Numerical Analysis I MA3021 Midterm
National Central University, Jun. 29, 2020 (due. Jul. 01, 2020 4pm)

Problem 1. Consider solving Az = b, where A is a given n x n real matrix, and b is a given n x 1

real vector, using the iterative scheme
g™ = g(z®™) = 2 + w(b— Az®) | (*)
where w # 0 is a real constant.
(1) (10%) Show that x satisfies Az = b if and only if x is a fixed-point of g.

(2) (10%) Show that if |I,x, — wA| < 1 for some sub-ordinate matrix norm, then the iterative
scheme (%) converges; that is, (x) produces convergent sequence {w(k)}:):l for any given initial

guess (0.

(3) (20%) Suppose that A is a symmetric matrix with eigenvalue A\; < Ay < --- < A,,. Show that

the iterative scheme (x) converges if |1 —w);| < 1forall 1 <j < n.

(4) (20%) Suppose that A is a symmetric positive definite matrix, and 0 < w « 1 so that |[1—wA| < 1
for all eigenvalues A of A. Define e® = ) — A=1b. Show that
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where A, is the smallest eigenvalue of A.

Problem 2. Let A be an n x n symmetric matrix with the property that the dominant eigenvalue

of A is simple; that is, the eigenvalues Ay, A9, - - , A, of A satisfies
(Al > Ao = [As] = - = [An].
Here \; is called the dominant eigenvalue of A.

(1) (10%) Suppose that v # 0 is not an eigenvector of A and v is not orthogonal to the eigenvector

corresponding to the dominant eigenvalue A. Show that
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(2) (10%) Use (1) to provide an algorithm which computes the dominant eigenvalue of a symmetric

matrix (with simple dominant eigenvalue).



Problem 3. (20%) Show that

h
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where
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is a third order method of solving the initial value problem

w'(t) = ft,z(t), (o) =zo.



