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Differential Equations M A2041-A Final Exam
National Central University, Jan. 13 2016

Total




Formulas:

1. The Cauchy product of two series: inside the interval of convergence,ds

0

(o) (B net) = 3 (Sow) ot

k=0 k=0 j5=0
2. The following formula concerns with solving the following ODE

2" 4+ xp(z)y’ + q(z)y =0 x>0, (0.1)

0 Q0
where p(z) = Y. pra® and q(x) = Y] qua* are two power series with non-zero radius of conver-
k=0 k=0

0
gence, if y = ¢(r,x) = > ap(r)z**" is a solution, then

k=0

k—1

F(k+r)ar(r)+ > (G +r)prj + qe—j)aj(r) =0 VkeN, (0.2)

=0

where F'(r) = r(r — 1) 4+ por + qo and ag is assumed to be a given constant. Let 1,75 be two

roots of F/(r) =0, and r, > ry if 1,75 € R.

(a) If r; —ro ¢ N U {0}, then

a0 o0

yi(z) = Z ar(r)z"™™ and  yy(x) = Z ap(re) 2t

k=0 k=0

are solutions to (@), where {ak(rl)}zozl and {ay(r2)}72, are given by the recurrence
relation (@)
(b) If ry = ry, then

0

yi1(x) = Z ar(r)z™™  and  yy(x) given in Problem @
k=0

are solutions to (@)
(¢) If r; —ry = N € N, then two solutions of (@) are given by

0 0

b
yi(z) = Z ap(r)z™  and  ya(z) = a—oyl(x) log(x) + Z cp(re) a2
k=0 0 k=0

s (r —ro)ag(r).

where by = lim ay(r) and cg(re) = ;*
r—r



Problem 1. (20%) Assume that a series solution to y” — 2zy’ + 10y = 0 satisfying the initial

o0
conditions y(0) = 1 and y’(0) = 0 is y = >, ayz’. Show that ay._; = 0 for all £ € N. Moreover, ay is
=0
of the form
(20 —1)!

(6 — 20— k)

for some constant ¢ and integers 7, 7, ¢. Find 7, j, k as well as c.

VleN,l>4

Qop = C

o0
Solution: Let y = Y asz’ be the solution to the ODE above. Then
=0

=0
0 0
y" = Z 00— a2 = Z(f +2) (0 + 1)ag0a";
(=0 =0
thus we have
Z [(f + 2)(€ + 1)CLE+2 -+ 2(5 - f)ag} .’L‘e =0.
=0

Therefore,
2(¢ —5)

S () (wy

Using the initial condition, we find that ag = 1 and a; = 0; thus the recurrence relation above implies

Qy VEENU{O}

that agy_1 = 0 for all £ € N. Moreover,
_2(20—2-5) 2220 —2-5)(20 — 4 5) B

“T T oner—1) T 20— DRl —2)20—3) T T

22— T) (20— 9) 1.+ (=1) - (=3) - (-5)

(20)! o
B —15-24(20 — 7)! 15220 = T)(20—8) - 1
C(20-8)(20 - 10)---2-(20)! 20-4(¢ — 4)1(20)!
B (20— 7)!
G

Therefore, ¢ = —240 and (1, 5, k) = (7,4, 0).



Problem 2. Consider the Legendre equation (1 — 22)y” — 2zy’ + n(n + 1)y = 0 for some n € N.

0
1. (5%) Find the recurrence relation of the coefficient {ay}?, of a series solution Y. azz* about
k=0

0 has to satisfy.

2. (10%) Show that for each n € N, there is always a polynomial solution y = p,(x) to the

Legendre equation above (using the recurrence relation obtained in Step 1).
3. (10%) Find the polynomial solution ps(x) of Legendre equation satisfying ps(1) = 1.

Solution:
0
1. If y = > apz® be a solution, then
k=0

o0
Z [(k +2)(k 4+ Dagro — k(k — Dag — 2kay +n(n + Dag|2* = 0.
k=0

Therefore, we obtain the following recurrence relation

k(1) —n(n+1)
G2 = T )k + 1)

a  VkeNu {0 (0.3)

2. By the recurrence relation above, we find that a,, 12 = 0 and this further implies that a,, 12, = 0

for all £ € N. Therefore,

(a) if n is an even number, a polynomial solution is given by
() = ag + agx® + agz* + - - + a2
(b) if n is an odd number, a polynomial solution is given by
Pul(x) = a1 + azz® + - - + apr™;
in which {ax}{, satisfies the recurrence relation (@)
3. By the analysis above, we find that

p5(I) = a1+ CL3I3 + CL5I5 ,

2—30 14 12 — 30 21 . .
where az = G a; = —?al and as = 50 as = Eal' To satisfy ps(1) = 1, a; must satisfy
14 . 21 1
ap— —a; +—a; =1;
1 3 1 5 1 )

15
thus a; = 3 Therefore,

15 35 63
p5(£) = gl' — Zﬂig + gl’g).



Problem 3. Solve the differential equation
in®(2t
wy”(t) — (5sin®tcost + 3sintcos® )y’ (t) + 5y(t) =0, 0<t< g (0.4)
following the steps below:

(1) (10%) Let = = tant and z(x) = y(arctanx). Find the corresponding differential equation that

z satisfies (the function arctan is identical to tan™1).

(2) (10%) Find the general solution to the equation for z, and then use it to find a solution to

(0.4).

Solution:

(1) Let x = tant and z(z) = y(tan~' z). Then

1
(1+22)?

—2x

/ —1
+ Yy (tan .flf)m .

and 2”(z) =y"(tan" ' 2)

/ _ /t —1
2'(2) =y (ban ™ )

Therefore,

y'(tan ') = (1 +2?)2(x) and y”(tan"'z) = (1 + 2?)%2" () + 22(1 + 2%)2/(2).

Letting ¢t = tan~! x as well as sint = ’ and cost = ! in the ODE we find that
1+ 22 V14 a2
x x
_ x? b+ 3w _
y"(tan ! x)m — y/(tan ! l‘)m -+ 5y(tan 1 t) =0

thus
222" (z) — 3x2'(z) + 52(x) = 0.

(2) Let r satisfy r(r —1) —3r +5 = 0. Then r* — 4r +5 = 0 which implies r =2+ and r = 2 — 4.
Therefore, the general solution of (@) is

z(z) = C1a* logcos z + Cyr? logsin .

Therefore,
y(t) = z(tant) = C; tan® tlog cos(tan t) + Cy tan® t log sin(tant) .



Problem 4. (20%) Consider solving the ODE

2.1

2y +ap@)y + @)y =0 x>0, (.1

where p(z) = > ppa® and q(x) = Z Q" are two power series with non-zero radius of convergence.
= k=0
Show that if the indicial equation r(r — 1) + rpy + go = 0 has a double root r, then

o0 e¢]
=logx Z ap(r)x™" + Z ay(r)z* T
k=0 k=0

is a solution to (@) as long as the series converges in an interval, where {ak(r)}zo:l is a sequence
satisfying the recurrence relation (@)

o0

Proof. Let y1(x) = >} ap(r)z**". Then
k=0

o0]

(k+7)(k+ 17— Dag(r)z® + (ZPM )(Z k:_|_r)ak(r)xk+r>
k=0

33 0) (3 oxtet)

k=0

2y + xp(x)y) + q(x)y =

MS

i
o

_|_

I
78 T

(k 4+ )k + 1 — 1)ax(r +2pkjj+raj —i—qu]a] ]’W
jO

el
I
o

o _
T)a0+2[ (k +7)ax(r Z (J+7)pr— + Q- J}aj(r)}x]ﬁr-

Since F(r) = 0, using (@) we find that y; is also a solution to (@)

Differentiating () w.r.t. 7 variable, we find that
k k

[2(k +71) — 1] ag(r —|—Zpk jai(ry) —1—2 Pe—j(J +71) + qej]aj(r1) =0 VkeNu{0}.
7=0 7=0

As a consequence,

*yy + zp(x)ys + q(x)ys

— () logr + () — () + i(k )b — Da )k
+ap(x)yl () log  + p(x)y (x) + (; Pt ) (gk + r1>a,;(r1)xk+n>
oo+ (3 ) (Y ifrat)

,2) (k+71) — ar(ry)z k+r1+}i<§pk_]a](ﬁ)>xk+”
+§%((k+r1)(k+r—1)a,;(r1>+§[pk 3G+ 1) + alaj(m) )2 =0

yo(z) is a solution to (@) D



0 (_1\k,2k
Problem 5. (20%) Given a solution Jo(xz) =1+ >, (22215)2 to Bessel’s equation of order zero
k=1 -

$2y”+xy’+:zc2y — O,

use the method of reduction of order to show that another solution can be given by

yo(z) = Jo(x)fm.

Proof. Suppose that another solution to Bessel’s equation of order zero is yo(z) = Jo(z)v(x). Then
2* (Jo(z)v(z)) "y I(JO(Z‘)U(I)), + 2% Jo(z)v(x) =0
which can be further reduced to
xJo(z)v"(z) + [22J5(x) + Jo(z)]v'(z) =0

or

v"(x) + [2}20/((;;) + %]v/ =0.

Therefore, the method of integrating factor shows that
(62 log Jo(x)Jrlong/(x)) / —0

which further implies that

Ch
’U/ €r) = —.
@ h@E
As a consequence,
v(z)=C JL + C

— O alk@r T

which implies that another independent solution can be given by ys(x) = Jo(x) J $|Jd(i)|2 o
0



Problem 6. For v > 0, the Bessel function of the first kind of order v, denoted by J,, is defined as

the series solution to the Bessel equation of order v

o*y" + azy’ 4+ (2% — )y =0

of the form J,(z) = ¥ F(yil)?’ + k§1 ay(v)zk

which has the property that I'(z + 1) = 2['(z) and I'(1) =
0 (_1)k )\ 2k+v
(5)

where I" : (0,00) — R is the Gamma-function
1

1. (15%) Show that J,(z) = >, ————— :

2.00%)VﬂﬁyﬂmtL&ﬂx):%ELA@——L_ﬂx)

i K T(k+v+1)

Q0
Proof. 1. Note that if > ax(v)z**” is a solution to the Bessel equation of order v, then
k=0
— () =z 2V
E+v—v)k+v+v) 27 &k +20) 2

and a; = 0. Therefore, ag,,+1 = 0 for all m € N u {0} and

ag(v) =

1
a2 V) = S 202 —9) ok — 2 4 2 ) =
_ (=D*
k(2K — 2)(2k — 4) - 2(2k + 20)(2k + 20 — 2) - (2 + 20)
(—1)F 1

T2k + ) ktv—1)--(v+1) T+ 12
Using the property that I'(z + 1) = zI'(z), we find that
(k+v)k+v—=1)---(v+1DI'(v+1)=T(k+v+1);

thus
(=D (v +1) 1 B (—1)*
2%EIT(k+v+1) T(w+1)2v 22Dk +v+1)°

ag(v) =

Therefore,

T (l‘) _ i <_1)k x2k+u _ $ <_1)k <£>2k+y
Y A 2RID (R + v+ 1) S ET(k+v+1)\2 '

2. Using the expression of J,, we have

%JV(I) —Ja(z) = 2 k"F((k; i)VVJr 3 (;)2’””—1 B ;%(g)%-ﬁ/—l

k=0

I
Mg

[k?'F k + v+1) k(';(llz —l(—kl/jL—l—Vl))} (g)”“r”—l

[k:'fS k+ u%k—; } (g>2k+y 1 Z [kllf(kj—yfl)] <;>2k+l/—l

(—1)* T 2k+(u+1):
k!F(k+(V+1)+1)<2> = Ju1(2).
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