Mathematical Modeling MA3067-* Midterm 1
National Central University, Nov. 8 2021

Let S be the surface whose sides S; are given by the cylinder x? + y? = 1, whose bottom S, is
the disk 22 +y? < 1 in the plane z = 0, and whose top Ss is the part of the plane z = 1 + x that lies

above Sy. See the following figure for reference.

I
i

S;z=1+x)

P
5,

Problem 1. (25%) Let Cy be the curve enclosing S3; that is, C; = S; n S3. Find the line integral
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Solution. The curve C; can be parameterized by

r(t) = costi+sintj+ (1 + cost)k, t € 0,2n].

Since

|r'(t)]| = |- sinti+ costj — sintk| = /1 + sin?¢,

we have
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For the first integral, using the identity sin(26) = 2sin 6 cos, we find that
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For the second integral, we define F(x) = [ e!™+/2 — 22 dz; that is, F is an anti-derivative of the
function y = v/2 — 22e'*®. Then the substitution of variable u = cost implies that

Jsin tel T i\/1 4 sintdt = — | e!T'\/2 — cos? td cost = —F(cost);



thus
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Problem 2. Let C5 be the curve enclosing S5 oriented counterclockwise. Evaluate the line integral
3 2
jg y’dx + xy“dy by
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1. (10%) computing the line integral directly;
2. (15%) applying Green’s Theorem.

Solution. 1. First we note that Cy (with counterclockwise orientation) can be parameterized by
r(t) = costi+ sintj with t € [0, 27]. Therefore,
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2. By Green’s Theorem,
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Using the polar coordinate, we obtain that
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Problem 3. (25%) Find the surface integral | z%y*dS.
St

Solution. The surface S; can be parameterized by
S1 = {r(u,v) = cosui+ sinuj+ v(1l + cosu)k | (u,v) € [0,27] x [0, 1]} .

Note that

ry(u,v) = —sinui+ cosuj — vsinuk and ry(u,v) = (1 + cosu)k



so that
(ry X 7,)(u,v) = cosu(l + cosu)i+ sinu(l+ cosu)j.

Therefore,
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Problem 4. (25%) Let F(z,y,2) = (ysinx + ye?)i — (z%y + xsinx + xe?)j + ye*k. Verify the

divergence theorem for the vector field F' on the region enclosed by S.

Solution. On S; the outward-pointing unit normal is given by N(z,y, z) = xi+ yj. By the fact that
(F-N)(z,y,2) = vy(sinz + €*) — zy(zy + sinx + *) = —a?y? V(x,y,2) €S,

Problem P shows that F-NdS = —%.
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On S, the outward-pointing unit normal is given by N(z,y, z) = —k. By the fact that
(FN)([L’,y,Z):*y V(I’,y,Z)ESQ,
we find that
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On S3 the outward-pointing unit normal is given by N(z,y, z) = \%(_i + k). By the fact that

V(x,y,2) € Sy,
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where we use the fact that the function y = /1 — 22sinz is an odd function to conclude the last
equality. Therefore,
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Finally, since (divF)(z,y,z) = ycosz — x* + ye?, we find that
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Making the substitute of variable x = sinu (so dz = cosudu), we find that

f divFdV — —2J2
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Therefore, we conclude that f divF dV = F-NdS.
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