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Chapter 4. Numerical Differentiation and Integration
Introduction

Question: If the values of function f are given at a few points

X0, X1, ,Xn, can that information be used to estimate a derivative
b

f'(c) or an integral f f(x) dx?

Theorem (Taylor's Theorem for functions of one variable)
Let fe C™([a, b]) and xg € [a, b]. Then for every x € [a, b], there
exists £(x) between x and xp such that
f(x) = Pm(x) + Rm(x) ,
where the m-th Taylor polynomial Pp,(x) is given by

Pm() = 3, 7% 00) (= x0)*

k=0
and the remainder (error) term Ry (x) is given by
Rm(x) = ! FImED (£(x)) (x — xp) ™ (Lagrange’s form)

(m+1)!
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Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

Q '(x) = ’1711% M if the limit exists. Intuitively, we

have f'(xg) ~ M if his small.
@ Assume that h>0 and fe C?([xg, xg+h]). By Taylor's Theorem,
Fxo+h) = Flx0)+hf’ (x0)+ "2 £ (€) for some € & (0, xo-+h).

Rearranging the expansion, we obtain

f/(XU) _ f(xo + h})7 — f(x0) - gf//(£>

If —gf”(g) is small, then we have an approximation of f’(xp),

f'(x0) ~ £ (Fx0 + h) = F(x)),

called the forward-difference formula. The term “—gf”(g)”
is called the truncation error which is of order O(h).
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Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

Q '(x) = ’1711% M if the limit exists. Intuitively, we

have f'(xg) ~ M if his small.
© Assume that h<0 and fe C?([xy+h, xo]). By Taylor's Theorem,
Fxo+h) = Flx0)+hf’ (x0)+ "2 £ (€) for some € & (o-+h, x0).

Rearranging the expansion, we obtain

f/(XU) _ f(xo + h})7 — f(x0) - gf//(£>

If —gf”(g) is small, then we have an approximation of f’(xp),

f'(x0) ~ £ (Fx0 + h) = F(x)),

called the backward-difference formula. The term “—gf”(g)”
is called the truncation error which is of order O(h).

Ching-hsiao Cheng #E A 47 1| MA-3021



Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

Q '(x) = ’1711% M if the limit exists. Intuitively, we

have f'(xg) ~ w if his small.

© Assume that h>0 and fe C?([xo—h, xo]). By Taylor's Theorem,
Fxo—h) = F(x0)—hf’(x0)+ "2 7 (€) for some € & (o~ h, x0).
Rearranging the expansion, we obtain

(xg) = L= T0 =) e,

If gf”({) is small, then we have an approximation of f’(xp),

F(x0) ~ 1 (F(x0) = f(x0 — h)),

called the backward-difference formula. The term “gf”(g)”
is called the truncation error which is of order O(h).
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Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

e Higher order methods:

@ Assume that h > 0 and fe C3([xo — h,xo + h]). By Taylor's
Theorem, we have

2 3]
flxo + h) = Fx0) + hf'(x0) + 2 F"(0) + £ (0),
2 3
flxo — ) = F(x0) — hf’(x0) + 2 F"(x0) — £ (),
for some &1 € (xo, xp+h) and &2 € (xo—h, xp). After subtracting

and rearranging, we have

F/(x0) = o (Flxo + h) — Flxa — h) = T L(F"(€1) + F"(&2)).

@ This is a more favorable result, because of the h? term in the
error. Notice that, however, the presence of f"” in the error
term.
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Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

e Higher order methods:

© From the Intermediate Value Theorem, we have that there is a
€ € (xo — h,xo + h), such that

fm(é_) _ %(f/l/<€l) + f-///(gz)).
Hence,

f’(XO) = %(f(XO -+ h) — f(XO _ h)) . %.27(///(5).

Therefore

F/(0) ~ 5 (F(xo + ) = Fx0 — ),

which is the central difference formula for the 1st deriva-
tive at xp and is a second-order formula, O(h?).
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Chapter 4. Numerical Differentiation and Integration

§4.1 Numerical Differentiation

e Approximation of f”(xy): Assume that h > 0 and fe C*([xp —
h,xo + h]). From Taylor's Theorem,
2 3 3
Flxo-th) = F(x0) +hF(x0)+ 7 (x0) + 2 7 o) -2 A (1),
2 3
(30— h) = F(x0)—hF'(x0)+ 1 £ (x0) — 1 F9) () 4+ 1A (&),
for some & € (xp,x0 + h) and & € (xo — h,xp)- After sum and
rearrangement, we obtain the following central difference formula
for the 2nd derivative at xj:

F(x0) = -5 (Fxo-+ ) —2F(x0) + Flxo — 1)) — = L (79 (g1) 4+ O &2))
= L (Fo+ ) ~2f(x0) + Flxo — 1)) — 2 A (),

where at the last equality we use the Intermediate Value Theorem
again. Thus, we have a second-order approximation of f”(xg)

(30) ~ 5 (Fo0 + ) = 2f(x0) + Flxo — h).
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

@ Richardson’s extrapolation is a general procedure to improve
accuracy.

@ Assume that fis sufficiently smooth and
=
f(xo+h) = Z y Lpkf(R (x), flxo—h) = ;O H(—l)khkf(k) (x0)-
After subtract|on and rearrangement, we obtain

1
f'(x0) = Qh(f(xo+h)—f(xo_h))
h? o
_<§f(3)(xo) + Ef(5)(x0) + WW)(XO) 4. ..)’
or in an abstract form

M= N(h) + (keh® + ksh* + keh® + - - ),
where M := f'(xo) and N(h) := (f(xo + h) — f(xo — h))/(2h).
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

In general, suppose that a number M satisfies that
M = N(h) + kih+ koh® + ksh®> +---  (Vh « 1) (%)
so that M — N(h) = O(h). Then

h h h hy:?
M=NG) +hag + k() +ha(3) ()
Therefore, 2 x (¥') — (x) implies that
M= 2N(T) = N(h) + ko (T — 1) + ks (P — 1) + -
2 2\ 33y
Define
h h
Ni(h):= N(h) and  No(h) := Ny(2) + {Nl(i) - Nl(h)}
Then
M= Ng(h)—%hQ—iﬁhi%—--. (%)

which implies that M — No(h) = O(h?).
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

M = Nl(h)+k1h+k2h2+k3h3+"‘ (*)

M= Ny(h) — 2 p2 — Faps ... (%)
(xx) is the first step in Richardson extrapolation. It shows that a
simple combination of N (h) and Ny (2), Ny(h) = 2Ny (8) — Ny (h),

furnishes an estimate of M with an accuracy of O(h?).
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

M = Nl(h)+k1h+k2h2+k3h3+"‘ (*)

M= Ny(h) — 2 p2 — Faps ... (%)
(xx) is the first step in Richardson extrapolation. It shows that a
simple combination of N (h) and Ny (2), Ny(h) = 2Ny (8) — Ny (h),

furnishes an estimate of M with an accuracy of O(h?).

Let Ny(h) = "M =F00)  Then £(x) = Ny(h) + O(h). By

Richards's extrapolation,

X0 )y — X0 X0 — f(xo
No(h) = 20 () = my () = 2 24 +;/)2 o) _ flro+ ) = Flx)
1

= [—f(xo + h) 4+ 4f(xo + g) - 3f(X0)}

which provides an O(h?) approximation of f'(xp).
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

M= Ng(h)—%hQ—iﬁh?’—--- (x%)
Using (*x) we have
h k k
I\/I:N2(§)—§2h2—z—;h3—---; (+%)

thus 4 x (x*) — (%*) implies that
3M = ANo(2) — No(h) + 20p? 4 ...
or
M= No(D) + %{NQ(g) - Ng(h))}  Fugi .
Define Ny(h) = Na(5) + 5 { Na(5) = Na(h) }. Then

M — N3(h) = O(h%).
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

In previous example, we find that

No(h) = T [—f(xo + h) + 4f (%0 + 1) - 3f(x0)}

provides an O(h?) approximation of f/(xp). Therefore, the second
step of Richard's extrapolation implies that

—

= L
hl3

provides an O(h%) approximation of f’ (xo)
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

In general, if a quantity M satisfies
M = N(h) + kh™ 4+ O(h™1)

for some constant k, then

M= {N(3) + 5t | N(3) = M) |
= o M= N(DY] = A M= N(h)]
== [k(g)”' i O(hmﬂ)} — [khm + O(hm+1)
= O(h™1y.
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

In general, if a quantity M satisfies
M = N(h) + kh™ 4+ O(h™1)

for some constant k, then

M= {N(3) + 5t | N(3) = M) |
= o M= N(DY] = A M= N(h)]
— s [K(3)" + O(hmh)| = s [khm 4 O(hm )|
= O(hm+1).
In other words, if N(h) is an order O(h™) approximation of M, then

N(h) = N(2) + 5 [N(5) = N(B)|

is “likely” an order O(h™*1) approximation of M.
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

From previous example we find that
N(h) = f(XQ + h) — Qf(Xo) + f(Xo — h)

h2

is an order O(h?) approximation of f”(xo) if fe C*([xo— h, xo + h]).
Then we expect that

Y 1

N(h) = N(8) + g [N(g) . N(h)}

1 16
- ﬂ S0+ h) + 2 F(x0 + ) = 10F(x0) + T F(x0 — 8)
_gf(XO - h)}

is a better approximation of f”(xg). This is true when fe C?([xp —
h, xo + hl).
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

Suppose that fe C2([a, b]), xo € (a,b) and x1 := xo + h € [a, b).
Then there exists £(x) € [a b] such that
— X1 — X F7(&(x

F0) = 2L Flxg) + 222 () + LEW)

Xo — X1 2!
=X hf(xo) hXO f(xo + h)

f” X
. (;( )

(x—x0)(x— x1)

(x—x0)(x—x0 — h).
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

Suppose that fe C2([a, b]), xo € (a,b) and x1 := xo + h € [a, b).
Then there exists £(x) € [a b] such that
— X1 — X F7(&(x

F0) = 2L Flxg) + 222 () + LEW)

XO_XI - (x—x0)(x— x1)

=X hf(xo) th f(xo + h)
+ f”(gfx” (x— x0)(x — X0 — ).
If £7(¢(x)) is differentiable, then
F1(x) = =L £00) + L(x0 + h) + 5 ED () (x— 3 = h)
== St 1 EC0);
thus f/(x) = (COFNZT00) B £11(¢ () which shows
F/(x0) ~ D =09 wigh error bound Il ma | ()].
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

In general, suppose that xy, x1,--- ,x, € | are distinct n + 1 points
and fe C"T1(/). Then

n (1) (£(x
f(x) = ;0 f(xi) Li(x) + f(T(él()!))(X_ x0)(x—x1) - (X— Xn)

where {(x) € 1.
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

In general, suppose that xy, x1,--- ,x, € | are distinct n + 1 points
and fe C"T1(/). Then

n (1) (£ (¢
= Z f(xk) Li(x) + 7 E) (n+(§1()!)) (x—x0)(x—x1) -+ (x— xn)
k=0

where &(x) € 1. If f("t1)(£(x)) is differentiable, then
/ 4 / EAM )
Fi() = 2 F(x) L) + Sy (X = x0) (x = xa) -+ (x = xn)
k=0 :

(1) (£
+ IO 4 fx ) o— x0) -+ (x— 3}

which shows

(D) (£(x)) "
Z Xk L/ XJ + ! (n—lEEl()!J)) (Xj_Xk)-

We obtain an (n+ 1)-point formula.
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

Three point formula: xp, x1, xo:

Lo(x) = (x—x1)(x — x2)

(x0 = x1)(x0 — x2)

/  (x=x)+(x—x1) _  2x—x1 — X2
= Lol = (xo—x1)(x0 —x2)  (x0—x1)(x0 — x2)’

_ (x=x0)(x— x2) 2X — X0 — X2
Lix) = (a —x0)(xa — X2) L= (x1 —x0)(xa — x2)’

_ (x=x0)(x—x1) / 2X — Xg — X1
La(x) = (x2 — x0)(x2 — x1) = La(x) = (x2 —x0)(x2 — x1)
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

Three point formula: xp, x1, xo:

Lo(x) = (x—x1)(x — x2)

(x0 = x1)(x0 — x2)

/  (x=x)+(x—x1) _  2x—x1 — X2
= Lolx) = (xo—x1)(x0 —x2) (%0 —x1)(x0 — x2)’
_ (x=x0)(x— x2) 2X — X0 — X2
Ly (X) (x1 — x0)(a — xz) (X) (x1 —x0)(x1 — x2)’
Ly (X) (>(<2 :izgg;—xiﬁ) =L (X) 221( ;og(?X; j1X1).
Therefore,
1y — 2X; — X1 — Xo 2x; — X0 — X2
=T ) T & e 2 fba)
2% — X0 — X1 A(3)
f _
(x2 = x0)(x2 = x1) ba) =5 k:0,k:J(XJ 2k

where & := £(x;).
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

The equal spaced case xp, x; = xp + h, xo = xp + 2h: Using the
three point formula,

F/(x0) = | o F0x0) +2F(x0+h) = 5 F(x0+2h) | + 5 HPFD (&),

hl 2
F/(x0+h) = 7 | 5 F00)+ 5 (xo+2h)| - 2 i2FD (&),
F/(x0+2h) = 7 | 5F(x0) =2f(x0-+ )+ 3 F(x0+2h) | + S1FD (&),
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Chapter 4. Numerical Differentiation and Integration
§4.2 Richardson's Extrapolation

The equal spaced case xp, x; = xp + h, xo = xp + 2h: Using the
three point formula,

F/(x0) = | o F0x0) +2F(x0+h) = 5 F(x0+2h) | + 5 HPFD (&),

F/(x0+h) = 7 | 5 F00)+ 5 (xo+2h)| - 2 i2FD (&),
F'(xo+2h) = © [%f(xo)_2f(x0+h)+§f(x0+2h)} + 1A (&),
Therefore,
F/(x0) = o7 | ~3F(x0) +4F 0+ h) — F(xo+2h) | +3 PO (€0), ()
f(x0) = o [—f(xo—h)+f(xo+h)] — L),
/(%) = 55| F(x0 — 2h) =4f(x0 — B)+3F(x0) |+ 3HFD (). (x)
(%) and (%) are essentially the same! (h > 0 or h < 0, respectively)

Ching-hsiao Cheng #cie 17 | MA-3021



Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

e Three-point formula:
F/(%0) = g5 | —3F(x0) +4f(x0+ ) — F(xo+2h) | + L B2FD (&)
for some &y between xg and xp+2h,
1
o [FOo+h) =0 — h)] — LA (&)

for some & between xg — h and xp+ h.

f'(x0) =

° Five-point formula:
F(x0) = &) [f(xo — 2h)—8f(xo— h)+8F (x0+h) — F(x0+2h)
—|——f(5) (&) for some & between xp—2h and xp+2h, (o)
F(x0) = m[ 95F (x0) +48F(x0+h) — 36 (x0-+2h)
+16f(xo+3h) — 3f(xg+4h) +%4f(5) (6)

for some & between xy and xg-+4h.
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

We can also apply Taylor's Theorem and extrapolation to obtain (¢):
if fis 5 times continuously differentiable in the interval of interest,

F(x0-£h) = F(x0) £ hF (x0)+ £ (x0) £ 1 F3) (xg) + 1 19
(xoh) = fx0) £hf"(x0)+ 55 F"(x0) £ 5 (x0) + 3 £V (x0)

h° H5)
imf (Ei)v
where £ between xp and xg £ h.
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

We can also apply Taylor's Theorem and extrapolation to obtain (¢):
if fis 5 times continuously differentiable in the interval of interest,

f(x0+h)_f(x0)+hf(x0)+ f”( )+ f<3>(x0)+ f<>( 0)
®)(€),

where &1 between xg and xp £ h. Therefore,
F(xo+h)— Flxo—h) = 2hF' (x0)+ 1 (o) s [ A (4 +FO (&)
which implies that
F(x) = o [FOo0+h) = Fx0—h)] = £ (x0) = 27O ). (o)
Replacing h by 2h in (o), we have
F(x0) = o [FO0H2h)—F(x0=2h)| =27 (50) = £5) @), (o)

4h 120
where 5 between xg — h and xg + h, gbetween Xo — 2h and xp + 2h.
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Chapter 4. Numerical Differentiation and Integration

§4.2 Richardson's Extrapolation

F'(s0) = 5 [FGo-+0)— o= )| —’;ff";<xO>—{;"‘0f<5><E>, (©)
F(x0) = ﬁ7f(x0+2h)—f(x072h)}—%f’”(x) 1162% £5)(€). (o)

Cancelling out the h* terms: 4 x (o) — (oco) implies that
3F'(x0) = 7 [Fx0 + h) — Fxo — )|
1 W sy L 2h 5) R
17 | FCo+2h) = Flxo = 20)| — 55O @) + TLAOE).
Therefore, if h > 0 and fe C°([xg — 2h, x + 2h]), we have
f'(x0)= 1;/7 {f(xU—Qh) 8f(x0—h)+8f(xo+h)—f(x0+2h)} +O(hY).

To see the exact remainder, we can apply the Cauchy Mean Value

Theorem to the quotient

12hf"(xo) — [F(xo—2h) —8f(xo— h) + 8 (xo+h) — f (xo+2h)]
12h5 '
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Let xp, X1, - ,Xn € [a, b] be n+ 1 distinct nodes, and f: [a, b — R
be Riemann integrable.

Goal: Find a;'s such that f X)dx ~ Z aif (x;).

Let Pp( Z f(x;)Li(x) be the n-th Lagrange polynomial. Then

ffm i GaLiae+ [ 77D 1] (o

i=0 i=0

Mw

aif (x;) + E(f);

=0

thus we expect that a; = J Li(x)dx.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

e Trapezoidal rule:
Let xo =a,x1 = b,h=b— a. Then

L  Fx)dx = f ["*Xl Fxo)+ 22 ()| o

X0 —X1 X1 —Xo

+= f 7 (E(x) (x—x0) (x—x1 ) dx
_ (X—Xl) (X X0)2 X=X1 f"(E) X1
= {2()(07)(1) f(x0)+ 20 —0) f(Xl)} +—= LO (x—xp) (x—x1)dx

X=X0 2
for some & € (xg, x1)

= 2 0am0) ) = 2 (0 =)o) #2779 [ 5 = COEIE ]
= 3 (x1=x0) [ F)+ ) + 3 F7(O () b —0)°

h 1 .
= 3 |fl)+F(x)| =5 H2F"(©).

If f(x) is a polynomial with degree(f) < 1, then the Trapezoidal
Rule gives exact result!
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

e Simpson’s rule:
Let xo = a,x1 = a+ h,xo = b,h = (b—a)/2. If fe C3([x0,x]),
then
b e — X1 ) X—X2 X—X0 ) | X—X2
f F(x)dx = f [ o) f(x) 4 o) i)

X0 —x1) (X0 — X2 x1—x0)(x1—x2)
mf@)} dx

(x2—x0) (X2 —x1)

2 9 (e(x
+[" £2e0)

(x—x0)(x—x1)(x—x2)dx

X0

= [ (o0) 447 () F2)| + f ZZW(X—XO)(X—Xl)(X—XZ)dX

for some £ € [xp, x2]; thus Simpson’s Rule has O(h*) error term.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

e Alternative approach: Taylor's Theorem
Let x,x1 € [xp,Xx2]. If fe C%([x0,X2]), there exists £(x) € (x0,x0)
such that

F3) = Fxa) + £/ Ga) ) + TED ()2,

Then

X=X2

L): f(x)dx = |:f(X1)(X—X1) + fl(le) (X—X1)2]

3 [ F1EGO) =) dx
and Intermediate Value Theorem implies that
[ (60 )P = £(€0) [ (x) e = P8 (g )?
for some &1 € (xp, x2). Therefore, we obtain the Midpoint Rule:

- 3
f f(x)dx:th(XO;X2>+g—4f”(§1)./ h = x2 — xg.

X=XQ

X=X2

X=XQ
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

e Alternative approach: Taylor's Theorem
Similarly, if fe C*([xp, x2]), there exists &(x) € (xp, x2) such that
F(x) = Fa)+ £ a) (=) + T8 ()24 200 ()3

2
@) (£(x
S (e

Then
[ 0k = [a) )+ 08 e 24 28
0 f/// X=X2 1 X2
8 )] g [ A0 (€000 (s
and Intermediate Value Theorem implies that
£4 )
24J FO(E(x)) (x—x1) dx = 51) J x—xp)*dx

f(4) (&1) 5
x5 X X)

X=X2

for some &; € (xp, X2).

X=X0

Therefore,

- 3 (4) -
[ Fgdx = 2hf () + 0" (xa)+ 12%1) 2.
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§4.3 Numerical Integration

- 3 (1) -
[ Fdx= 2hf(xa)+ 0" (xa)+ 12<§1> 2.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

- 3 (1) -
[ Fdx= 2hf(xa)+ 0" (xa)+ 12<§1> 2.

The central difference scheme

_ _ (4)
f//(Xl) _ f(Xl + h) in(,;q) =+ f(Xl h) o f 41(252) h2

then implies that

2 i =5 — (4)
j f(x)dx = th(xl)_'_%5 [f(X1+h) Zfi(7;<1)+f(xl h) f41(2£2)h2}
’ )
_5_% . 9h?

120
=7 [f(xo) +4f(x) + f(XQ)} - Efw (&) — LA (51)}
= l5(x0) + 4f(xa) + F(0)] — B2 A0 e)

for some £ € (xp,x2). This gives Simpson’s Rule for numerical
integration.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

To see the “correct” error bound for Simpson’s rule, we let F be an
anti-derivative of f and consider the error function
x1+h
g(h) = J f(x) dx — g[f(x1~h)—|—4f(x1)+f(xl+h)] )
x1—h 2
Then g(0) = g’(0) = g”(0) = g”"(0) = 0; thus the Cauchy Mean
Value Theorem implies that
gh) _g'(h) _g"(hs) _g"(hs) _  f"(xat+hs) —f"(x1—hs)

ho 5kl 2043 60h2 180hs
_ Y
90
FO©) 5
for some £ between 0 and h; thus g(h) = _Th :
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Definition
The degree of accuracy (precision) of a quadrature formula is the

largest positive integer n such that the formula is exact for x¥, k =

0,1,---,n.

Note: Trapezoidal rule: degree of precision = 1;
Midpoint rule: degree of precision = 1;

Simpson's rule: degree of precision = 3.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Composite numerical integration:
© Large integration interval = large h = inaccurate;

small h = high-degree polynomial = inaccurate.
@ ldea: piecewise approach + low-order Newton-cotes formulas.

Composite Simpson’s rule: Let n be an even integer. Divide [a, b]
into n sub-intervals with equal length and define h = b=a o5 well
asxj:a—i—jhforj201~- n. Then !

n/2

[ Foade= 33 [ g

j=1 Ix2j—
n/2

= 3 {5[f0ar-2) +4700y-1) + )] - 5576}
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Composite numerical integration:
@ Large integration interval = large h = inaccurate;

small h = high-degree polynomial = inaccurate.
@ Idea: piecewise approach + low-order Newton-cotes formulas.

Composite Simpson’s rule: Let n be an even integer. Divide [a, b]
into n sub-intervals with equal length and define h = b=a o5 well
as xj = a+ jhfor j=0,1,---,n. Then !
b n/2
J f(x)dx= )] f(x)dx
a Jj=1 Yxaj—2
— 1 |F00) + 47 () + Flxo) + Fx2) + 4F(xg) + F(xa)

5 n/2
+...+f(xn_2+4f(x,,_1)+f(x,,)] - Zf (&)
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Composite numerical integration:
@ Large integration interval = large h = inaccurate;

small h = high-degree polynomial = inaccurate.
@ Idea: piecewise approach + low-order Newton-cotes formulas.

Composite Simpson’s rule: Let n be an even integer. Divide [a, b]
into n sub-intervals with equal length and define h = ? as well
assza—i—jhforj:O 1,---,n. Then

[ <>dx—2 F(x)d

n/2—1
g[f<xO>+2 > f<X2,>+4z Oxaj-1) + Flxa)
Jj=
5 n/2

Zf()
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§4.3 Numerical Integration

n/2—1 n/2
jf - Mﬁ+221ﬂ&ﬂ+42ﬂw/n+ﬂ&ﬂ

h) n/2 =1

5 5 @)
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

n/2—1 n/2
J Fogde = [F0) +2 X Floy) +4 X, o) + ()]
w2 @ (¢ .
o 5106,
If fe C*([a, b]), then min f¥)(x) < M) (¢;) < max U (x); thus
x€E[a,b] x€[a,b]

F9 (x () < D (x).

250 <1506 < 2509

By the Intermediate Value Theorem, there exists u € (a, b) such

that £ () = 7Zf )(&)); thus

(4) hn 4) —a,4.(4)
902f (&) = 557 (W) = 180hf (1),

here we have used h = bT to conclude the last equality.
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Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

n/2—1 n/2

[[Fooax=2lro) +2" 5 fou) +4 X, floay1) + )|
j=1
_(b=a)ht
R0 W)
If fe C*([a, b]), then min f)(x) < f¥)(¢;) < max U (x); thus
x€(a,b) x€|a,b]
4 (x (&) < FH ().
ol 58S

By the Intermediate Value Theorem, there exists u € (a, b) such

that £ (u) = 7Zf )(€)); thus

(4) hn 4) —a,4.(4)
902f (&) = 1557 (W) = 180hf (),

here we have used h = bT to conclude the last equality.

Ching-hsiao Cheng #cie 17 | MA-3021



Chapter 4. Numerical Differentiation and Integration

§4.3 Numerical Integration

Example (Composite Simpson'’s rule)

Find J e* dx using Simpson'’s rule. We note that the exact value of
this integral is e* — 1 = 53.59815...
4
o (h=2): fexdx% 2(e%+4e +e4) = 56.76958...
0
e (h=1):
4 2 4
f eXdx = f ede+f eXdx
0 0 2
~ 2(e0+del+e?)+ 2 (e2+4e%+e) = 53.86385 - .
o (h=1/2):
4 1 4
J eXdx = J e*dx+- - -+J e*dx
0 0 3
~ %(e0+4e0-5—|—e1)+---+é(e3+4e3~5+e4)
= 53.61622- .. .
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§4.3 Numerical Integration

@ Composite Simpson’s rule: Let n be an even integer, h =
b—a

, X0 = a<x < -+ <x,=>band x; =a+jh If

fe C*([a, b]) then there exists y1 € (a, b) such that
n/2—1 n/2
[ Forae = o) +2" % flsm) 45, Flsmr) + )

7( a) 14 44)
mo W)
@ Composite trapezoidal rule: Let h = ?, X0 =a<x <
- < xp = band xj = a+ jh. If fe C?([a, b]) then there exists

€ (a, b) such that

L F(x)dx = 2] F(x0) +2 ill o) + )] — =22 (),
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§4.3 Numerical Integration

© Composite midpoint rule: Let n be an even integer, h =

b—a
m,X_1:a<x0<x1<---<x,,<x,,+1:band
xj=a+ (j+ 1)h. If fe C*([a,b]) then there exists u € (a, b)
such that
b n/2 - .
f a2 o %hzf”(m.
a j:O
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

@ Previous quadrature formula of numerical integration use values

of function at equally spaced points.
b n
@ Gaussian quadrature: J f(x)dx ~ Y, cif(xj), where ¢; € R
a i=1

and x; € [a, b] for i=1,2,--- ,n. There are 2n parameters to
choose, so the greatest degree of precision < 2n — 1.

Example
Let [a,b] = [—1,1] and n = 2. We want to determine ¢, ¢ € R,
x1, X3 € [—1,1] such that

flf(x)dx ~ af(a) + af(x)

and gives exact value whenever f(x) is a polynomial with de-

gree(f) < 3(= 2n — 1); that is, gives exact value when f(x) =

2
1, x, x°, x°.
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Chapter 4. Numerical Differentiation and Integration

§4.4 Gauss Quadrature

Example (Cont'd)

The quadrature formula gives exact value for f(x) = 1, x, x2, x3:

2= flldx: af(x)+cf(xe) =ca+c (f(x) = 1),

Jl xdx = c1f(x1)+cf(x2) = axi+cxo (f(x) = x),

0=

2 _ x2dx— cif(xy)+cf(x) = c1x1+c2x2 f(x) = x2),
3

0=

J x3dx: af(x)+ef(xe) =axp+axd (f(x)=x3).
—il

Solving for ci, ¢, X1, x2, (assuming x; < x3) we obtain that
V3. = V3.

3 3 2 — 3 )

thus the 2-point Gauss quadrature formula is

J e~ F(2X2) 4 (2.

a=c=1 x=-

3

This formula has degree of precision 3.
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

Definition

The Legendre polynomial of degree n is the polynomial

pnl) = 50 [(* 1))

- 270! dxn

@ Some Legendre polynomials are given by
1
() =1, p)=x  p(9=50Bx*-1),
p3(x) = %(5X3 —3x), pa(x) = é(?ﬂéx4 — 30x2 + 3),

For each n, pn(x) is a polynomial of degree n.

1
f p(x)pn(x)dx = 0 whenever p(x) is a polynomial of degree
1

less than n.

The roots of p,(x) are distinct, lie in (—1,1), and have a sym-
metry with respect to 0.
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

. f p(x)pn(x)dx = 0 if pis a polynomial of degree less than n.

Proof.

Since p, is a polynomial of degree n, {po,pi1,---,pn} is linearly
independent. If p is a polynomial of degree less than n, then

p(x) = copo(x) + c1p1(x) + - - + ca—1Pn—1(X)
for some constants ¢y, c¢i,- - ,ch—1. Iherefore, it suffices to show
1
that J Pk(X)pn(x) dx =10 for all 0 < k< n.
—1
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

. f p(x)pn(x)dx = 0 if pis a polynomial of degree less than n.
—il

Proof.

Since p, is a polynomial of degree n, {po,pi1,---,pn} is linearly
independent. If p is a polynomial of degree less than n, then

p(x) = copo(x) + cipi(x) + -+ + ch—1Pn—1(X)
for some constants ¢y, c¢i,- - ,ch—1. Iherefore, it suffices to show

that f Pk(X)Pa(x) dx = 0 for all 0 < k < n. Note that
- dn 2 @ .
B X:il(x —1)"=0 foralll<j<n.
Integrating by parts, we find that for 1 < j < n,
' 1 Yd¥ s wkd 2 an
_lpk(x)p,,(x) dx = mj_lw(x -1) @(x —1)"dx
_ (71)] L gkt 2 )
onknlkl | dxk+i dxn—i
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

e The roots of p,(x) are distinct, lie in (—1,1).

Assume the contrary that p, has m pairwise different zeroes xi, xo,
-+, Xm of odd multiplicity in (—1,1) (that is, p, changes sign in

xjfor j=1,2,---,m) with 0 < m<n.
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

e The roots of p,(x) are distinct, lie in (—1,1).

Proof.

Assume the contrary that p, has m pairwise different zeroes xi, xo,

-+, Xm of odd multiplicity in (—1,1) (that is, p, changes sign in

xjfor j=1,2,---,m) with 0 < m < n. Since fl pn(x) dx = 0, we
-1

must have m > 1. Consider the polynomial z(x) = (x — x1)(x —

Xx2) (X — Xm)-
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

e The roots of p,(x) are distinct, lie in (—1,1).

Proof.

Assume the contrary that p, has m pairwise different zeroes xi, xo,

-+, Xm of odd multiplicity in (—1,1) (that is, p, changes sign in
xjfor j=1,2,---,m) with 0 < m < n. Since fllpn(x) dx =0, we
must have m > 1. Consider the polynomial z(;<) = (x—x)(x—
x2) -+ (X — Xm). Then

@ The function f(x) = z(x)pn(x) is sign-definite in (—1,1); thus

fllz(x)p,,(x) dx # 0.

(2] 1 z(x)pn(x) dx = 0 since degree(z) < n.

=il
Clearly @ and ) contradict each other; thus we conclude that the
roots of p, are distinct and lie in (—1,1). o
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Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

Let xg, X1, X2, - -+ , Xn be roots of the Legendre polynomial pp+1, and
Ly i be the Lagrange polynomial of degree n satisfying Ly i(x;) = 0j;.
If p is a polynomial and degree(p) < 2(n+ 1), then

[ pOodx = 3 cipta,

1l
where ¢; = J Ln,i(x) dx.
—il

Ching-hsiao Cheng #E A 47 1| MA-3021



Chapter 4. Numerical Differentiation and Integration
§4.4 Gauss Quadrature

Let xg, X1, X2, - -+ , Xn be roots of the Legendre polynomial pp+1, and
Ly i be the Lagrange polynomial of degree n satisfying Ly i(x;) = 0j;.
If p is a polynomial and degree(p) < 2(n+ 1), then

[ pOodx = 3 cipta,

1l
where ¢; = J Ln,i(x) dx.
—il

<

Recall that for given n—+1 distinct points xg, x1, - - - , X, the Lagrange
polynomial L, ; is a polynomial of degree n defined by

X — Xj
Ln7,'(X) = | | 7)(‘7):‘.
oj<n,j#i J

Any polynomial p of degree n can be expressed as

p(x) = gLn,,(x)p(x,-).
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Chapter 4. Numerical Differentiation and Integration

§4.4 Gauss Quadrature

Let p be a polynomial of degree < 2(n+ 1). Then the division
algorithm implies that

P(x) = q(x)pns1(x) + r(x),
where g, r are polynomials satisfying degree(q) < n and degree(r) <
n.
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Chapter 4. Numerical Differentiation and Integration

§4.4 Gauss Quadrature

Let p be a polynomial of degree < 2(n+ 1). Then the division
algorithm implies that

P(x) = q(X)pnt1(x) + r(x),
where g, r are polynomials satisfying degree(q) < n and degree(r) <
n. Since ris a polynomial of degree < n

X) = ZLn,i(X)r(Xi) = ZL,L,'(X)P(X,)
i=0 i=0
Therefore,
p(X) pn+1 + ZLHI
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Chapter 4. Numerical Differentiation and Integration

§4.4 Gauss Quadrature

Let p be a polynomial of degree < 2(n+ 1). Then the division
algorithm implies that

P(x) = q(x)pn+1(x) + r(x) ,
where g, r are polynomials satisfying degree(q) < n and degree(r) <
n. Since ris a polynomial of degree < n

X) = ZLn,i(X)r(Xi) = ZL,L,'(X)P(X,)
i=0 i=0
Therefore,
p(X) pn+1 + ZLHI

1
thus the fact that J q(x)pnt1(x) dx = 0 further implies that
-1

J_IIP(X) dx = i(fan,f(x) dx) p(x;) = g“)c,-p(xi) _ o

=0
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§4.4 Gauss Quadrature

b
Remark: To find J f(x) dx, we make the substitution of variable

__2x—a-—b>b

t b—a

1
= x= 5((b— a)t+a+b)
and find that

Lbf(X) dx = b23J11 f(%[(b—a)t—l— a+ b])dt.

1.5 1 2 1 2
2 (1 _ (t+5)
J e X dx= lf e (2(0'5t+2'5)) dt = EJ e 16 dt.
1 -1 1
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