}f: is also

1

convergent; that is, show that if {b,},”, is a sequence defined by b, = ar(,), then {b,}_; also

converges.

0 0

2. Suppose that »; a; is absolutely convergent. Show that »; ar«) is also absolutely convergent,
k=1

k=1
and

0 o0
Z ayp = Z Qr(k) -
k=1 k=1

0
3. Suppose that > ax is conditionally convergent. Show that for each r € R, there exists a

k=1
permutation 7 : N — N such that

¢
Z @w(k) =T.
k=1



