Fourier Analysis MA3019 Midterm Exam 1
National Central University, 2016
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Problem 1. Use the Fourier series to show that Z =13
. : n 1 (* _ikzs
Problem 2. Let f : R — R be a 2L-periodic function, and f, = 2LJ f(x)e """ dx be the
-L

associated Fourier coeflicients. Show that

()| dx = Z 2k

k=—o0
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Problem 3. Let f € ¢(T) and {fi};__,, be the Fourier coefficients. Show that if >} |[fi| < o,

k=—0o0

then s,(f, ) — f uniformly on T, where s,(f,z) = Z Frethe.
k=—n

Problem 4. This problem contributes to another proof of showing that the n-th partial sum of the
Fourier series representation s,(f,-) converges uniformly to f on T if f € €%(T) for % <a< 1l

Complete the following.

1. Let f: R — R be 2m-periodic such that f is bounded, Riemann integrable over [—m, 7|. Show

that R |
fr = 5 _ﬂf(a: + %)eiik"’” dx
and hence |
fk—E [f(x)—f(x—l—%)}e_ikxdx.
Therefore, if f € €%(T), the Fourier coefficients f;, satisfies | fy| < W.

2. Let f: R — R be 27r-periodic such that f is bounded, Riemann integrable over [—7, 7]. Show

that .
(" ) ~

o [f@+h) — fo— W) de =) 4sin®(kh)|fil*.

k=—0
Therefore, if f € €%*(T), the Fourier coefficients f, satisfies

0
D, SRRl < | f G002V R (0.1)
k=—0
3. Let f e ¢%%(T), and p € N. Show that
TR P
2 ™
Z |fk| 92ap+1 :

2p—1< k| <2P

Hint: Let h = % in (@)
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4. Show that if f € €%(T) for some % <a<1,then > |fx| <oo;thus Problem a implies that
k=—00

$n(f,+) — f uniformly on T.

Problem 5. Let f be a 2m-periodic Lipchitz function. Show that for n > 2,

14+ 2logn
If = Frsr * floemy < — == Iflworcx (0.2)

and (141 e
I = 5al. Moy < B sy (0.3)

Hint: For (@), apply the estimate

1
F,(x) <min{n+ T }

21 ' 2(n + 1)a?

in the following inequality:

10 Feaes@l < [+ [+ [T+ 0 - s@lRama

with § = — T For (@), use (2.8) in the lecture note and note that

n —+

mf Hf plleery < If = Fox flre

peZ,

Problem 6. In this problem, we are concerned with the following

Theorem 0.1 (Bernstein). Suppose that f is a 2w-periodic function such that for some constant C
and a € (0, 1),

b 1 f = plosm < On”
for alln e N. Then f € €%*(T).

Complete the following to prove the theorem.

1. Suppose that there is p € &2, (T) such that
[P’ llemy >, plrem <1, and p'(0) = [p'[re(m

Choose v € [— %, %} such that sin(ny) = —p(0) and cos(ny) > 0, and define ay, = v+ % (k+ %)
for —n < k < n. Show that the function r(z) = sinn(x —v) — p(x) has at least one zeros in

each interval (ag, ay1).

2. Let s € Z be such that 0 € (g, as41). Show that r has at least 3 distinct zeros in (as, asy1) by
noting that 7/(0) < 0 and r(0) = 0.

3. Combining 1 and 2, show that

Ip’|emy < nlplrery Ve Pu(T). (0.4)



4. Choose p, € Z,(T) such that || f —p,|| < 2Cn~* for n € N. Define qy = p1, and g, = pan — pan-—1
[oe}

for n € N. Show that > ¢, = f and the convergence is uniform.
n=0

5. Show that |g,||r»m < 6C27"*. As a consequence, show that

\Qn(x) - Qn<y>’ < Gann(lfa)m, - y| and ‘Qn<x> - Qn<y>| < 12027

6. For any z,y € T with |x — y| < 1, choose m € N such that 27 < |z — y| < 2'7™. Then use the

inequality
1f(@) = W] < D) an(@) = aa@)] + D] |an(@) = aa(y)]

to show that |f(z) — f(y)| < B|z — y|* for some constant B > 0.



