
Differential Equations MA2042 Final Exam
National Central University, Jun. 15 2016

Problem 1. (20%) Solve the boundary value problem

x2y 11 ´ 2xy 1 + 2y = 0 , y(1) = ´2 , y(2) = 2 .

Solution: Solving the “characteristic” equation r(r ´ 1) ´ 2r + 2 = 0, we find that r = 1 or r = 2;
thus the general solution to x2y 11 ´ 2xy 1 + 2y = 0 can be written as

y(x) = C1x+ C2x
2 .

Making use of the boundary condition, we have[
1 1
2 4

] [
C1

C2

]
=

[
´2
2

]
;

thus (C1, C2) = (´5, 3). Therefore, the solution to the given boundary value problem is y(x) =

´5x2 + 3x. ˝

Problem 2. (20%) Let f : [´L,L] Ñ R be a function such that f, f 1, f 11 are piecewise continuous
on [´L,L]. Show that if tcnu8

n=0, tsnu8
n=1 are the Fourier coefficients of f ; that is,

ck =
1

L

ż L

´L

f(x) cos kπx
L

dx and sk =
1

L

ż L

´L

f(x) sin kπx

L
dx ,

then the sequences tn2cnu8
n=0 and tn2snu8

n=1 are bounded.

Proof. We only show that tn2cnu8
n=1 is bounded since the proof of the other case is similar. Let

taku8
k=1, tbku8

k=1 be the Fourier coefficients of f 11; that is,

s(f 11, x) =
a0
2

+
8
ÿ

k=1

(
ak cos kπx

L
+ bk sin kπx

L

)
,

where ak =
1

L

ż L

´L
f 11(x) cos kπx

L
dx and bk =

1

L

ż L

´L
f 11(x) sin kπx

L
dx. Integrating by parts,

ak =
1

L

[
f 1(x) cos kπx

L

ˇ

ˇ

ˇ

x=L

x=´L
+

kπ

L

ż L

´L

f 1(x) sin kπx

L
dx

]
=

1

L

[(
f 1(L) ´ f 1(´L)

)
(´1)k +

kπ

L

(
f(x) sin kπx

L

ˇ

ˇ

ˇ

x=L

x=´L
´

kπ

L

ż L

´L

f(x) cos kπx
L

dx
)]

= (´1)k
f 1(L) ´ f 1(´L)

L
´

k2π2

L2

1

L

ż L

´L

f(x) cos kπx
L

dx

= (´1)k
f 1(L) ´ f 1(´L)

L
´

k2π2

L2
ck .



Note that by the Parseval identity, taku8
k=0 and tbku8

k=1 satisfy

L
[a20
2

+
8
ÿ

k=1

(a2k + b2k)
]
=

ż L

´L

ˇ

ˇf 11(x)
ˇ

ˇ

2
dx ă 8 ;

thus taku8
k=1, tbku8

k=1 are bounded. Therefore, there exists M ą 0 such that
ˇ

ˇ

ˇ
(´1)k

f 1(L) ´ f 1(´L)

L
´

k2π2

L2
ck

ˇ

ˇ

ˇ
= |ak| ď M @ k P N ;

thus for some C ą 0,
ˇ

ˇ

ˇ

k2π2

L2
ck

ˇ

ˇ

ˇ
ď M +

ˇ

ˇ

ˇ
(´1)k

f 1(L) ´ f 1(´L)

L

ˇ

ˇ

ˇ
ď C @ k P N .

This implies that tn2cnu8
n=1 is bounded. ˝

Problem 3. (20%) Prove that

π2

8
= 1 +

1

32
+

1

52
+

1

72
+ ¨ ¨ ¨ =

8
ÿ

n=0

1

(2n+ 1)2

by applying the Parseval identity to periodic extension of the function

f(x) =

"

0 if ´π ă x ă 0 ,

π if 0 ă x ă π .

Proof. We compute Fourier coefficients as follows:

c0 =
1

π

ż π

´π

f(x) dx = π ,

and if k P N,
ck =

1

π

ż π

´π

f(x) cos kx dx =

ż π

0

cos kx dx =
sin kx

k

ˇ

ˇ

ˇ

x=π

x=0
= 0 ,

Moreover, for k P N,

sk =
1

π

ż π

´π

f(x) sin kx dx =

ż π

0

sin kx dx = ´
cos kx

k

ˇ

ˇ

ˇ

x=π

x=0
=

1 ´ (´1)k

k
.

Therefore, the Fourier series representation of f is

s(f, x) =
π

2
+

8
ÿ

k=1

1 ´ (´1)k

k
sin kx =

π

2
+

8
ÿ

k=0

2

2k + 1
sin(2k + 1)x .

Therefore, the Parseval identity implies that

π3 =

ż π

´π

ˇ

ˇf(x)
ˇ

ˇ

2
dx = π

[c20
2
+

8
ÿ

k=0

s2k

]
= π

[π2

2
+ 4

8
ÿ

k=0

1

(2k + 1)2

]
;

thus
8
ř

k=0

1

(2k + 1)2
=

1

4

[
π2 ´

π2

2

]
=

π2

8
. ˝



Problem 4. (20%) Solve the equation

ut(x, t) + u(x, t) = uxx(x, t) 0 ă x ă π and t ą 0 ,

u(x, 0) = sin x 0 ă x ă π ,

u(0, t) = u(π, t) = 0 t ą 0

by solving the heat equation for w, where w(x, t) = etu(x, t).

Solution: If w(x, t) = etu(x, t), then w satisfies

wt(x, t) = wxx(x, t) 0 ă x ă π and t ą 0 ,

w(x, 0) = sinx 0 ă x ă π ,

w(0, t) = w(π, t) = 0 t ą 0 .

Therefore, using the representation formula for the heat equation, we find that

w(x, t) =
8
ÿ

k=1

ske
´ k2π2t

π2 sin kπx

π
=

8
ÿ

k=1

ske
´k2t sin kx ,

where sk =
2

π

ż π

0
sinx sin kx dx = δk1. In other words,

w(x, t) =
8
ÿ

k=1

δk1e
´k2t sin kx = e´t sinx ;

thus u(x, t) = e´tw(x, t) = e´2t sinx. ˝

Problem 5. (20%) Find the formal solution to the dispersive wave equations

utt(x, t) + u(x, t) = uxx(x, t) 0 ă x ă π and t ą 0 ,

u(x, 0) = f(x) , ut(x, 0) = 0 0 ă x ă π ,

u(0, t) = u(π, t) = 0 t ą 0

using the method of separation of variables.

Solution: Suppose that u(x, t) = X(x)T (t) is a solution to

utt(x, t) + u(x, t) = uxx(x, t) 0 ă x ă π and t ą 0 ,

u(0, t) = u(π, t) = 0 t ą 0 .

Then (
T 11(t) + T (t)

)
X(x) = T (t)X 11(x) 0 ă x ă π and t ą 0 ,

X(0) = X(π) = 0 t ą 0 ;

thus
T 11(t) + T (t)

T (t)
=

X 11(x)

X(t)
= ´λ 0 ă x ă π and t ą 0



for some constant λ. To have non-trivial solution, λ ą 0. Moreover, for k P N, λ = λk = k2 and
Xk(x) = sin kx. The corresponding Tk(t) satisfies

T 11
k + (k2 + 1)T (t) = 0 ;

thus Tk(t) = ck cos
?
k2 + 1t+ sk sin

?
k2 + 1t. Then we look for solution u(x, t) of the form

u(x, t) =
8
ÿ

k=1

(
ck cos

?
k2 + 1 t+ sk sin

?
k2 + 1 t

)
sin kx .

To satisfy the initial condition, we need
8
ÿ

k=1

ck sin kx = f(x) and
8
ÿ

k=1

sk
?
k2 + 1 sin kx = 0 .

Therefore, sk = 0 for all k P N, and ck =
2

π

ż π

0
f(x) sin kx dx; thus the (formal) solution to the wave

equation given above is

u(x, t) =
2

π

8
ÿ

k=1

( ż π

0

f(x) sin kx dx
)

cos
?
k2 + 1 t sin kx .

Problem 6. (20%) Let u be a smooth solution to the wave equation

ρutt(x, t) = Tuxx(x, t) 0 ă x ă L and t ą 0 ,

u(x, 0) = f(x) , ut(x, 0) = 0 0 ă x ă L ,

u(0, t) = u(L, t) = 0 t ą 0 .

Show that the energy E(t) =
ż L

0

[
ρ

2

ˇ

ˇut(x, t)
ˇ

ˇ

2
+

T

2

ˇ

ˇux(x, t)
ˇ

ˇ

2
]
dx is independent of t; that is, E 1(t) = 0

for all t ą 0.

Proof. Differentiating E(t) in t, integrating by parts we find that

E 1(t) =
d

dt

ż L

0

[
ρ

2

ˇ

ˇut(x, t)
ˇ

ˇ

2
+

T

2

ˇ

ˇux(x, t)
ˇ

ˇ

2
]
dx

=

ż L

0

[
ρut(x, t)utt(x, t) + Tux(x, t)uxt(x, t)

]
dx

=

ż L

0

ρut(x, t)utt(x, t) dx+ T

ż L

0

ux(x, t)uxt(x, t) dx

=

ż L

0

ρut(x, t)utt(x, t) dx+ T
[
ux(x, t)ut(x, t)

ˇ

ˇ

ˇ

x=L

x=0
´

ż L

0

uxx(x, t)ut(x, t) dx
]

=

ż L

0

[
ρutt(x, t) ´ Tuxx(x, t)

]
ut(x, t) dx+ Tux(x, t)ut(x, t)

ˇ

ˇ

ˇ

x=L

x=0
.

Since u(0, t) = u(L, t) = 0 for all t ą 0, we have ut(0, t) = ut(L, t) = 0 for all t ą 0; thus the second
term on the right-hand side of the equality above vanishes. Since u satisfies the wave equation, the
first term on the right-hand side also vanishes, so we conclude that E 1(t) = 0 for all t ą 0. ˝


