Exercise Problem Sets 11

Problem 1. Solve the following PDE using the Laplace transform.

0%u 0%u
atz(xt) 25’ 5 (2, 1) x>0,t>0,
u(0,t) = f(t), lim u(x,t) =0 t>0,
w(z,0) =0, w(x,0) =0 x>0.

Problem 2. Solve the following PDE using the Laplace transform.

0* 0?
a—tg(a:,t)—ca—l;(m t) O<z<L,t>0,

u(0,t) =0, Euy(z,t) = Fy E is a constant ,t > 0,

u(z,0) =0, u(z,0) =0 O<x<L.
Hint: Expand 1/(1 4 e~2%/%) in a geometric series.

Problem 3. Solve the following PDE using the Laplace transform.

2 2
g;;(x t) = gZ(x t) z>0,t>0,

uw(0,t) =0, lim u,(x,t) =0 t>0,
r—00
u(z,0) =0, w(x,0) = —1p x>0.
Problem 4. Solve the following PDE using the Laplace transform.
0*u o*u

atz(as t) = pm = (,1) x>0,t>0,

u(0,t) =1, lim u(z,t) =0 t>0,

Tr—0
u(z,0) =e*, u(z,0) =0 x>0.

Problem 5. Show that a solution to the following PDE

ou ,0%u
ﬁt(xt) e ——(z,t) +r z>0,t>0,
uw(0,t) =0, lim u,(x,t) =0 t>0,
T—00
u(x,0)=0 x>0,

where r is a constant, is given by

¢
x
t)=rt— f d
u(z,t) =7 TL@IC(QQ\/F> T
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Problem 6. Show that a solution to the following PDE

0 0?
a—?(az,t) - axg(x,t)—hu(a:,t) 2>0,t>0),
w(0,t) =0, lim u,(z,t) =0 t>0,
Tr—00
u(z,0) = ug x>0,

where h and ug are constants, is given by
t 2
UL x
0 73 exp (—hT——) dr .

20/7 Jo A1

Problem 7. Solve the following PDE using the Laplace transform.

u(z,t) =

ou 0% 2 0u
u(l,t) =100, lim u(z,t) =0 t>0,
Tr—0
u(z,0) =0 x>1.

Hint: Let v(z,t) = zu(x,t).
Problem 8. Consider the wave equation

0*u ,0%u x
W(l’,t)—Cw(l',t)—FOa(t—y—O) O<[L‘<L,t>0,

where 5(75 — x/l/o) is the Dirac delta function. Solve the above PDE subject to

uw(0,t) =0, lim u(x,t) =0 t>0,

Tr—00

u(z,0) =0, u(x,0) =0 O<z<L,

when (a) vy # ¢, (b) vy = c.



