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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Limit of Functions and Sequences

Definition

Let / be a non-empty set in R (not necessary an interval), ¢ be an
accumulation point of /, and f: | — R be a real-valued function.
Then lim f(x) = L means for every £ > 0 there exists § > 0 such

X—C

that

|f(x) — L| <& whenever 0 < |x— ¢ <§ and x€ X.

Definition
Let {x,}72; be an infinite sequence of real (or complex) numbers

| A

and x€ R (or C). Then lim x, = x means for all € > 0 there exists
n—ao0

N > 0 such that

|xn — x| <€ whenever n>= N.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Limit of Functions and Sequences

Theorem

Let @& # | € R, c is an accumulation point of I, and f be a real-
valued function defined on | — {c}. Then }(eré f(x) = L if and only
if

every sequence {cp}?°; < | — {c} satisfying nh_)rrgo ch==¢

also has the property that nlggl(j f(cn) = L.
(- olict cofEls Lok T & /¥ a7 £ c i fcacd]
c ehfics| B S e (B 47 & el ST ac ] L)

Using the logic notation, lim f(x) = L if and only if

X—C

(V{Cn};il g /= {C})( lin; chn=c= lim f(c,) = L) .

n—a0
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Continuity of Functions

Definition

Let @ # /< R, cel and f: | - R. Then fis said to be continuous

at cif lim f(x) = f(c). Using the &-9 language, fis continuous at ¢
X—>C

if and only if for every € > 0 there exists § > 0 such that

|f(x) — f(c)| <& whenever |x—c <& and x€|.

Let @ # IS R, cel, and f: | - R. Then fis continuous at c if
and only if

Jlim f(cn) = f(c) as long as {cp}pey < I and Jlim ¢, =c.
(- mﬁ!t ficlt 4ok T53 f | ¥ Jeacd c i 8 S dcia
A5 S e 7| rsq,;g;(;q f(c) ;)
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Continuity of Functions

Definition
Let @ # | < R. The collection of all continuous functions defined
on /is denoted by C(/).

Remark:

@ For simplicity, we also use C[a, b] to denote C(]a, b]), and use
C(a, b] to denote C((a, b]), and etc.

@ To be more precise, we use C(I;J) to denote all continuous
functions defined on [ with codomain J. For example, we use
C(;R) to denote all continuous real-valued function defined on
I, and use C(/;R?) to denote all continuous three vector-valued

functions defined on /, and etc.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Smoothness

Let / be a non-empty (open) interval in R, ce /, and f: | - R.

Q If lim w exists, then we say fis differentiable at ¢ and
X—C -
f'(c) = lim 09 = f(9) s the derivative of fat c.

X—C X—C

@ If fis differentiable at each point in /, then we say fis differen-

tiable on /.

Alternative definition: f'(c) = ,lyir% w

If f is differentiable at c, then f is continuous at c.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Smoothness

Let @ # I < R be an interval, and f: | — R. Function fis said to

be continuously differentiable on / if
@ fis differentiable on .
© f'’ is continuous on /.
Function fis said to be k-times continuously differentiable on [ if
O f f" ... N exists on .
@ ¥ is continuous on /.
The collection of all k-times continuously differentiable functions
defined on /is denoted by C*(/), and the collection of all continuous
functions defined on [/ that have derivatives of all order is denoted
by C*(I).
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Chapter 1. Mathematical Preliminaries

§11 Review Of CaIcqus - Mean Value Theorem

Theorem (Extreme Value Theorem)
Let f: [a,b] — R be continuous. Then there exists ci, ¢ € [a, b]
such that f(c;) < f(x) < f(c2) for all x€ [a, b).

Theorem (Fermat)

Let f: (a,b) — R be differentiable. If a < ¢ < b and f(c) is a local
extreme value of f, then f'(c) = 0.

Extreme Value Theorem 4+ Fermat's Theorem =

Theorem (Rolle)

Let f: [a,b] — R be continuous. If f is differentiable on (a, b) and
f(a) = f(b), then there exists c € (a, b) such that f'(c) = 0.
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Chapter 1. Mathematical Preliminaries

§11 Review Of CaIcqus - Mean Value Theorem

Theorem (Mean Value Theorem)

Let f: [a, b] — R be continuous. If f is differentiable on (a, b), then

there exists c € (a, b) such that

EICELCY

Theorem (Generalized Rolle’s Theorem)

Let f: [a,b] — R be continuous. If fe C¥((a, b)) and f has (k+ 1)
distinct zeros in [a, b], then there exists c € (a, b) such that

fR(c)=0.
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Chapter 1. Mathematical Preliminaries

§11 Review Of CaIcqus - Intermediate Value Theorem

Theorem (Bolzano)

Let f: [a,b] — R be continuous. If f(a)f(b) < 0, then there exists
ce (a, b) such that f(c) = 0.

v

Theorem (Intermediate Value Theorem)

Let f: [a, b] — R be continuous, and K is any number between f(a)
and f(b); that is, f(a) < K < f(b) or f(b) < K < f(a), then there
exists c € (a, b) such that f(c) = K.

v

Note: The Least-Upper-Bound Axiom + sign-preserving property

= Bolzano's Theorem = Intermediate Value Theorem.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Riemann integrals

Definition

A finite set P = {xg, x1, - -+ , Xp} is said to be a partition of the closed
interval [a, b] if a=xp < x1 <--- < x, = b. Such a partition P is
usually denoted by {a = xp < x; < --- < x, = b}. The norm of P,
denoted by |P

, is the number max {x,- — Xj_1 ‘ 1<i< n}; that is,
|P| = max {x; — xi—1 |1 < i< n}.
Let f: [a, b] — R be a function. A Riemann sum of ffor the partition

P={a=xp<x3 <---<xp,= b} of [ab]is a sum which takes

the form

SO k) ok = i)
k=1

where x;_1 < ¢, < xi for each 1 < k< n.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Riemann integrals

Conceptually, a function f: [a, b] — R is integrable if

n

lim Z f(ck)(xk — xk—1) exists.
IPI=0,=
The precise meaning of the limit above is the following

Definition

Let f: [a, b] — R be a function. fis said to be Riemann integrable
on [a, b] if there exists a real number A such that for every ¢ > 0,
there exists § > 0 such that if P is partition of [a, b] satisfying
|P| < 4, then any Riemann sums for the partition P belongs to the
interval (A — e, A+ ¢). Such a number A (is unique and) is called

the Riemann integral of fon [a, b] and is denoted by f f(x) dx.
[a,b]
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Riemann integrals

Definition
A set A € R is called a set of measure zero or is said to have
measure zero if for every € > 0 there exist intervals Iy, lo, - | [, - - -
such that
o0
Q@ Ac | k and
w k=1
Q@ > |lk| < e, where |l| denotes the length of /.
k=1

Theorem (Lebesgue)

Let f: [a,b] — R be a bounded function. Then f is Riemann
integrable on [a, b] if and only if the collection of discontinuities of

f has measure zero.

Therefore, if f: [a,b] — R is continuous, then fis Riemann inte-

grable on [a, b].
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Weighted Mean Value Theorem for Integrals

Let f e C([a, b]), g is Riemann integrable on [a, b| and does not
change sign on [a, b|. There exists c € (a, b) such that

f f(x)g(x)dx = f(c) fg(x)dx.

Proof.
W.L.O.G., we assume that g > 0 on [a, b] such that J x) dx > 0.
Since fe (([a, b]), there exist m = min f(x) and M = max f(x).

Then x<[a.b) x<(a.b]
ng( dx<f dx<J/\/lg x)dx;
J f(x

thus m < f < M, and the assertion holds by the Inter-

g(x
mediate Value Theorem. o
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Weighted Mean Value Theorem for Integrals

Remark:
© When g(x) =1 on |a, b|, the weight MVT for integrals implies
that J f(x f(c)(b— a). This is the original MVT for

integrals.

b
@ The number o aj f(x)dx is called the average value of fon

[a, b], and sometimes is denoted by ()[a,5]-
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Theorem (Taylor's Theorem for functions of one variable)
Let fe C™([a, b]) and x € [a, b]. Then for every x € [a, b], there
exists £(x) between x and xp such that
f(x) = Pm(x) + Rm(x) ,
where the m-th Taylor po/ynomia/ Pm(x) is given by

Prm(x) = Z k' f(k)(Xo)(X x0)*
and the remainder (error) term Rn(x) is given by

T2 = —J — )™ (1) dt (Integral form)

= (mJlr i FmD (£(x)) (x — %)™ (Lagrange’s form)

(the last “="is by the weighted MVT for integrals)
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Remark: Assume that fe C*([a, b]).
1
. k k . .
@ The series IZ‘O Ef( )(x0)(x — x)¥ is called the Taylor series of

fat xp. It is also called the Maclaurin series of fwhen xy = 0.

o If Ry(x) — 0 as m — oo, then Pp(x) — f(x) as m — o0; i.e

o0}

f(x) = Z %f(k)(xo)(x— xo)k.

( 1)kX2k+1
The Maclaurin series of the sine function is Z and the

k:0 (2k+1)!

-1 kx2k
Maclaurin series of the cosine function is Z )

kO()
1)

. In fact,

0 —1)ky2htl

. . ( . (— x2
smx-ZW and cosx = Z @Rl VxeR.

k=0 k=0
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Use the Taylor polynomial of f(x) = cos(x) at xp = 0 to estimate
cos(0.01).

f'(x) = —sin(x), f”(x) = —cos(x), " (x) = sin(x), f®(x) = cos(x).
f(0) =1, f'(0) =0, f"(0) = —1, f"(0) =0, FH(0) = 1.
Case m = 2:
cos(x) =1— %X2 + éxg sin(£(x)), where £(x) is between 0 and x.
c0s(0.01) = 0.99995 + 0.16 x 10~5 sin(¢), where 0 < ¢ < 0.01.
| cos(0.01) — 0.99995| < 0.16 x 1075|sin(¢)| < 0.16 x 1076 x 0.01
=0.16 x 1078,
where we use the fact |sin(x)| < |x| for all xe R.
Case m = 3:

cos(x) =1— Legp L cos(€(x)), where £(x) is between 0 and x.

2 24
| cos(0.01) — 0.99995| < —(0.01)* x 1 < 4.2 x 1071,

1
7

Ching-hsiao Cheng #E A 47 1| MA-3021



Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Example (continued)

0 0 0
1 , (0.1 0-10) .
= (x— EXS)‘O +L 2—4)( A cos(&(x))dx
- 0.1 4 N
= 0.099834—.[0 2~ A cos(&(x))dx

0.1 1 01
J cos(x)dx — 0.09983’ < ﬂf x*| cos(€(x))|dx
0

0
1 (01 ~
<—| x'dx=83x10""%
True value is 0.099833416647, actual error for this approximation is 8.3314 x

10~8,
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Partial sums of the Taylor series for f(x) = cos(x) at xp =0

Partial sums of the Taylor series for f(x) = cos(x) at >§J:O

3 : :
—f(x)=cos(x)
ol —— p,()=1-(12)X° |
P, (0= (2P (/24)x*
1 L i
1]
3 of A
|>‘ AN _ _ —
-1} = o
_2 = 4
_3Ls ‘ ‘ ‘ ‘ ‘ ‘
-3 -2 -1 0 1 2 3
X—axis

Note: A Taylor series converges rapidly near the point of expansion
and slowly (or not at all) at more remote points.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Taylor’s Theorem for functions of multiple variables:

Let U < R" be open, and a € U. Suppose that x € U is such that
ax € U, that is, x satisfies that the point

p(t)=(1—t)a+txe U whenever te|0,1].
For a function f: U — R, define a function h by
h(t) = f(p(t)) = f(a+ t(x — a)).
If he C™+1(]0,1]), then Taylor's theorem for functions of one vari-
able implies that
1 1
h(1) = h(0) + H'(0) + 5 H'(0) + -+~ + —h™ (0) + R,

where the remainder R,,, in Lagrange's form, is given by
1
(m+1)!

(m+1)(5>

m =

for some s e [0, 1].
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Questions:
@ When is he C™1([0,1])?
@ What is h¥(t) for general k e N?

Definition (Multi-index)
An n-dimensional multi-index is a vector @« = (aq,---,a,) of
non-negative integers, Given an n-dimensional multi-index a@ =

(a1, -+ ,ap), |a] and a! are defined by

lal =) ax and ol =]Jal.
k=1 k=1
The differential operator D¢ is defined by
[%1 Qp o]
P N
0x] OXn" Ox]t - 0Xn"

When the variable is specified, we simply use D to denote Dg'.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

a = (1,5,3) is a three-dimensional multi-index satisfying
la] =9 and a!=5!-31=720.

4

Suppose that fis a function of three variables xq, x3, x3. Then

(1,5,3) °f
(DA f(X17X27X3) = W(Mﬁ@ﬁ%)-
2 0X3
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

a = (1,5,3) is a three-dimensional multi-index satisfying
la] =9 and a!=5!-31=720.

| A\

Example

Suppose that fis a function of three variables xq, x3, x3. Then

(1,5,3) °f
(DA f(X17X27X3) = W(Mﬁ@ﬁ%)-
2 0X3

The chain rule for functions of multiple variables:

d o of

a'f(xl(t)a T 7Xn(t)) - FZ; a7Xj(xl(t)7 e 7X”(t))le(t) ’
Therefore, if xj(t) = aj+ t(x; — ;) forall 1 <j< n,

djtf(xl(t)’m xn(t)) = Z %(xl(t),-.. X0 (1)) (x5 — aj) .

Jj=1
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Questions:
@ When is he C™1([0,1])?
@ What is h¥(t) for general k € N?
Answers:
© The mixed partial derivatives D“f is continuous in an open

set containing ax for all n-dimensional multi-index « satisfying
la] < m+1.

@ By the chain rule for function of multiple variables,

() = Y Do) (p(e)) (x — a)°
where e

Qn

H Xk— ak X — (xl—al)al (x2—32)a2 s (x,,—a,,)
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Therefore, if D*fis continuous in an open set containing ax for all

n-dimensional multi-index « satisfying |o| < m+ 1, we have

F(x) = h(1) = h(0) + K (0) + %h”(o) +oot %Mm)(m + Rim
= %h(k)(()) + R
= 32 3 R Def)(a)(x — @) + R,
= "= O
where
Bn= e B o (D N(p(s) (x = 2)°
lal=m-+1

for some s € [0, 1].
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Therefore, if D*fis continuous in an open set containing ax for all

n-dimensional multi-index « satisfying |o| < m+ 1, we have

)
—
x
~—
Il
>
—
—_

h(0) + H'(0) + %h”(o) + -+ %h“")(o) SRy

A9 (0) + Rm

I
NgE!

»
Il
=}

I
INgE

—(Df)(a)(x = a)* + R,

(o2

=
I
o
0F
I
L

where

for some s € [0, 1].
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Therefore, if D*fis continuous in an open set containing ax for all

n-dimensional multi-index « satisfying |o| < m+ 1, we have

-
~
x
Na ¥
I
>
—
=

h(0) + H'(0) + %h”(o) + -+ %h“")(o) SRy

A9 (0) + Rm

I
NgE!

»
Il
=}

I
NgE!

3 S (O @)(x—a)" + R,

»
S

where

for some s € [0, 1].

Ching-hsiao Cheng #E A 47 1| MA-3021



Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Therefore, if D*fis continuous in an open set containing ax for all

n-dimensional multi-index « satisfying |o| < m+ 1, we have

)
—
x
~
|
>
—~
—

h(0) + H'(0) + %h”(o) + -+ %h“")(o) SRy

=

9(0) + R,

I
M3

»
Il
<}

I
NgE!

—-(D°f)(@)(x— )" + Rm,

x
i

)
[
L

where

for some & € ax.
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Theorem (Taylor's Theorem for functions of multiple variables)

Let U < R"” be open, f: U — R, and a,x € U be such that
ax < U. If D®f is continuous in an open set containing ax for all
n-dimensional multi-index « satisfying || < m+1, then there exists

& € ax such that
f(x) = Pm(x) + Rm(x)
where the m-th Taylor polynomial Pp(x) is given by

Pr() = 33 3 (0 N(@)(x—a)°

and the remainder (error) term Ry,(x) is given by
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

The second Taylor ponnomiaI of f= f(x) = f(x1,x2) about a =
(a1,a2) is Pa(x) = Z 2 ( f)(a)(x-a)®; thus

k=0 |af=k @
Py(x) = |;0 a'(Daf *+ ‘le ol (x-a)®
_|_ Z X a)()',

|| =2
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

The second Taylor ponnomiaI of f= f(x) = f(x1,x2) about a =
(a1, a2) is Pa(x) = Z >, ( f)(a)(x-a)®; thus
k=0 |af=k @
Py(x) = > '(Daf “ 4+ Z —( (x-a)”
|e]=0 o |a|= I(Y
_|_ Z X a)(l’,
|| =2
_ L o \(1,0) L mon NGRS
= f(a) + (1,0)!(D f)(a)(x-a)"” + (071)!(D f)(a)(x-a)
1 (2,0) (2,0) 1 (1,1) JRNERY)
+ 7(2,0)!(D f)(a)(x-a)*” + 7(1,1)!(D f)(a)(x-a)
1 . .
L p0,2) _1(0,2)
(().’2)!(D f)(a)(x-a) .
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

The second Taylor ponnomiaI of f= f(x) = f(x1,x2) about a =
(a1, a2) is Pa(x) = Z >, ( f)(a)(x-a)®; thus
k=0 |af=k @
PQ(X) = Z '(Daf @1 Z (x- a)a
|ee|= Oa |a|=1
_|_ Z X a)(l’,
|| =2
of 1
= fla) + @fa=a) 4 (DR (e)x-a) 00
L (2,0) __\(2,0) 1 (1,1) (1,1)
+ (2,0)!(D f)(a)(x-a)*" + a 1),(D f)(a)(x-a)
1 ; .
L p0,2) _1(0,2)
(().’2)!(D f)(a)(x-a) .
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

The second Taylor ponnomiaI of f= f(x) = f(x1,x2) about a =
(a1, a2) is Pa(x) = Z >, ( f)(a)(x-a)®; thus
k=0 |a|= @
PQ(X) = Z (Daf & Z (x-a)®
|ee|= Oa |a|=1
+‘(?2 o (x-a)
—fa)+  D@ba-a)  + (DO F)a)x-a)
- ox Lot (0,1)!
1 (2,0) (2,0) 1 (1,1) JRYCEY)
+ T 0)!(D f)(a)(x-a)*" + a 1)!(D f)(a)(x-a)
1 0*f
+ ag@be—a)

Ching-hsiao Cheng #cie 17 | MA-3021



Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

The second Taylor ponnomiaI of f= f(x) = f(x1,x2) about a =
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Taylor's Theorem

Example (Cont.)

Therefore, the second Taylor polynomial of f = f(x) = f(x1,x2)
about a = (a1, a2) is

Pa(x) = fla) + T(@)(xi—a1) + T (a) (e~ )
0*f :
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Pa(x) = fla) + ~(a)(xi—a1) + -

Of
5 (@2 —22)
1[ &%*f 92 o°f
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§11 Review of Calculus - Taylor's Theorem

Example (Cont.)

Therefore, the second Taylor polynomial of f = f(x) = f(x1,x2)
about a = (a1, a2) is

Pa(x) = fla) + ~(a)(xi—a1) + -

Of
5 (@2 —22)
1[ &%*f 92 o°f
> (;Xig(a)(xl_al) + axlaXQ(a)(Xl—aﬂ(Xz—az)
o0*f
"‘ﬁ(a)(XQ—QZ)
L

v

Similarly, the third Taylor polynomial of f= f(x) = f(x;, x2) about
a=(a,a)is

Pax) = Palx) + o [

3 0 3
3! (’)xf(a)(xl_a") + m(a)(xl_al) (x2—as)
o>f 3
m(a)(n*al)(@*a?y + > 3(a)(xx—az)

3}
2
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Big O notation for sequences

Big O notation is used to describe the limiting behavior of a function
when the argument tends towards a particular value or infinity.

Definition
Suppose that lim G(x) = 0 and lim F(x) = L. If there exists K> 0
X—a X—a

and ¢ > 0 such that |F(x)—L| < K|G(x)| for all 0 < |x—a| < 0, then
we say that F(x) converges to L with rate of convergence O(G(x))
and write F(x) = L+ O(G(x)) as x — a.
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§11 Review of Calculus - Big O notation for sequences

Big O notation is used to describe the limiting behavior of a function
when the argument tends towards a particular value or infinity.

Definition

Suppose that lim G(x) = 0 and lim F(x) = L. If there exists K> 0
X—a X—a

and ¢ > 0 such that |F(x)—L| < K|G(x)| for all 0 < |x—a| < 0, then

we say that F(x) converges to L with rate of convergence O(G(x))

and write F(x) = L+ O(G(x)) as x — a.

| A

Definition

Suppose that lim 8, = 0 and lim a, = «. If there exists K > 0
n—a0 n—a0

and ng € N such that |a, — a| < K|B,| for all n > ng, then we say
that {a,} converges to v with rate of convergence O(3,) and write
ap=a+ O(Bn).
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Big O notation for functions

Definition (Alternative)

One writes

provided that
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§11 Review of Calculus - Big O notation for functions

Definition (Alternative)

One writes

provided that
<

lim sup [0
x—a |g (X)|

|

Example
By Taylor's theorem,

cos(h) =1 — %hQ + %h‘i cos(&(h))
for some £(h) between 0 and h. Then
‘COS(h) +ip2 - 1‘ = ‘—cos §(h))) h* < —h' VY h;

thus cos(h) + §h2 =1+ O(h*).
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Chapter 1. Mathematical Preliminaries

§11 Review of Calculus - Big O notation for sequences

Letan:1+"+1. Then lim o, =a =1.

n? n—0o0

If B, = L, then lim B, = 0 and
n n—o0

1 1
o — 1] = 252 < 222 =22 = 2|8, — 0]

Therefore, a, = 1 + O(%)
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§11 Review of Calculus - Big O notation for sequences

Let o = 1+”+1

Then lim o, =a =1.
n—a0

Ifﬁ,,:;,then hm Bn =0 and
n—|—1 n+n 1
o —1\ <EM =9l =2, —0|.

Therefore, a, = 1 + O(—).

| 3
N

Example

n—|—3

Leta,,—2+ . Then lim a, = a = 2.

n—a0

If 8, = n—, then 11m B, =0 and

3 3 1
o —2|—”+ <=4 =4l 0|

Therefore, a, = 2 + (9(?)
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