Exercise Problem 1
Due Nov. 14. 2022

Problem 1. Consider the spring-mass system shown in the
figure on the right-hand side, where the Hooke constant of the
three springs and the mass of two masses are given in the
figure. Let x1(t) and z5(t) denote the position of masses m; and
mo away form the equilibrium. Assuming the presence of the

gravity, suppose that the ODEs that z; and x5 obey are

d2
% = axy + bxs + Fi(t),
d2
WQ;Q = cxy + dxg + F(t),

Find a,b,c,d and F}, F5.

Solution. Let Lq, Ly, L3 be the length of the unconstraint springs with Hooke’s constant ki, ko, k3,

respectively, and /1, {5, {3 be the increment of the springs with Hooke’s constant kq, ko, k3, respectively.
Then

k’lgl = ]fggg -+ mig and k2€2 = k3£3 + mag . (*)

Let x(t),y(t) denote the distance, measured from the top wall, of the objects with mass m; and mso,

respectively. By Newton’s second law of motion, we find that

d*x
M1y = —ki(@ = L) + ka(y — @ = L) + g,

dQ
mzdtg-:7k2(y—a:—L2)+k3(L1+£1+L2+£2+L3+€3*9*L3)+m29

= —ko(y —x — L) + k3(Ly + 01 + Lo + b + {3 — y) + mag .
Let z; and x5 denote the position of masses m; and my away from the equilibrium. Then

IL’1:{L‘—L1—£1 and Igzy—Ll—El—LQ—fg

so we have
d?z,
e = —ki(w — Ly = bo+ b)) + ko[ (22 + Ly + b+ Ly + 63) — (w1 + Ly + 01) — Lo +mug
= —kiw1 — kil + ko(wg + by — 1) +mag = —kyx1 + ko2 — 1) — kily + kaly + g,
mg%:—kz(y—x—L2)+k3(L1+€1+L2+g2+g3_y)+m29

= _kQ[($2+L1+£1 + Lo+ 0ly) — (1 + Ly + 41) —L2}
+k3[L1+€1+L2+€2+€3— (ZE2+L1+£1—|—L2—|—€2)} + Mag
= —kg(l’g — T+ 62) -+ ]{3(63 — .1'2) + Mog = —kg(l’g — .’L’l) — kgl’g — kgég + kgﬁg -+ mag .



Using (*), we conclude that z; and x5 satisfy

d?*z
mq dt21 - —(1{31 -+ kz)l’l -+ ]{321‘2,
d?*z
Mo 7 22 = ko1 — (ko + k3)zs .
t
Therefore, a = _h +k2, b= ﬁ, c= ﬁ, d= s +k3, and Fi(t) = Fy(t) = 0. .
mi mi mo ma

Problem 2. Remove the bottom spring and floor, while x; and x5 still denote the position of masses

my and my away from the equilibrium. What are the ODEs that x; and x5 satisfy.

Solution. Removing the bottom spring is the same as setting k3 = 0 (as well as L3 = ¢3 = 0 in the

derivation) in Problem 1. Therefore, x; and z, satisfy

d?xq
dt?
d?xy
My

my = —(k1 + ko)x1 + koo,

= k?gl‘l — k’g[[‘g . O



