Differential Equations M A2042-* Final Exam
National Central University, Jun. 23 2021
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Problem 1. Consider the Laplace equation
0%u R
ﬁ(xvy)—i_a 2('1: y>_0 V(.’L',y)EB«),l),
($7y>_f(‘r7y> V(x,y)eaB(O,l),

where B(0,1) = {(:c, Y) ‘ 2?2 4+ < 1} is the unit disk centered at the origin with radius 1, and f is

a given function. Complete the following.

1. (5%) Since the domain of interest is a disk, it is nature to introduce the polar coordinate. Let

v(r,0) = u(rcosf,rsinf). Show that v satisfies the PDE
82'0 10v 1 0%
2. (5%) For each fixed r > 0, the function U(r, -) can be viewed as a periodic function with period

27 so that v(r,-) can be expressed as

v(r,0) = Y [An(r) cos(nf) + B, (r) sin(n)] .
n=0
Assume that — > = > — >, = Z —. Show that A, and B, satisfy
or n=0 n=0 (7 69 n=0 —

" 1 / n2

An(r) + ;An(r> - ﬁAn(T) = 07
" 1 / n2

B/(r) + ;Bn(r) - ﬁBn(T) =0.

3. (10%) Use the power series method to find the general form of A, and B,,.

4. (10%) Suppose that

0
%
f(cosf,sinf) = =5 z:: ¢y, cos(nb) + s, sin(n)] .
Find {c,}>_, and {s,}_,, and the expression of v in terms of {¢,}> , and {s,}>_,.

Problem 2. (15%) Show, using the method of the Laplace transform, that a solution to the following
PDE

0 0?
a—?(m,t) - a—;;(x,t) —hu(z,t)  x>0,t>0),
u(0,t) = ug, lim u,(z,t) =0 t>0,
r—00
u(z,0) =0 r>0,
where h and ug are constants, is given by
t 2
u(z,t) = ;\O/xE ) 772 exp (—hT — %_) dr .



Problem 3. Consider the wave equation

0%u o%u
W(Zﬁ,t):w(l',t) —OO<I'<OO7t>O,
lim u(z,t) =0 t>0,
|| —0
u(xao):f(x)vut(xvo):g(x) —0O<T <0,

where f, g are functions satisfying that f, g, ]?, g are integrable on R. Complete the following.

1. (5%) Let U(&,t) = Flu(-,1)](&) = JOO u(x,t)e"™¢ dz, and suppose that

—00

0 aku ) ak 0 )
—k(x,t)e_“”5 dx = —kf u(z,t)e™ ™ dr for k=1 and 2.
_y Ot otk )_

Show that s
U(¢, 1) = F(€) cos(&t) + a<§>smf ).

2. (12%) Show that if ¢ and <$ are both integrable on R, then

L[ e e e g = oo —2)de

T Joo 3 —t

3. (10%) Suppose that f satisfies that

0 (% o . 8in(€t) e o (7 0 (2. sin(EE)
7| foTeteca= [ GlioERed

Find the solution u(x,t) in terms of f and g.

t
Hint of 2: Show that for each fixed ¢ > 0 the Fourier transform of the function y = J o(x — 2)dz
—t

is 99

Hint of 3: Using the conclusion in 2 with ¢ = f and g¢.

, and conclude from this fact.

Problem 4. Consider the Laplace equation

0%u 0%u T
@(%y)ﬂLa—yQ(%y):O z>0,0<y <z,
u(z,0) =0, u(x,g) = x>0,

u(0,y) =0 O<y<g.

1. (14%) Solve the Laplace equation above using the Fourier transform.

2. (14%) Solve the Laplace equation above using the Fourier series.



