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Problem 1. (15%) Use the method of reduction of order to find the general solution to the second

order differential equation

(sint)y” — (sint + cost)y’ + (cost)y =0  where 0<t<m, (1)
provided that one solution y = ¢y (t) = €' is given.
Solution: Assume the solution to (1) can be written as y = v(t)e’. Then

(sint)(v” + 20" +v)e' — (sint + cost)(v' + v)e' + (cost)ve' = 0;

thus
(sint)v” 4 [2sint — (sint + cost)]v’ = 0.

Therefore,
v" 4+ (1 —cott)v’ =0.

Since J costdt = logsint, we find that
t /

(,e—v' ) =0.

sint
Therefore, v'(t) = Cre ' sint which implies that

o —t . o Cl —t -
v(t) =Cy | e 'sintdt = 5 (sint 4 cost) + Cy.

As a consequence, the general solution to (1) is

y(t) = v(t)e' = Cy(sint + cost) + Cye’ .



Problem 2. (1) (15%) Use the method of variation of parameters to show that
1 t
y(t) = Cy cos 3t + Cysin 3t + 3 f f(s)sin3(t —s)ds
0

is a general solution to the ordinary differential equation

y" +9y = f(t). (2)

(2) (15%) Find the solution to
y" + 9y = 4cos® t (3)

that also satisfies the initial condition y(0) = y'(0) = 0.

Solution:

1. Note that {cos 3t,sin 3t} is a fundamental set of the corresponding homogeneous equation y” +

9y = 0. The method of variation of parameters implies that a particular solution to (2) is given

by
sin3sf(s) . cos3sf(s)
=Y(t) = —cos3t d 3t d
Y (t) o8 o Wi(cos3s,sin 3s) s sin o W(cos3s,sin 3s) °
J f(s)(cos3ssin 3t — cos 3tsin3s) d J f(s)sin3(t — s)ds.

Therefore, the general solution to (2) is

1 t
Yy = Clcos3t+C’gsin3t+§J f(s)sin3(t — s)ds.
0

2. Note that we can rewrite (3) as
y" 4+ 9y = cos(3t) + 3cost.

Therefore, the convolution formula provides that the general solution to the ODE above is

1 t
y = Cycos3t + Cysin 3t + gf (cos3s + 3coss)sin3(t — s) ds
0
1 (" sin 3¢ + sin(3t — in(3t — 2 in(3t — 4
— Cycos3t 1 Cysin3t + gf [sm?) + 31;1(3 6s) N 38111(3 s) —;— sin(3 s)
0

]ds

1 1 3 3
= () cos3t + Cysin 3t + 6 [s sin 3t + 8 cos(3t — 6s) + 5 cos(3t — 2s) + 2 cos(3t — 45)}

1 3 3 3 3
= (] cos 3t + Cysin 3t + é[tsin?)t—k §cost+ Zcost— 500831&— Zcos?)t}

3 1 3
= (Cl - §) cos 3t + Cy sin 3t + étsin?)t—l— gcost.

To satisfy the initial condition y(0) = 0, we must have C; = 0. To satisfy the initial condition
1
y'(0) = 0, we must have Cy = 0. Therefore, the solution is y = Et sin 3¢ + g(cost — cos 3t).



Problem 3. Solve the differential equation

) 92
Smi x)y//(:ﬁ) + sin(2x) cos® zy'(x) — 2y(x) = 0, O<z<3 (0.1)

2
following the steps below:

(1) (10%) Let t = tanx and z(t) = y(arctant). Find the corresponding differential equation that

z satisfies (the function arctan is identical to tan™1).

(2) (15%) Find the general solution to the equation for z, and then use it to find a solution to

(0.1).

Solution:

(1) Let t = tanz and z(t) = y(tan~'¢). Then

—2t

and 2”(t) =y"(tan"'¢) e

Z'(t) = y'(tan"' 1) +y/(tan" " ¢)

1+ ¢2 (1+12)?

Therefore,
y'(tan"'t) = (1 +1%)2'(t) and y”(tan~'t) = (14 322" (t) + 2t(1 + %)/ (¢).
Letting x = tan~' ¢ in the ODE we find that

2t ! -1 —1 .
sy’ (tan™" ) — 2y(tan™" t) = 0;

t2 " 1
tan "t —_—
5y (tan )+(1+t2)

L+

thus
22" (t) + 2t2'(t) — 22(t) = 0.

(2) Let r satisfy r(r — 1) +2r —2 = 0. Then 72> + 7 — 2 = 0 which implies r = —2 and r = 1.
Therefore, the general solution of (@) is

2(t) = Cit™2 4 Cyt .

Therefore,
y(r) = z(tanx) = Cycot’z + Cotan z .



Problem 4. (1) (15%) Let {¢1, 2, -+ , ¥n—1, pn} be a linear independent set of n-times continuously
differentiable functions on an interval (a,b) < R. Show that there exists a set of continuous
functions {p,_1, -+, p1,po} such that

o 4 paca (D" - i ()] + pol(t)pr = 0.
(2) (10%) Find a second order linear ODE that has {e’,sint} as a fundamental set.

Proof. (1) First, we note that since {¢1, @2, ,©n_1,¢n} is a linear independent set of n-times con-
tinuously differentiable functions on an interval (a,b) < R, the Wronskian W (py,- -+, p,)(t) #
0 for all ¢ € (a,b); thus the matrix

n—1

o1 o oY

A D

P2 P2 P2
' n-1
(pn (p’,,l P ()057, )
is invertible. Let {p,_1,pn_2, - ,p1,P0} be the solution to the linear system

n—1 n
IR I Wg 1) Do —wﬁ)
e A U N T
‘ ‘ n:fl ‘ : n
R S N WO —pi

Write the equation above as A(t)p(t) = b(t). Since 1,2, , Pn_1, Pn are n-times continuously
differentiable functions, the determinant of A, the adjoint matrix of A, and the vector b are

continuous; thus the inverse of A is a continuous matrix and the solution p is also continuous.

(2) As indicated in (1), we let py and p; be the solution to the linear system

et e po| | —¢€
sint cost| |pi| |sint|’
and we have

-] 1 cost —e'| | —e"| 1 —(sint + cost)
sint | et(cost — sin t) —sint €' sint | (cost — sin t) 2sint )

Therefore, the second order ODE that has {ef,sint} as a fundamental set is

(cost —sint)y” + 2sinty’ — (sint + cost)y = 0.



roblem 5. o) Find the general solution to the
Problem 5. (25%) Find th 1 soluti he ODE
(1 — 2t 4+ 2" —t*y" + 2ty —2y =0
given two of the solutions y = p1(t) = €' and y = po(t) = t.
Solution: Suppose that y = v(t)e is a solution to the ODE above. Then
(t? =2t +2)(v" + 30" + 30" +v)e' — 2 (v” + 20" +v)e' + 2t(v' + v)e' — 2ve' = 0;
thus v satisfies
(=2t + 200" + [3(* =2t +2) — *]v" + [3(t* — 2t +2) — 26> 4+ 2t]v" = 0

or equivalently,
(t? — 2t + 20" + (2t* — 6t + 6)v” + (> — 4t +6)v" = 0. (0.2)

Since y = @o(t) = ¢ is also a solution of the original ODE, we find that v = v1(¢) = te™" is also a
solution to (@) Therefore, by assuming that the solution v to (@) can be written as v = te tu,
we find that u satisfies that

(2 — 2t + 2)(te "u)"” + (2% — 6t + 6)(te "u)"” + (t* — 4t +6)(te 'u)' = 0.
As a consequence, u satisfies
(=2t +2)u” + [3(1 —t)(t* — 2t +2) + t(2t* — 6t + 6)]u” =0

or equivalently,
t(t? — 2t + 2u” + (—t* + 3t> — 6t + 6)u” = 0.

Since
—t3 43t — 6t +6 t? — 4t 46 3 . —2t+2

(2 — 2t + 2) BRI T R T Ty

the integrating factor is exp ( —t+ 3logt — log(t? — 2t + 2)); thus solving for u” we find that

<e’t a u”)l =0
2 — 2t 42 o

e . et\" t2 — 2t + 2
We note that u(t) = " must be a solution to the ODE above, and <?> = etT; thus
2 —2t+2 et
L EE Y
1 I 17

Therefore,
t

u(t) == Ol% + Cgt + 03

which implies that the general solution to the original ODE is

y(t) = C’let + Cth + C3t .



