Differential Equations Recommended Exercise 1
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Problem 2. In class we derive the differential equation for the brachistochrone curve connecting
(0,0) and (a,b), where b < 0:
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Solve this differential equation.

Suppose that the brachistochrone curve connecting (0, 0) and (a, b) can be represented as y = h(x)
(thus h(0) = 0 and h(a) = b). Use the variational principle to derive the differential equation that h
has to satisfy.

Problem 3. Suppose that there exists a twice continuously differentiable minimizer y = y(¢) to the

following variational problem

mi;\lf L(g, ¢ t)dt, where A= {p:[0,a] > R|p(0) = ¢(a) =0},
pE 0

where L(p,q,t) is differentiable with respect to p and ¢. Derive the equation that the minimizer y
has to satisfy.

Problem 4. §1.2 #% 4 % 4% 1.(b) Show that xy® — zy®sinz = 1 is an implicit solution to

dy (zcosx +sinz —1)y

de 3(z — zsinz)
on the interval (0,7/2).

Problem 5. §1.2 3k * % 4% 9. Determine whether the relation y —Iny = 2?41 is an implicit solution

to the differential equation
dy  2xy

dr  y—1°

Problem 6. §1.2 ## % 4% 13. Determine whether the relation siny + xy — 23 = 2 is an implicit

solution to the differential equation

y 6xy'+ (y')?siny — 2(y’)?
y" = > .
3r2 —y



Problem 7. §1.2 34 % 42 30. Implicit Function Theorem. Let G(x,y) have continuous first
partial derivatives in the rectangle R = {(z,y) ‘ a <z <b,c<y<d} containing the point (zo, o).
If G(xo,y0) = 0 and the partial derivative G, (zo,yo) # 0, then there exists a differentiable function
y = ¢(x), defined in some interval I = (zg — J, zo + 9), that satisfies G(z, ¢(x)) =0 for all z € I.
The implicit function theorem gives conditions under which the relationship G(z,y) = 0 defines
y implicitly as a function of x. Use the implicit function theorem to show that the relationship

x +y+ e = 0 defines y implicity as a function of z near the point (0, —1).



