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Chapter 3. Line Search Methods

Introduction

Each iteration of a line search method computes a search direction
pr and then decides how far to move along that direction. The
iteration is given by

Xk+1 = Xk + OkPk
where the positive scalar oy is called the step length. The success
of a line search method depends on effective choices of both the

direction pj and the step length a.
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Chapter 3. Line Search Methods
Introduction

Most line search algorithms require p, to be a descent direction
satisfying

piVfi <0
because this property guarantees that the function f can be reduced
along this direction, as discussed in the previous chapter.
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Chapter 3. Line Search Methods
Introduction

Most line search algorithms require p, to be a descent direction
satisfying
piVfi <0
because this property guarantees that the function f can be reduced
along this direction, as discussed in the previous chapter. Moreover,
the search direction often has the form
px=—B; Vi, (1)

where By is a symmetric and non-singular matrix.

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
Introduction

Most line search algorithms require p, to be a descent direction
satisfying

piVfi <0
because this property guarantees that the function f can be reduced
along this direction, as discussed in the previous chapter. Moreover,

the search direction often has the form
pk = —B 'V, (1)
where By is a symmetric and non-singular matrix.
© In the steepest descent method, By is the identity matrix 1.
@ In Newton's method, By is the exact Hessian (V2f)(xx).
© In quasi-Newton methods, By is an approximation to the Hes-

sian that is updated at every iteration by means of a low-rank

formula.
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Chapter 3. Line Search Methods
Introduction

When py is defined by (1) and By is positive definite, we have
piVii=-ViIB 'V <0

and therefore py is a descent direction.
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Chapter 3. Line Search Methods

Introduction

When py is defined by (1) and By is positive definite, we have
piVii=-ViIB 'V <0
and therefore py is a descent direction.

In this chapter, we discuss how to choose ay and p, to promote
convergence from remote starting points. We also study the rate of
convergence of steepest descent, quasi-Newton, and Newton meth-

ods.
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Chapter 3. Line Search Methods

Introduction

When py is defined by (1) and By is positive definite, we have
piVii=-ViIB 'V <0
and therefore py is a descent direction.

In this chapter, we discuss how to choose ay and p, to promote
convergence from remote starting points. We also study the rate of
convergence of steepest descent, quasi-Newton, and Newton meth-
ods. Since the pure Newton iteration is not guaranteed to produce
descent directions when the current iterate is not close to a solution,
we discuss modifications in Section 3.4 that allow it to start from

any initial point.
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Chapter 3. Line Search Methods
§3.1 Step Length

In computing the step length ay, we face a tradeoff. We would like
to choose «y to give a substantial reduction of f, but at the same

time we do not want to spend too much time making the choice.
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Chapter 3. Line Search Methods
§3.1 Step Length

In computing the step length ay, we face a tradeoff. We would like
to choose «y to give a substantial reduction of f, but at the same
time we do not want to spend too much time making the choice.
The ideal choice would be the global minimizer of the univariate

function ¢(-) defined by
o(a) = f(xk+ apk), «o>0, (2)

but in general, it is too expensive to identify this value.
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Chapter 3. Line Search Methods
§3.1 Step Length

In computing the step length ay, we face a tradeoff. We would like
to choose «y to give a substantial reduction of f, but at the same
time we do not want to spend too much time making the choice.
The ideal choice would be the global minimizer of the univariate

function ¢(-) defined by
o(a) = f(xk+ apk), a>0, (2)

but in general, it is too expensive to identify this value. To find
even a local minimizer of ¢ to moderate precision generally requires
too many evaluations of the objective function f and possibly the

gradient V.
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Chapter 3. Line Search Methods
§3.1 Step Length

In computing the step length ay, we face a tradeoff. We would like
to choose «y to give a substantial reduction of f, but at the same
time we do not want to spend too much time making the choice.
The ideal choice would be the global minimizer of the univariate

function ¢(-) defined by
o(a) = f(xk+ apk), a>0, (2)

but in general, it is too expensive to identify this value. To find
even a local minimizer of ¢ to moderate precision generally requires
too many evaluations of the objective function f and possibly the
gradient Vf. More practical strategies perform an inexact line search
to identify a step length that achieves adequate reductions in f at

minimal cost.
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Chapter 3. Line Search Methods

§3.1 Step Length

Typical line search algorithms try out a sequence of candidate values

for a, stopping to accept one of these values when certain conditions

are satisfied.
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Chapter 3. Line Search Methods

§3.1 Step Length

Typical line search algorithms try out a sequence of candidate values

for a, stopping to accept one of these values when certain conditions
are satisfied. The line search is done in two stages:
© A bracketing phase finds an interval containing desirable step
lengths, and
@ a bisection or interpolation phase computes a good step length

within this interval.
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Chapter 3. Line Search Methods
§3.1 Step Length

Typical line search algorithms try out a sequence of candidate values
for a, stopping to accept one of these values when certain conditions
are satisfied. The line search is done in two stages:
© A bracketing phase finds an interval containing desirable step
lengths, and
@ a bisection or interpolation phase computes a good step length
within this interval.
Sophisticated line search algorithms can be quite complicated, so we

defer a full description until Section 3.5.
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Chapter 3. Line Search Methods

§3.1 Step Length

We now discuss various termination conditions for line search algo-

rithms and show that effective step lengths need not lie near min-
imizers of the univariate function () defined in (2).

A f(x)




Chapter 3. Line Search Methods

§3.1 Step Length

We now discuss various termination conditions for line search algo-
rithms and show that effective step lengths need not lie near min-
imizers of the univariate function ¢(«) defined in (2). A simple
condition we could impose on «y is to require a reduction in f; that
is, f(xk + akpk) < f(xk). One example of that this requirement is
not enough to produce convergence to x. is illustrated in Figure 1.

A f(x)

Figure 1: Insufficient reduction in f
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Chapter 3. Line Search Methods
§3.1 Step Length

In the example given in the previous page, the minimum function
value is f, = —1, but a sequence of iterates {xx} for which f(xx) =
5/k, k = 0,1,--- vyields a decrease at each iteration but has a

limiting function value of zero.
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Chapter 3. Line Search Methods

§3.1 Step Length

In the example given in the previous page, the minimum function

value is f, = —1, but a sequence of iterates {xx} for which f(xx) =
5/k, k = 0,1,--- vyields a decrease at each iteration but has a
limiting function value of zero. The insufficient reduction in f at
each step causes it to fail to converge to the minimizer of this convex
function. To avoid this behavior we need to enforce a sufficient

decrease condition, a concept we discuss next.
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Chapter 3. Line Search Methods
§3.1 Step Length

e The Wolfe Conditions:
A popular inexact line search condition stipulates that «y should
first of all give sufficient decrease in the objective function f, as

measured by the following inequality:
f(xk+ apg) < F(x) + cLaV L pr (3)

for some constant ¢; € (0,1).
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Chapter 3. Line Search Methods
§3.1 Step Length

e The Wolfe Conditions:
A popular inexact line search condition stipulates that «y should
first of all give sufficient decrease in the objective function f, as

measured by the following inequality:
f(xk+ apg) < F(x) + cLaV L pr (3)

for some constant ¢; € (0,1). In other words, the reduction in f
should be proportional to both the step length o and the directional
derivative kaTpk.
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Chapter 3. Line Search Methods
§3.1 Step Length

e The Wolfe Conditions:
A popular inexact line search condition stipulates that «y should
first of all give sufficient decrease in the objective function f, as

measured by the following inequality:
f(xk+ apg) < F(x) + cLaV L pr (3)

for some constant ¢; € (0,1). In other words, the reduction in f
should be proportional to both the step length o and the directional
derivative V! px. Inequality (3) is sometimes called the Armijo
condition.
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Chapter 3. Line Search Methods
§3.1 Step Length

o The Wolfe Conditions:

A popular inexact line search condition stipulates that «y should
first of all give sufficient decrease in the objective function f, as
measured by the following inequality:

f(xk+ apg) < F(x) + cLaV L pr (3)

for some constant ¢; € (0,1). In other words, the reduction in f
should be proportional to both the step length o and the directional
derivative V! px. Inequality (3) is sometimes called the Armijo
condition.

Let ¢(«) denote the right-hand-side of (3); that is,
((a) = f(xx) + craV L pr.

This function a linear function with negative slope ¢; V£,! py.
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Chapter 3. Line Search Methods

§3.1 Step Length

The sufficient decrease condition is illustrated in Figure 2.

o(o) =flx,+0p, )
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Figure 2: Sufficient decrease condition
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Chapter 3. Line Search Methods

§3.1 Step Length

The sufficient decrease condition is illustrated in Figure 2.
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Figure 2: Sufficient decrease condition

Because ¢; € (0,1), it lies above the graph of ¢ for small positive
values of a.
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Chapter 3. Line Search Methods

§3.1 Step Length

The sufficient decrease condition is illustrated in Figure 2

o(o) =flx,+0p, )

o (o)
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Figure 2: Sufficient decrease condition

Because ¢; € (0,1), it lies above the graph of ¢ for small positive

values of a. The sufficient decrease condition states that « is ac-
ceptable only if p(a) < ¢(«). The intervals on which this condition
is satisfied are shown in Figure 2.

In practice, c; is chosen to be
quite small, say ¢; = 1074,
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Chapter 3. Line Search Methods

§3.1 Step Length

The sufficient decrease condition is not enough by itself to ensure

that the algorithm makes reasonable progress because, as we see

from Figure 2, it is satisfied for all sufficiently small values of «.
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Chapter 3. Line Search Methods
§3.1 Step Length

The sufficient decrease condition is not enough by itself to ensure
that the algorithm makes reasonable progress because, as we see
from Figure 2, it is satisfied for all sufficiently small values of o. To
rule out unacceptably short steps we introduce a second require-

ment, called the curvature condition, which requires «a to satisfy
Vi(xk+ Oékpk)TPk = CQkaTpk (4)

for some constant ¢ € (ci, 1), where ¢; is the constant from (3).
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Chapter 3. Line Search Methods
§3.1 Step Length

The sufficient decrease condition is not enough by itself to ensure
that the algorithm makes reasonable progress because, as we see
from Figure 2, it is satisfied for all sufficiently small values of o. To
rule out unacceptably short steps we introduce a second require-

ment, called the curvature condition, which requires «a to satisfy
Vi(xk+ Oékpk)TPk = CQkaTpk (4)

for some constant ¢ € (ci, 1), where ¢; is the constant from (3).
Note that the left-hand side is simply the derivative ¢’(ay), so the
curvature condition ensures that the slope of ¢ at «y is greater than

co times the initial slope ¢’(0).
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Chapter 3. Line Search Methods
§3.1 Step Length

The sufficient decrease condition is not enough by itself to ensure
that the algorithm makes reasonable progress because, as we see
from Figure 2, it is satisfied for all sufficiently small values of o. To
rule out unacceptably short steps we introduce a second require-

ment, called the curvature condition, which requires «a to satisfy
Vi(xk+ Oékpk)TPk = CQkaTpk (4)

for some constant ¢ € (ci, 1), where ¢; is the constant from (3).
Note that the left-hand side is simply the derivative ¢’(ay), so the
curvature condition ensures that the slope of ¢ at «y is greater than

co times the initial slope ¢’(0).

The curvature condition is illustrated in Figure 3 in the next page.
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Chapter 3. Line Search Methods

§3.1 Step Length

On the other hand, if ¢’ () is only slightly negative or even positive,
it is a sign that we cannot expect much more decrease in f in this
direction, so it makes sense to terminate the line search. Typical
values of ¢ are 0.9 when the search direction py is chosen by a
Newton or quasi-Newton method, and 0.1 when py is obtained from
a nonlinear conjugate gradient method.

O(0) =f(x;+oup)

desired

~slope  / :
tangent : N // \
angel SR / P

acceptable acceptable
- I

Figure 3: The curvature condition
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Chapter 3. Line Search Methods

§3.1 Step Length

The sufficient decrease and curvature conditions are known collec-
tively as the Wolfe conditions:

f(xk + akpx)

f(xk) + cLak VL pr,
V(xk + arpr) p

< (5a)
Pk = Cgik Pk, (5b)
with 0 < ¢; < ¢g < 1. We illustrate them in Figure 4

I O(CL)Zf(Xk+(1pk)

Te-e L o B line of sufficient
BRIy \~ decrease
~ ;\: S )
k desired / \ TR
_ \lO]’JL

~-/__
| /i -
|

o
\ %
N\
.
‘ acceptable

acceptable
|< =

Figure 4: Step lengths satisfying the Wolfe conditions
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Chapter 3. Line Search Methods
§3.1 Step Length

A step length may satisfy the Wolfe conditions without being par-
ticularly close to a minimizer of ¢, as we show in Figure 4. We can,
however, modify the curvature condition to force ay to lie in at least
a broad neighborhood of a local minimizer or stationary point of .

The strong Wolfe conditions require a to satisfy
f(xk + ozkpk) < f(Xk) + ClakvfkTpka (63)
|V (i + cpr) Pi| < 2|V Pl (6b)

with0<c <o < 1.
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Chapter 3. Line Search Methods
§3.1 Step Length

A step length may satisfy the Wolfe conditions without being par-
ticularly close to a minimizer of ¢, as we show in Figure 4. We can,
however, modify the curvature condition to force ay to lie in at least
a broad neighborhood of a local minimizer or stationary point of .

The strong Wolfe conditions require a to satisfy
f (X + cwpr) < f(x) + crawVE! p, (6a)
|V (xk + cpr)' pi| < 2| VE pi| (6b)
with 0 < ¢; < ¢ < 1. The only difference with the Wolfe conditions

is that we no longer allow the derivative ¢’(a) to be too positive.

Hence, we exclude points that are far from stationary points of .
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Chapter 3. Line Search Methods
§3.1 Step Length

Suppose that f: R" — R is continuously differentiable. Let py be a
descent direction at xix, and assume that f is bounded from below
along the ray {xx + apix|a > 0}. Then if 0 < c; < ¢ < 1, there
exist intervals of step lengths satisfying the Wolfe conditions (5) and
the strong Wolfe conditions (6).

v
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Chapter 3. Line Search Methods
§3.1 Step Length

Suppose that f: R” — R is continuously differentiable. Let py be a

descent direction at xix, and assume that f is bounded from below
along the ray {xx + apix|a > 0}. Then if 0 < c; < ¢ < 1, there
exist intervals of step lengths satisfying the Wolfe conditions (5) and
the strong Wolfe conditions (6).

v

Define p(a) = f(xx + apk) and £(a) = f(xx) + aci VI pi. By the
differentiability of f,
f(xk + api) — f(xk) — Ve p = o(lap]) = o(lal) -
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Chapter 3. Line Search Methods
§3.1 Step Length

Suppose that f: R” — R is continuously differentiable. Let py be a
descent direction at xix, and assume that f is bounded from below
along the ray {xx + apix|a > 0}. Then if 0 < c; < ¢ < 1, there
exist intervals of step lengths satisfying the Wolfe conditions (5) and
the strong Wolfe conditions (6).

Poof
Define p(a) = f(xx + apk) and £(a) = f(xx) + aci VI pi. By the
differentiability of f,

f(xk + api) — f(xk) — Ve p = o(lap]) = o(lal) -
Since py is a descent direction, kaTpk < 0. By the fact that
c1 € (0,1), there exists § > 0 such that

() — () =(1—c)aVilpi+o(a)) <0 f0<a<d. o

= = = =
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§3.1 Step Length

Proof (cont'd).

Therefore, p(a) < ¢(a)) whenever 0 < o < §.
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Chapter 3. Line Search Methods
§3.1 Step Length

Proof (cont'd).

Therefore, p(a) < ¢(a)) whenever 0 < o < §.
By assumption, there exists m € R such that ¢(a) = m for all
a > 0, while the fact that V£ px < 0 implies that

lim /(o) = —0.

a—0
Therefore, the continuity of ¢ and ¢ implies that the set {a >
0|p(e) = £(cr)} is non-empty. Let

a = inf{a > 0| f(x + aps) = f(x) + ac1 VI pi} .
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§3.1 Step Length

Proof (cont'd).

Therefore, p(a) < ¢(a)) whenever 0 < o < §.

By assumption, there exists m € R such that ¢(a) = m for all

a > 0, while the fact that V£ px < 0 implies that

lim /(o) = —0.

a—00
Therefore, the continuity of ¢ and ¢ implies that the set {oz >
0|p(e) = £(cr)} is non-empty. Let

a = inf{a > 0| f(x + aps) = f(x) + ac1 VI pi} .

Then & > 9, and the sufficient decrease condition (5a)/(6a) clearly

holds for all step lengths less than a. o

V.
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Chapter 3. Line Search Methods
§3.1 Step Length

Proof (cont'd).

By the mean value theorem, there exists & € (0, &) such that
f(xk + ape) — F(xk) = a(VF) i+ ape)t pe.
By the definition of & and the continuity of ¢ and /,
f(xk + apx) = p(@) = (@) = f(xx) + ac V! p;
thus the fact that 0 < ¢; < & < 1 implies that

(VF)(xk + apr) ok = aa VE pe > oV py. (7)
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Chapter 3. Line Search Methods
§3.1 Step Length

Proof (cont'd).

By the mean value theorem, there exists & € (0, &) such that
f(xk + ape) — F(xk) = a(VF) i+ ape)t pe.
By the definition of & and the continuity of ¢ and /,
f(xk + apx) = p(@) = (@) = f(xx) + ac V! p;
thus the fact that 0 < ¢; < & < 1 implies that
(VF)(xx + apr) ok = aa VE pe > oV py. (7)

Therefore, & satisfies the Wolfe conditions (5), and the inequalities
hold strictly in both (5a) and (5b). Hence, by our smoothness
assumption on f, there is an interval around & for which the Wolfe

conditions hold.
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§3.1 Step Length

Proof (cont'd).

By the mean value theorem, there exists & € (0, &) such that
f(xk + ape) — F(xk) = a(VF) i+ ape)t pe.
By the definition of & and the continuity of ¢ and /,
f(xk + apx) = p(@) = (@) = f(xx) + ac V! p;
thus the fact that 0 < ¢; < & < 1 implies that
(VF)(xx + apr) ok = aa VE pe > oV py. (7)

Therefore, & satisfies the Wolfe conditions (5), and the inequalities
hold strictly in both (5a) and (5b). Hence, by our smoothness
assumption on f, there is an interval around & for which the Wolfe
conditions hold. The negativity of the left-hand side of (7) shows

that the strong Wolfe conditions (6) hold in the same interval. o
v
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Chapter 3. Line Search Methods

§3.1 Step Length

The Wolfe conditions are scale-invariant in a broad sense: Multiply-

ing the objective function by a constant or making an affine change
of variables does not alter them. They can be used in most line
search methods, and are particularly important in the implementa-

tion of quasi-Newton methods.
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Chapter 3. Line Search Methods
§3.1 Step Length

The Wolfe conditions are scale-invariant in a broad sense: Multiply-
ing the objective function by a constant or making an affine change
of variables does not alter them. They can be used in most line
search methods, and are particularly important in the implementa-

tion of quasi-Newton methods.

Remark: For the purpose of the analysis it sometimes requires that

the step length obtained by the exact line search is used. Suppose
1 .. .

that f(x) = > TQx for some positive definite matrix Q. For a

descent direction py, the exact line search step length «y is given by

xi Qpi
PEQ Pk

since if p(a) = f(xk + apk), then ¢’ (a) = x{ Qpx + api Qpx.
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Chapter 3. Line Search Methods
§3.1 Step Length

Therefore, for the Armijo condition (5a) to hold with this ay, we
1
must have ¢; < — since
2
1 1
§(Xk + arpr) TQ(xk + apk) < §XEQXk — craxxi Qpx
1
< g Qpk+ iaiPEka < —crouxi Qpx
1
< X Qpk+ iakaka < —ax} Qpx
1
< —oay+ 504;( < —Co

1

This implies that if ¢; > 1/2, then the line search would exclude
the minimizer of a quadratic, so later on we usually assume that

c1 < 1/2 in the Armijo condition.
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Chapter 3. Line Search Methods
§3.1 Step Length

Moreover, for this particular quadratic function f, at the k-th iterate

Xk, the Newton direction pj is given by
—1 _
pr = —[(VO)?(x)] " V= —Q 1 (Qxk) = —xk;
thus for the Armijo condition (5a) to hold with py = pj and o =1,

1 .
we must have ¢ < 3 since

1 1
5 (k= x) T Q (xk — xie) < §XEQX/< — cx; Qi
1
= cleka < §XEka

1
= C1<§.
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Chapter 3. Line Search Methods
§3.1 Step Length

Moreover, for this particular quadratic function f, at the k-th iterate

Xk, the Newton direction pj is given by
pi = —[(VFP(x0] V= @1 (@x) = —xic:

thus for the Armijo condition (5a) to hold with py = pj and o =1,

1 .
we must have ¢ < 3 since

1 1
§(Xk — ) TQ(xk — xk) < §XEQX/< — c1xg Q@xk

= cleka < %XEQX;(
S () < 1
2
Therefore, if ¢; > 1/2, then the unit step lengths may not be ad-

missible. This is another way of seeing that one needs ¢; < 1/2 in

the Armijo condition.
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Chapter 3. Line Search Methods
§3.1 Step Length

e The Goldstein Conditions:
Like the Wolfe conditions, the Goldstein conditions ensure that the
step length « achieves sufficient decrease but is not too short. The

Goldstein conditions can also be stated as a pair of inequalities:
f(xx)+(1— C)OszfkTpk < F(xk+ akpr) < Fxk) + CakakTpk (8)

with 0 < ¢ < 1/2. The second inequality is the sufficient decrease
(Armijo) condition (3), whereas the first inequality is introduced to

control the step length from below. See Figure 5 on the next page.
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§3.1 Step Length

I ¢ (o) =f(xk+0tpk)




Chapter 3. Line Search Methods
§3.1 Step Length

Compared with the Wolfe conditions, a disadvantage of the Gold-
stein conditions is that the first inequality in (8) may exclude all
minimizers of ¢. However, the Goldstein and Wolfe conditions have
much in common, and their convergence theories are quite similar.
The Goldstein conditions are often used in Newton-type methods
but are not well suited for quasi-Newton methods that maintain a

positive definite Hessian approximation.
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Chapter 3. Line Search Methods

§3.1 Step Length

o Sufficient Decrease and Backtracking:

The sufficient decrease (Armijo) condition (3) alone is not sufficient
to ensure that the algorithm makes reasonable progress along the

given search direction.
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Chapter 3. Line Search Methods

§3.1 Step Length

o Sufficient Decrease and Backtracking:

The sufficient decrease (Armijo) condition (3) alone is not sufficient
to ensure that the algorithm makes reasonable progress along the
given search direction. However, if the line search algorithm chooses
its candidate step lengths using a so-called backtracking approach,
we can dispense with the extra condition (5b) and use just the suf-
ficient decrease condition to terminate the line search procedure.
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§3.1 Step Length

o Sufficient Decrease and Backtracking:

The sufficient decrease (Armijo) condition (3) alone is not sufficient
to ensure that the algorithm makes reasonable progress along the
given search direction. However, if the line search algorithm chooses
its candidate step lengths using a so-called backtracking approach,
we can dispense with the extra condition (5b) and use just the suf-
ficient decrease condition to terminate the line search procedure. In
its most basic form, backtracking proceeds as follows.
Algorithm 3.1 (Backtracking Line Search):
Choose @ > 0, p€ (0,1), ce (0,1); Set a «— a;
while f(Xk + apk) > f(Xk) -+ CankTpk

o — pa;
end
Terminate with oy, = a.

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.1 Step Length

In this procedure, the initial step length @ is chosen to be 1 in New-
ton and quasi-Newton methods, but can have different values in

other algorithms such as steepest descent or conjugate gradient.
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Chapter 3. Line Search Methods
§3.1 Step Length

In this procedure, the initial step length @ is chosen to be 1 in New-
ton and quasi-Newton methods, but can have different values in
other algorithms such as steepest descent or conjugate gradient. An
acceptable step length will be found after a finite number of trials,
because o will eventually become small enough that the sufficient

decrease condition holds.
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Chapter 3. Line Search Methods
§3.1 Step Length

In this procedure, the initial step length @ is chosen to be 1 in New-
ton and quasi-Newton methods, but can have different values in
other algorithms such as steepest descent or conjugate gradient. An
acceptable step length will be found after a finite number of trials,
because o will eventually become small enough that the sufficient
decrease condition holds. In practice, the contraction factor p is of-
ten allowed to vary at each iteration of the line search. For example,
it can be chosen by safeguarded interpolation, as we describe later.
We need ensure only that at each iteration we have p € [pio, phi], for

some fixed constants 0 < pj, < ppi < 1.
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Chapter 3. Line Search Methods
§3.1 Step Length

The backtracking approach ensures either that the selected step
length a is some fixed value (the initial choice @), or else that it

is short enough to satisfy the sufficient decrease condition but not
too short.
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Chapter 3. Line Search Methods
§3.1 Step Length

The backtracking approach ensures either that the selected step
length a is some fixed value (the initial choice @), or else that it
is short enough to satisfy the sufficient decrease condition but not
too short. The latter claim holds because the accepted value ay
is within a factor p of the previous trial value, ay/p, which was
rejected for violating the sufficient decrease condition; that is, for

being too long.
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Chapter 3. Line Search Methods
§3.1 Step Length

The backtracking approach ensures either that the selected step
length a is some fixed value (the initial choice @), or else that it
is short enough to satisfy the sufficient decrease condition but not
too short. The latter claim holds because the accepted value ay
is within a factor p of the previous trial value, ay/p, which was
rejected for violating the sufficient decrease condition; that is, for
being too long. This simple and popular strategy for terminating a
line search is well suited for Newton methods but is less appropriate

for quasi-Newton and conjugate gradient methods.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

To obtain global convergence, we must not only have well chosen
step lengths but also well chosen search directions px. We discuss
requirements on the search direction in this section, focusing on one
key property: the angle 6, between pyx and the steepest descent
direction —Vfy, defined by

_kaTPk

cosf, = —< " |
S ZATPH]
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Chapter 3. Line Search Methods

§3.2 Convergence of Line Search Methods

The following theorem, due to Zoutendijk, has far-reaching conse-
quences. It quantifies the effect of properly chosen step lengths ay ,
and shows, for example, that the steepest descent method is globally
convergent. For other algorithms, it describes how far py can devi-
ate from the steepest descent direction and still produce a globally
convergent iteration. Various line search termination conditions can
be used to establish this result, but for concreteness we will consider
only the Wolfe conditions (5). Though Zoutendijk's result appears
at first to be technical and obscure, its power will soon become ev-
ident.
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Chapter 3. Line Search Methods

§3.2 Convergence of Line Search Methods

Theorem (Zoutendijk)

Let f: R" — R be continuously differentiable, and {xyx} be a se-
quence of iterates taking the form xxi1 = Xk + axpx, where xgy is
the starting point of the iteration, py is a descent direction, and

o satisfies the Wolfe conditions (5).
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Chapter 3. Line Search Methods

§3.2 Convergence of Line Search Methods

Theorem (Zoutendijk)

Let f: R" — R be continuously differentiable, and {xx} be a se-
quence of iterates taking the form xxi1 = Xk + axpx, where xgy is
the starting point of the iteration, py is a descent direction, and
oy satisfies the Wolfe conditions (5). Suppose in addition that f is
bounded from below in the level set S = {x| f(x) < f(xo))}, and the
gradient Vf is Lipschitz continuous on an open set N containing S;

that is, there exists a constant L > 0 such that

(VA (x) = (VAR)| < L|x=%| YxXeN.
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Chapter 3. Line Search Methods

§3.2 Convergence of Line Search Methods

Theorem (Zoutendijk)

Let f: R" — R be continuously differentiable, and {xx} be a se-
quence of iterates taking the form xxi1 = Xk + axpx, where xgy is
the starting point of the iteration, py is a descent direction, and
oy satisfies the Wolfe conditions (5). Suppose in addition that f is
bounded from below in the level set S = {x| f(x) < f(xo))}, and the
gradient Vf is Lipschitz continuous on an open set N containing S;

that is, there exists a constant L > 0 such that
H(Vf)(x) — (Vf)()?)H < L|x—X| Vx,xeN.
Then it holds the inequality

0
Z cos20,| V% < . (9)

k=0
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

From the second Wolfe condition (5b),
(Viirr = V) pi = (e = 1)V pic,

and the Lipschitz condition and the Cauchy-Schwartz inequality fur-

ther imply that
(Viirr — V) i < Lag] pi*
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

From the second Wolfe condition (5b),
(Viirr = V) pi = (e = 1)V pic,

and the Lipschitz condition and the Cauchy-Schwartz inequality fur-
ther imply that
(Viirr — V) i < Lag] pi*
The two inequalities above show that
ca — 1 V£ px
L e

(co — l)kaTpk < L04k|\pk||2 or equivalently oy >
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

From the second Wolfe condition (5b),
(Viirr = V) pi = (e = 1)V pic,

and the Lipschitz condition and the Cauchy-Schwartz inequality fur-
ther imply that
(Viirr — V) i < Lag] pi*
The two inequalities above show that
e —1VTp
L e

By substituting this inequality into the first Wolfe condition (5a),

(co — DV pie < Laypil* or equivalently oy >

we obtain that

1—c . ‘
fk+1 fk 4 clakak Pk < fk —C [ 2 COSZH/(HkaHZ . m]
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

Proof (cont'd).

From previous page:

1-—c ‘
flerl = fie + Clo/kak Pk < fx—c1 = COSQQkHkaHZ .

Summing over all indices k less that ¢, we find that

2 cos? 04|V i) .

k=0

foy1 < fo — 61
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Chapter 3. Line Search Methods

§3.2 Convergence of Line Search Methods

Proof (cont'd).

From previous page:

1-—c ‘
frr < ikt Vi e < f— a 2 cos® Ok V.

Summing over all indices k less that ¢, we find that

2 cos2¢9k\|kaH2

k=0

foy1 < fo — 61

Since f is bounded from below in S, from the inequality above it
follows that for all ¢ € N,

QQkHkaHQ f() — ingf(x) < O
XE

k=0

This concludes the theorem. o
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

The Zoutendijk condition (9) implies that
lim cos®Ox|VA|?=0.
k—00

This limit can be used to derive global convergence results for line
search algorithms.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

The Zoutendijk condition (9) implies that
lim cos®Ox|VA|?=0.
k—00

This limit can be used to derive global convergence results for line
search algorithms. If our method for choosing the search direction
Pk in the iteration scheme ensures that the angle 6, defined by
_kaTPk

IV Eellll x|

is bounded away from 90 degree so that cosfy = § > 0 for some
positive constant ¢, then it follows immediately that

lim [V£J] = 0. (10)
k—00

cos Oy =
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

The Zoutendijk condition (9) implies that
lim cos®Ox|VA|?=0.
k—00

This limit can be used to derive global convergence results for line
search algorithms. If our method for choosing the search direction
Pk in the iteration scheme ensures that the angle 6, defined by
_kaTPk

IV Eellll x|

is bounded away from 90 degree so that cosfy = § > 0 for some
positive constant ¢, then it follows immediately that

lim [V£J] = 0. (10)
k—00

cos Oy =

In other words, we can be sure that the gradient norms |V f| con-
verge to zero, provided that the search directions are never too close
to orthogonality with the gradient.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

We use the term globally convergent to refer to algorithms for
which the property
lim |Vf| =0 (10)
k—0
is satisfied, but note that this term is sometimes used in other con-

texts to mean different things.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

We use the term globally convergent to refer to algorithms for
which the property

Jim [V =0 (10)
is satisfied, but note that this term is sometimes used in other con-
texts to mean different things. For line search methods of the general
form X1 = Xk + axpk, the limit (10) is the strongest global con-
vergence result that can be obtained: We cannot guarantee that the
method converges to a minimizer, but only that it is attracted by

stationary points.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

We use the term globally convergent to refer to algorithms for
which the property

lim |V =0 (10)
is satisfied, but note that this term is sometimes used in other con-
texts to mean different things. For line search methods of the general
form X1 = Xk + axpk, the limit (10) is the strongest global con-
vergence result that can be obtained: We cannot guarantee that the
method converges to a minimizer, but only that it is attracted by
stationary points. Only by making additional requirements on the
search direction py — by introducing negative curvature information
from the Hessian (V2f)(xk), for example — can we strengthen these

results to include convergence to a local minimum.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

Consider now the Newton-like method xx4+1 = xx — akB,lefk and
assume that the matrices By are positive definite with a uniformly

bounded condition number; that is, there is a constant M such that

|BellB I <M VkeN.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

Consider now the Newton-like method xx4+1 = xx — akB,lefk and
assume that the matrices By are positive definite with a uniformly

bounded condition number; that is, there is a constant M such that
BB <M VkeN.

It is easy to show from the definition of 6 that cos 6y > 1/M, thus
we find that lim |Vf| = 0.
k—00
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

Consider now the Newton-like method xx4+1 = xx — akB,lefk and
assume that the matrices By are positive definite with a uniformly

bounded condition number; that is, there is a constant M such that
BB <M VkeN.

It is easy to show from the definition of 6 that cos 6y > 1/M, thus
we find that klglolc |V k| = 0. Therefore, we have shown that Newton
and quasi-Newton methods are globally convergent if the matrices
By have a bounded condition number and are positive definite (which
is needed to ensure that py is a descent direction), and if the step

lengths satisfy the Wolfe conditions.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

For some algorithms, such as conjugate gradient methods, we will

be able to prove only the weaker result

liminf||Vf|| = 0; (11)
k—00

that is, only a subsequence of the gradient norms |Vf | converges

to zero.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

For some algorithms, such as conjugate gradient methods, we will

be able to prove only the weaker result
lim inf | Vfe] = 0; (11)
that is, only a subsequence of the gradient norms |Vf | converges
to zero. This result usually can be proved by contradiction using
Zoutendijk's condition iol cos?0,|VH]|> < oo. Suppose that (11)
does not hold. Then thgje? exists v > 0 such that
IVAR| =~  Vk>»1.

This shows that lim cos 8y = 0.
k—o0
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

For some algorithms, such as conjugate gradient methods, we will

be able to prove only the weaker result
liminf||Vf|| = 0; (11)
k—00

that is, only a subsequence of the gradient norms |Vf | converges
to zero. This result usually can be proved by contradiction using
Zoutendijk's condition iol cos?0,|VH]|> < oo. Suppose that (11)
does not hold. Then thgje? exists v > 0 such that
IVAR| =~  Vk>»1.

This shows that I}gljc cos O = 0. To establish (11), it is then enough
to show that a subsequence {cos 0 };2, is bounded away from zero.
We will use this strategy in Chapter 5 to study the convergence of

nonlinear conjugate gradient methods.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

By applying this proof technique, we can prove global convergence
in the sense of

lim [V = 0 (10)
k—00
or
liminf VA =0 (11)
k—00

for a general class of algorithms.

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

By applying this proof technique, we can prove global convergence
in the sense of

lim [V = 0 (10)
k—00
or
liminf VA =0 (11)
k—00

for a general class of algorithms. Consider any algorithm for which
@ every iteration produces a decrease in the objective function;
@ every m-th iteration is a steepest descent step, with step length
chosen to satisfy the Wolfe or Goldstein conditions.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

By applying this proof technique, we can prove global convergence
in the sense of

lim [V = 0 (10)
k—00
or
liminf VA =0 (11)
k—00

for a general class of algorithms. Consider any algorithm for which
@ every iteration produces a decrease in the objective function;
@ every m-th iteration is a steepest descent step, with step length

chosen to satisfy the Wolfe or Goldstein conditions.

Then, since cosf; = 1 for the steepest descent steps, the result

(11) holds. Of course, we would design the algorithm so that it

does something “better” than steepest descent at the other m — 1

iterates.
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Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

By applying this proof technique, we can prove global convergence
in the sense of

lim [V = 0 (10)
k—00
or
liminf VA =0 (11)
k—00

for a general class of algorithms. Consider any algorithm for which
@ every iteration produces a decrease in the objective function;
@ every m-th iteration is a steepest descent step, with step length

chosen to satisfy the Wolfe or Goldstein conditions.

Then, since cosf; = 1 for the steepest descent steps, the result

(11) holds. Of course, we would design the algorithm so that it

does something “better” than steepest descent at the other m — 1

iterates. The occasional steepest descent steps may not make much

progress, but they at least guarantee overall global convergence.

Ching-hsiao Arthur Cheng i gy MAS037-*



Chapter 3. Line Search Methods
§3.2 Convergence of Line Search Methods

Note that throughout this section we have used only the fact that
Zoutendijk's condition
0
Z cos?0,|Vh? < o (9)
k=0

implies the limit
lim cos®0x|VA|* =0.
k—00

In later chapters we will make use of the bounded sum condition
(9), which forces the sequence {cosQGkHkaHz}le to converge to

zero at a sufficiently rapid rate.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

It would seem that designing optimization algorithms with good
convergence properties is easy, since all we need to ensure is that
the search direction px does not tend to become orthogonal to the
gradient Vf, or that steepest descent steps are taken regularly. We
could simply compute cos 0 at every iteration and turn pj toward the
steepest descent direction if cos  is smaller than some preselected

constant § > 0.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

It would seem that designing optimization algorithms with good
convergence properties is easy, since all we need to ensure is that
the search direction px does not tend to become orthogonal to the
gradient Vf, or that steepest descent steps are taken regularly. We
could simply compute cos 0 at every iteration and turn pj toward the
steepest descent direction if cos  is smaller than some preselected
constant § > 0. Angle tests of this type ensure global convergence,
but they are undesirable for two reasons. First, they may impede a
fast rate of convergence, because for problems with an ill-conditioned
Hessian, it may be necessary to produce search directions that are
almost orthogonal to the gradient, and an inappropriate choice of
the parameter § may cause such steps to be rejected. Second, angle

tests destroy the invariance properties of quasi-Newton methods.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Algorithmic strategies that achieve rapid convergence can sometimes
conflict with the requirements of global convergence, and vice versa.
For example, the steepest descent method is the quintessential glob-
ally convergent algorithm, but it is quite slow in practice, as we shall
see below. On the other hand, the pure Newton iteration converges
rapidly when started close enough to a solution, but its steps may
not even be descent directions away from the solution. The chal-
lenge is to design algorithms that incorporate both properties: good

global convergence guarantees and a rapid rate of convergence.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Let {x4}}2 , be a sequence in R" and x; be the limit of the sequence.

Q@ {x})2, is said to converge to x superlinearly if

lim ka"rl — X ” =0
k—oo Xk — x|

Q {x}}2, is said to converge to x, quadratically if there exists
a constant M > 0 such that

Pt =xell vt

e — xe2
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Let {x4}}2 , be a sequence in R" and x; be the limit of the sequence.

Q@ {x})2, is said to converge to x superlinearly if

lim ka"rl — X ” =0
k—oo Xk — x|

Q {x}}2, is said to converge to x, quadratically if there exists

a constant M > 0 such that

Pt =xell vt

e — xe2

@ The sequence xx = 1 + k~* converges superlinearly to 1.

@ The sequence xx = 1 + k=2 converges quadratically to 1.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

e Convergence Rate of Steepest Descent:
We begin our study of convergence rates of line search methods by
considering the most basic approach of all: the steepest descent

method.

We can learn much about the steepest descent method by consider-
ing the ideal case, in which the objective function is quadratic and
the line searches are exact. Let us suppose that
1
f(x) = ixTQX— b'x,
where @ is symmetric and positive definite. The gradient is given
by (Vf)(x) = Qx— b and the minimizer x, is the unique solution

of the linear system @Qx = b.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

It is easy to compute the step length ay that minimizes f (xx—a'Vfy).
By differentiating the function

Flxe — aV ) = %(xk — aVRTQ(xk — aVi) — bYxk — aV£y)

with respect to «, and setting the derivative to zero, we obtain that

VIV
Ok = SoTASy -
V£IQVH
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

It is easy to compute the step length ay that minimizes f (xx—a'Vfy).
By differentiating the function

Flxe — aV ) = %(xk — aVRTQ(xk — aVi) — bYxk — aV£y)

with respect to «, and setting the derivative to zero, we obtain that
VIV
ViIQV 1y

If we use this exact minimizer « , the steepest descent iteration for

f given above is given by

kaTka )

——— | V. 12
vegyn) ¥k (12)

Since Vfy = Qxi — b, this equation yields a closed-form expression

Xk+1 = Xk — (

for xxr1 in terms of xy.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

In Figure 6 we plot a typical sequence of iterates generated by the
steepest descent method on a two-dimensional quadratic objective
function. The contours of f are ellipsoids whose axes lie along the
orthogonal eigenvectors of Q. Note that the iterates zigzag toward

the solution.

Figure 6: Steepest descent steps

Ching-hsiao Arthur Cheng #% 5% Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.3 Rate of Convergence

To quantify the rate of convergence we introduce the weighted norm

HXH%) = x'@Qx. Using the relation Qx, = b,

1 1
§HX_ X*H%Q = S(x— X*)TQ(X_ X

2

1 1 1 1
= § TQX_ 5 IQX_ 5 TQX* T+ §XIQX*
_ 17 _}T_}T_(lT T )
= Qx 2bX 5% b ix*Qxﬁ< X QX
— () - ()

so this norm measures the difference between the current objective

value and the optimal value.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

To quantify the rate of convergence we introduce the weighted norm
Hx\ xTQx. Using the relation @xy = b,
1
Q(X — %) TQ (X — Xy
1 1 1 1
= X Qx— X Qx— oxTQx + 5 X Qxs

1 1 1 -
-5 TQx— = bTX— 5 xTh— (ixiQX* —XiQX,k)

=f(x) - f(X*)

so this norm measures the difference between the current objective

§\rx—x*\\%;,:

value and the optimal value. Using the iteration scheme (12) and
noting that Vf, = Q(xx — xx), we now derive the equality

7 (VEIVH)?
(VEEQVE)(VEIQ-1V 1)

[xier1 = xill = i = % -
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

By the substitution of variable y = x — Q~'b, we find that

F(3) = 3x"Qx— B = (x~ QbTQ(x— Q') — 15TQ'b

_1nx Liro-1p —
=3 Qy_ib Q 'b=g(y).

Setting yx = xx — Qb for all ke N and Vg = (Vg)(yx). Since
(VA(x) = @x—b=Q(x—Q7'b) = Qy= (Vg)(y),

we have py = —Vgi and the step length « for the steepest descent

method satisfies
L — kaTka - ngTng
KT VEIQVE VelQVa

Therefore, xx11 = xx — axViy if and only if yri1 = yk — axVgx

which shows that the steepest descent method with the exact line

search for both f and g are identical.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Since x, = Q7 !b, y = x— xx. Moreover, since px = —Qyx, we also

have
PLQyk = —pi Pk = —axpi@pk and  prQ@ 'pi=yiQyk=|yk|5-
Therefore,
%41 — Xl = Yy 1@Via1 = (Vi + i) Qv + ceprc)
= Yk Qi + 20pL Qyi + i P Qpx
= |yl + cwpiQyx

T
2 P QYK 2

= _|._ XNfy————
Iyl KoTO-1or Iyl

piQyx
PirQ'pk

[ (Pk Pr)? 2
=1 <pfopk><pzoflpk>} = xllg-

Bk it 222t MAS037-*
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The expression
(VAIV£)?
VIIQV ) (VEIQ-1V

describes the exact decrease in f at each iteration, but since the

[Xkt1 — x| = [1— ( )}HXk—X*H%y

term inside the brackets is difficult to interpret, it is more useful to
bound it in terms of the condition number of the problem.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The expression
(VELVE)? }”Xk —xl?
VETQVA)(VEIQ-1V1) *le

describes the exact decrease in f at each iteration, but since the

HXk+1 - X*HzQ = [1 - (

term inside the brackets is difficult to interpret, it is more useful to
bound it in terms of the condition number of the problem.

When the steepest descent method with exact line searches is applied
. . 1

to the strongly convex quadratic function f(x) = 5xTQx— bTx, the

error norm || xi — x|, satisfies

An— A1\2
e =il < (2550 ) I xle  VkeN,  (13)

where 0 < A\; < \o < -+ < \, are the eigenvalues of Q.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence
Sketch of the proof.

Since Q is symmetric, @ = PAPT for some diagonal matrix A =
diag(\1,- -, A\n) and orthogonal matrix P. Let ux = PV f,. Write
ug = (21,22, ,zp). By the fact that uEuk = kaTka,

(VEIVH)? B (0, 22)°
(ViTQVA)(VATQIVA)  (uf hue) (4 A"
= Q5 ) __ VYEING 4
OYERVAVERED PHEP IS BRIGE

where & = zJ-Q/Z]J'-':1 zj2 (satisfies >, & = 1 and §; > 0 for all j).
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

Figure 7: Kantorovich inequality: The dashed curve represents the function
1/, and the value of ¢(§) is a point on this curve. On the other hand,
the value of ¥(§) is a convex combination of points on the curve and its
value corresponds to a point in the shaded region. For the same vector
& both functions are represented by points on the same vertical line. The
minimum value of this ratio is achieved for some A\ = & A\ + &, with

£1+£n:1-
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence
Sketch of the proof.

Since Q is symmetric, @ = PAPT for some diagonal matrix A =
diag(\1,- -, A\n) and orthogonal matrix P. Let ux = PV f,. Write
ug = (21,22, ,zp). By the fact that uEuk = kaTka,

(VEIVH)? B (0, 22)°
(ViTQVA)(VATQIVA)  (uf hue) (4 A"
= Q5 ) __ VYEING 4
OYERVAVERED PHEP IS BRIGE

where & = zJ-Q/Z]J'-':1 zj2 (satisfies >, & = 1 and §; > 0 for all j).
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence
Sketch of the proof.

Since Q is symmetric, @ = PAPT for some diagonal matrix A =
diag(\1,- -, A\n) and orthogonal matrix P. Let ux = PV f,. Write
ug = (21,22, ,zp). By the fact that uEuk = kaTka,

(VI V) _ &L
(VEIQVE)(VAIQIVE)  (uf Aug)(ufA—Luy)
_ (X1 7)) _ 1/ _ ()
T LA N ) A= N0 6

where & = zJ-Q/Z]J'-':1 zj2 (satisfies >, & = 1 and §; > 0 for all j).
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

Sketch of the proof.

Since Q is symmetric, @ = PAPT for some diagonal matrix A =
diag(\1,- -, A\n) and orthogonal matrix P. Let ux = PV f,. Write

ug = (21,22, ,zp). By the fact that uEuk = kaTka,
(VEIVE)? Ly
(VEIQVA)(VEIQ-1VE) — (uF Aup)(uf A—1uy)
Xz 1/ G

T CL TN ) AN/ 0 - 9(©)
where & = zJ-Q/Z]J'-':1 zj2 (satisfies >, & = 1 and §; > 0 for all j).
AN\,

(A1 + An)? (
page). s

A lower bound for the ratio is see Figure 7 on the next
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The inequalities

I — A W
I = xly < (223 ) I — el VkeN  (13)

and

1
5Ix = x:lG = fx) — f(x)

show that the function values f; converge to the minimum f, at a
linear rate.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

The inequalities

I — A W
I = xly < (223 ) I — el VkeN  (13)

and

1
5Ix = x:lG = fx) — f(x)

show that the function values f; converge to the minimum f, at a
linear rate. As a special case of this result, we see that convergence
is achieved in one iteration if all the eigenvalues are equal. In this
case, the contours in Figure 6 are circles and the steepest descent
direction always points at the solution.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

The inequalities
An— A1
)\n + )\1

2
I = xly < (223 ) I — el VkeN  (13)

and

1
5Ix = x:lG = fx) — f(x)

show that the function values f; converge to the minimum f, at a
linear rate. As a special case of this result, we see that convergence
is achieved in one iteration if all the eigenvalues are equal. In this
case, the contours in Figure 6 are circles and the steepest descent
direction always points at the solution. In general, as the condi-
tion number k(Q) = A,/A1 increases, the contours of the quadratic
become more elongated, the zigzagging in Figure 6 becomes more
pronounced, and (13) implies that the convergence degrades.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The inequalities

I — A W
I = xly < (223 ) I — el VkeN  (13)

and

1
5Ix = x:lG = fx) — f(x)

show that the function values f; converge to the minimum f, at a
linear rate. As a special case of this result, we see that convergence
is achieved in one iteration if all the eigenvalues are equal. In this
case, the contours in Figure 6 are circles and the steepest descent
direction always points at the solution. In general, as the condi-
tion number k(Q) = A,/A1 increases, the contours of the quadratic
become more elongated, the zigzagging in Figure 6 becomes more
pronounced, and (13) implies that the convergence degrades. Even
though (13) is a worst-case bound, it gives an accurate indication
of the behavior of the algorithm when n > 2.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

The rate-of-convergence behavior of the steepest descent method
is essentially the same on general nonlinear objective functions.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The rate-of-convergence behavior of the steepest descent method
is essentially the same on general nonlinear objective functions. In
the following result we assume that the step length is the global
minimizer along the search direction.

Suppose that f: R" — R js twice continuously differentiable, and
that the iterates generated by the steepest-descent method with
exact line searches converge to a point x, at which the Hessian

matrix (V2f)(x) is positive definite. Let r be any scalar satisfying
An— A1
Y
re <>\,, T

where \| < \a < --- < )\, are the eigenvalues of (V?f)(x,). Then

f(xg1) — Fxi) < r? [F(xk) — (x)] Vk>»1.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

In general, we cannot expect the rate of convergence to improve
if an inexact line search is used. Therefore, the theorem in the
previous page shows that the steepest descent method can have an
unacceptably slow rate of convergence, even when the Hessian is

reasonably well conditioned.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

In general, we cannot expect the rate of convergence to improve
if an inexact line search is used. Therefore, the theorem in the
previous page shows that the steepest descent method can have an
unacceptably slow rate of convergence, even when the Hessian is
reasonably well conditioned. For example, if x(Q) = 800, f(x;) = 1,
and f(x,) = 0, the theorem in the previous page suggests that the
function value will still be about 0.08 after one thousand (75007)

iterations of the steepest descent method with exact line search.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

e Convergence Rate of Newton’s Method:

We now consider Newton's method, for which the search is given by
pr = —(V2f) VA,

Since the Hessian matrix V2f, may not always be positive definite,
py may not always be a descent direction, and many of the ideas

discussed so far in this chapter no longer apply.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

e Convergence Rate of Newton’s Method:

We now consider Newton's method, for which the search is given by
pr = —(V2f) VA,

Since the Hessian matrix V2f, may not always be positive definite,
py may not always be a descent direction, and many of the ideas
discussed so far in this chapter no longer apply. In Section 3.4 and
Chapter 4 we will describe two approaches for obtaining a glob-
ally convergent iteration based on the Newton step: a line search
approach, in which the Hessian V2, is modified, if necessary, to

make it positive definite and thereby yield descent,
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

e Convergence Rate of Newton’s Method:

We now consider Newton's method, for which the search is given by
pr = —(V2f) VA,

Since the Hessian matrix V2f, may not always be positive definite,
py may not always be a descent direction, and many of the ideas
discussed so far in this chapter no longer apply. In Section 3.4 and
Chapter 4 we will describe two approaches for obtaining a glob-
ally convergent iteration based on the Newton step: a line search
approach, in which the Hessian V2, is modified, if necessary, to
make it positive definite and thereby yield descent, and a trust re-
gion approach, in which V2f, is used to form a quadratic model

that is minimized in a ball around the current iterate x.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

In the following we discuss just the local rate-of-convergence prop-
erties of Newton's method.

Suppose that f is twice differentiable and that the Hessian V*f is
Lipschitz continuous in a neighborhood of a solution x, at which
(VF)(x«) = 0 and (V*f)(xs) is positive definitive. Consider the
iteration Xj41 = Xk + py = Xk — (V%) "'V Then
@ if the starting point xq is sufficiently close to x,, the sequence
of iterates converges to X,
Q the rate of convergence of {xi}}’ | is quadratic; and

© the sequence of gradient norms {||Vf,|}}2_, converges quadrat-
ically to zero.

v
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

First, since (V*f)(x) is non-singular and V2f is Lipschitz in a neigh-
borhood of x, there exist L, > 0 such that

[(V26) 7 x| < 2| (V2F)Hx)| ¥V xe B(xx,d)

and

[(V2H)x) = (V2O < Lix=yl  Vxye Bl(x,d).
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

First, since (V*f)(x) is non-singular and V2f is Lipschitz in a neigh-
borhood of x, there exist L, > 0 such that

[(V26) 7 x| < 2| (V2F)Hx)| ¥V xe B(xx,d)

and
[(v*) Wl <Llx=yl  VYxyeBlx,d).
From the definition of the Newton step and the condition V£, = 0,
X1 = Xee = Xk + P = X = Xk — xe — (Vi) 7TV

— (PR (PR —x) — (V- 98],
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

First, since (V*f)(x) is non-singular and V2f is Lipschitz in a neigh-

borhood of x, there exist L, > 0 such that
(V26 0] < 2|20 1) ¥xe Blxw,o)
and
|(V2f) W <Llix=yl  Yxye B(x,0).
From the definition of the Newton step and the condition V£, = 0,

Xkr1 — Xe = Xk + Pl — X = xk — X — (V) "IV,

(14)
= (szk)_l [(Vka)(Xk = X*) = (ka = Vf*)] .
where, by the chain rule, the last term can be written as
1
Vi — Vf, = f C%(Vf)((l  t)xe + i) dt -
0
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§3.3 Rate of Convergence

First, since (V*f)(x) is non-singular and V2f is Lipschitz in a neigh-

borhood of x, there exist L, > 0 such that
(V26 0] < 2|20 1) ¥xe Blxw,o)
and
|(V2f) W <Llix=yl  Yxye B(x,0).
From the definition of the Newton step and the condition V£, = 0,

Xkr1 — Xe = Xk + Pl — X = xk — X — (V) "IV,

(14)
= (szk)_l [(Vka)(Xk = X*) = (ka = Vf*)] .
where, by the chain rule, the last term can be written as
1
Vi — Vf = f C%(Vf)(x* + (e — ) dt .
0
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

First, since (V*f)(x) is non-singular and V2f is Lipschitz in a neigh-

borhood of x, there exist L, > 0 such that
(V)10 < 2J(V2) x| Vxe Blxe,o)
and
|(V2f) W[ <Llx=y|  VxyeB(x,d).
From the definition of the Newton step and the condition V£, = 0,
Xkr1 — Xe = Xk + Pl — X = xk — X — (V) "IV,
= (V2R) (V2 ) ok — xi) — (Vi — V)],

where, by the chain rule, the last term can be written as

(14)

Vi — Vi, = fl (V2F) (s + t(xk — X)) (X — Xy) dt . o

0
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Therefore, if xx € B(xy,0),
(V26 (xk — %) — (Vi — V)|

= | [} L7270 = (72)x + 00— 0] o~ )]
< f [(V2F) ) = (V2F) (e + txk — x))] (36 — x|
< Ll L HXk =[x + 00 — Xx)]HHXk — x| dt

1
L
< [ L= b=l dt = S lxe— x|
0
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Therefore, if xx € B(xy,0),
(V26 (xk — %) — (Vi — V)|

=| L (V) ) — (V2F) (o + £ — )] i — x|
< f [ L(V2F) () — (V2F) (s + 0 — x))] Gk — )| et
< Ll L {xa — [xe + t0k — x)] [ Xk — x| lt
< [ 10Ol xldt= Sl xl?

and the identity (14) shows that

L
||Xk+1 — X*” < §||(V2f)—1(xk)” ”Xk — x*”2 o
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Therefore, if xx € B(xy,0),
(V26 (xk — %) — (Vi — V)|

=| L (V) ) — (V2F) (o + £ — )] i — x|
< f [ L(V2F) () — (V2F) (s + 0 — x))] Gk — )| et
< Ll L {xa — [xe + t0k — x)] [ Xk — x| lt
< [ 10Ol xldt= Sl xl?

and the identity (14) shows that

O

[ Xer1 — x| < L ||(V2f)_1(x*)H||xk — Xg ||2 .
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Let L= L[(V2f)~"(x)|. Then
Ixir — x| < Llxk — x> if xic € B(xs, 0).
Choose x satisfying ||xo — x«|| < r= min {(5, Ziz} Then

Xk € B(Xy, r) S B(xy,0) VkeN;

thus the sequence {x,}}’ ; converges to X, and the rate of conver-

gence is quadratic.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Let L= L[(V2f)~"(x)|. Then
Ixir — x| < Llxk — x> if xic € B(xs, 0).
Choose x satisfying ||xo — x«|| < r= min {(5, Zif} Then

Xk € B(Xy, r) S B(xy,0) VkeN;

thus the sequence {x,}}’ ; converges to X, and the rate of conver-

gence is quadratic.

To see that the sequence {|Vf|}}2, converges to 0 quadratically,

we note that
Vi + szkpg =0;

thus by the chain rule again, o
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Proof (cont'd).

Chapter 3. Line Search Methods
§3.3 Rate of Convergence

thus by the chain rule again,
V1] = (V) (ar1) — (V) (k) — (V) (i)} |
1
d ;
_ L Z(VO( = Xk + txpn) dt = (V) ()}
1 1
~| [ 70+ tpice— [ (V200 |
0 0
1
_ J [(V26) 0+ taf) = (92F) ()] p}
0
' N|2 Ly nj2 L 2 —12 2
< [ welotl? ae = 51kl < 5172000 IV AL
< 2L [[(V2F) () IV A2
Therefore, {|Vfy|}2, converges quadratically to zero. o
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Remark: If f is assumed to be twice continuously differentiable only
but not necessarily Lipschitz in a neighborhood of x, the sequence
of iterates generated by Newton's method may not achieve quadratic

convergence.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Remark: If f is assumed to be twice continuously differentiable only
but not necessarily Lipschitz in a neighborhood of x, the sequence
of iterates generated by Newton's method may not achieve quadratic
convergence. Nevertheless, the convergence is still superlinear since

for xx € B(x,d) in the proof,
(V2 ) (xk — %) — (Vi — VE) |
[} [(72F)0) = (V2) 05 + €006 = x))] (56— x|

0

< Ll [[(V2F) (k) = (V2F) (3 + £ (xk — x:))] (xk — x) |
< Ll [(V2F) (xk) — (V2F) (3 + t(xk — x)) | |36 — x| dt

= o([lxk = x«[)

where the last equality follows from the continuity of V2.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Therefore, using
Xit1 — Xoe = Xk &+ Py — Xg = Xk — Xy — (V2 i)~V 1k (14)
= (V2f)~! [(Vka)(Xk —x4) — (Vi — Vf*)] ,
and
H(VQf)_l(x)H < 2H(V2f)_1(x*)“ V x € B(xy,0)
we obtain
[Xir1 = x| = olflxic = xa ) -
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Therefore, using
Xit1 — Xoe = Xk &+ Py — Xg = Xk — Xy — (V2h)1VH (14)
= (Vka)_l [(Vka)(Xk = X*) = (ka = Vf*)] ,

and
[(V2H) 1) < 2| (V) ' (x)| ¥V xe B(x,6)

we obtain

[Xit1 = x| = o([|xic — X« ]) -
Even though we always “assume” that the sequence of iterates gen-
erated by Newton's method converges quadratically, in most of the
situations (when we only assume the continuity of V2f) superlinear

convergence is the best rate of convergence result we can have.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

e Convergence Rate of Quasi-Newton Method:

Suppose now that the search direction has the form py = —B,?lka,
where the symmetric and positive definite matrix By is updated at
every iteration by a quasi-Newton updating formula. In this part
of the section we aim for showing the superlinear convergence of
quasi-Newton method under the assumption that By satisfies

w2
i 1B = V2 el _
T

0. (15)

We note that in the case of Newton's method, Bx = (V2f)(xx) so
(15) holds if f is twice continuously differentiable:

[ ((V26)0) = (V2F)Ca)) il _

0.
k=00 P
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

An amazing consequence of this result is that a superlinear conver-
gence rate can be attained even if the sequence of quasi-Newton
matrices By does not converge to V2f (x,); it suffices that the By

become increasingly accurate approximations to V?f (x;) along the
search directions py.
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

An amazing consequence of this result is that a superlinear conver-
gence rate can be attained even if the sequence of quasi-Newton
matrices By does not converge to V2f (x,); it suffices that the By
become increasingly accurate approximations to V?f (x;) along the

search directions py.

In fact, under the assumption that f is twice continuously differ-
entiable, we can show that a quasi-Newton method has superlinear
convergence if and only if the quasi-Newton matrices By satisfies

w2
1o 1(Be= V2F ())pel _
N PN

0. (15)
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Chapter 3. Line Search Methods

§3.3 Rate of Convergence

An amazing consequence of this result is that a superlinear conver-
gence rate can be attained even if the sequence of quasi-Newton
matrices By does not converge to V2f (x,); it suffices that the By
become increasingly accurate approximations to V?f (x;) along the

search directions py.

In fact, under the assumption that f is twice continuously differ-
entiable, we can show that a quasi-Newton method has superlinear
convergence if and only if the quasi-Newton matrices By satisfies

w2
1o 1(Be= V2F ())pel _
N PN

0. (15)

(15) is called the Dennis-Moré characterization of superlinear
convergence. We start with an equivalent condition of superlinear

minimization algorithm.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Let f: R" — R be twice continuously differentiable, and {xx} be a

sequence of iterates generated by some minimization algorithm. As-
sume that {x,}}2 , converges to a point x; such that (Vf)(x,) =0
and (Vf)(xs) is positive definite. Then {xx}}°, converges super-
linearly if and only if

[t = xic = pill = o1 — xil) (16)

where p) = —(V?*f) "1V fy is the Newton direction.
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§3.3 Rate of Convergence

Let f: R" — R be twice continuously differentiable, and {xx} be a
sequence of iterates generated by some minimization algorithm. As-
sume that {x,}}2 , converges to a point x; such that (Vf)(x,) =0
and (Vf)(xs) is positive definite. Then {xx}}°, converges super-
linearly if and only if

e = 5k = Bl = ol = el (16)

where p) = —(V?*f) "1V fy is the Newton direction.

.

First we note that the remark after the quadratic converngence of

Newton's method shows that under the current setting we have

X+ Pk = x| = o[k = ) - (17)

= = = =
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Assume that
X1 = % = Pkl = o(IXir1 — xull) (16)
holds. By the superlinear convergence of Newton's iterates (17),
[Xic1 = el < Ixiern = e = PRI+ X0+ Pl — x|
= o([Ixke1 = xull) + o(llxk — x« ) (18)
v
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Assume that

it = xk — P = o(lxest — ) (16)
holds. By the superlinear convergence of Newton's iterates (17),

[Xic1 = el < Ixiern = e = PRI+ X0+ Pl — x|
= o([Ixke1 = xull) + o(llxk — x« ) (18)
Moreover, using the inequality above,
It — el < et — sl + e —
< o(lxkt1 — xl) + Oxk — xl)

thus [xes1 — il = O(1xk = xe ).
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§3.3 Rate of Convergence

Proof (cont'd).

Assume that

X1 = % = Pkl = o(IXir1 — xull) (16)
holds. By the superlinear convergence of Newton's iterates (17),

[Xic1 = el < Ixiern = e = PRI+ X0+ Pl — x|
= o([Ixke1 = xull) + o(llxk — x« ) (18)
Moreover, using the inequality above,
[xetr = Xkl < e = x| + I3 = x|
< o[t = xull) + O(lx = xul) 5

thus |[xkr1 — xk| = O(]| xk — x«||). Using this result back in (18), we

conclude that
X1 — Xl = o(lxk — x«l)

giving the superlinear convergence result. o
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Proof (cont'd).

Chapter 3. Line Search Methods
§3.3 Rate of Convergence

On the other hand, suppose that {xx} converges superlinearly to x..
Then the fact that

ke =l < lixiern = il + lxaera = x|

= [Ixkt1 — Xk + o(fxk — x«)
shows that
Ixk = x| = O xh1 — xil]) -
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

On the other hand, suppose that {xx} converges superlinearly to x..
Then the fact that
ke =l < lixiern = il + lxaera = x|
— Jxes1 — %l + o(xk — xe])

shows that
Ixk = x| = O xh1 — xil]) -

Therefore, using the superlinear convergence of Newton's iterates

(17), we conclude that

[xt1 = xk = Pl < Ixiern = xall + o + Py = s
< X = xell 4 ok — x])
= o([xk = x«ll) = ollxierr — xll) 5

thus condition (16) holds. o
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

If, as in Newton's method, the unit step length is taken in an algo-
rithm, then xx11 = Xxx + px and the equivalence of the superlinear
convergence (18) can be rewritten as

Ik = Pkl = ollpkl) - (19)

In other words, for an algorithm that eventually adopts unit step
length, that the search direction approximates the Newton direction
well enough is crucial for the superlinear convergence.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

If, as in Newton's method, the unit step length is taken in an algo-
rithm, then xx11 = Xxx + px and the equivalence of the superlinear
convergence (18) can be rewritten as

Ik = Pkl = ollpkl) - (19)

In other words, for an algorithm that eventually adopts unit step
length, that the search direction approximates the Newton direction
well enough is crucial for the superlinear convergence.

The result on the next page provides a sufficient condition for the
admissibility of unite step length: if the search direction approxi-
mates the Newton direction in the sense
lim IVfi+ V2 fepi =0, (20)
k—c0 r2l
then the unit step length will satisfy the Wolfe conditions as the

iterates converge to the solution.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Suppose that f: R” — R is twice continuously differentiable. Con-

sider the iteration xyy+1 = Xx+ axpk, where py is a descent direction

and « satisfies the Wolfe conditions
F (% + opic) < F(xi) + cLou VL pr (5a)
Vf(xk+akpk) b = CQka Pk » (5b)

with c; < 1/2. If the sequence {x,}}2_, converges to a point x; such
that Vf(xs) = 0 and V?f(x,) is positive definite, and if the search
direction py satisfies

lim IV fi + V2 fi pi|

—0, 20
A e (20)

then the step length ay = 1 is admissible for all k > 1.

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Note that the positive definiteness of V2f, shows that
Pk V2P = Amin (V£ |pil® = o(lpil®) Yk > 1,

where Amin(V?2f,) denotes the smallest eigenvalue of V2f,.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Note that the positive definiteness of V2f, shows that

PEVQf*Pk = )‘min(vzf*)HPkH2 = O(HPkHQ) Vk»1,

where )\min(V2f*) denotes the smallest eigenvalue of V2f,. Under

the assumption (20), Taylor's Theorem shows that
(VE)(xk + pi) Tk = VT pi
< [Vhi+ V2kak] pi + o(|pl?)
> [V + V2 fipi] Tok— c2p V2 fipr
< o([lpul®) < c2pic V21 pi

so the curvature condition (5b) holds for the unit step length for
k> 1. o
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Proof (cont'd).
Moreover, by the assumption (20) and Taylor's Theorem again we
find that

Chapter 3. Line Search Methods
§3.3 Rate of Convergence

f(xk + px) < f(xk) + a VT px
< Vilp+ %sz2fkpk +o(lpil®) < a VA pi
< [Vt V2 pid px = SpEVhepe+ olIpil?)
< ¢ [V + V2 ipi] Tpk— c1py V2 fipk

1
< o(lpul?) < (5= @1 ) PEVfupi

1
soif ¢ < > the Armijo condition (5a) holds for the unit step length

for k> 1. o
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Note that under the assumptions of previous two lemmas; that is, 1
is twice continuously differentiable and the sequence of iterates {x}
converges to x, at which Vf, =0 and V2f, is positive definite, the
necessary condition for the admissibility of unit step length in the
Wolfe conditions

lim |V fy + V2 fi pi| _

0 20
S P (20)

is equivalent to the condition for superlinear convergence

N
Ie—pll = o(lpl) = lm PPl _g  (q)
P P

since
Vi + V2 Hipe = (V) (P — pY)

< pr— p} = (V2h) " (Vi + V2fipi)
and [V2f| ~ |V2£ ] and |[(V2fi) 7| ~ |[(V2£) 72 for k> 1.
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The observation from the previous page together with the previous
two lemmas motivate the following

Suppose that f: R" — R is twice continuously differentiable. Con-
sider the iteration xx+1 = Xk + px (that is, the step length ay is
uniformly 1) and that py is given by px = —B;1ka. Assume
that {xi}}2, converges to a point x; such that (Vf)(x:) = 0 and

(V2f)(xy) is positive definite. Then {xk} 7, converges superlinearly

if and only if

i 1B = V2 Gx)ud _
L

0. (15)

v

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.3 Rate of Convergence

The observation from the previous page together with the previous
two lemmas motivate the following

Suppose that f: R" — R is twice continuously differentiable. Con-
sider the iteration xx+1 = Xk + px (that is, the step length ay is
uniformly 1) and that py is given by px = —B,:1ka. Assume
that {xi}}2, converges to a point x; such that (Vf)(x:) = 0 and

(V2f)(xx) is positive definite. Then {xx};2, converges superlinearly

if and only if

i 1B = V2 Gx)ud _
L

0. (15)

v

It suffices to show that (15) is equivalent to (20).
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Let V2f, = (V2f)(x«). Note that for px = —B, 'V,
(Bk — V*f)pi = —(Vihi+ Vepi) + (V2 — V£ pic s
and the continuity of V2fimplies that

k—0 rAl
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Chapter 3. Line Search Methods
§3.3 Rate of Convergence

Proof (cont'd).

Let V2f, = (V2f)(x«). Note that for px = —B, 'V,
(Bk — V) p = (Vi + V2 Hipi) + (V2 — V2 E)pi,
and the continuity of V2fimplies that
— oAl

Therefore,
lim (B = V2 )Pl =0 (15)
k=0 lpxl

if and only if
L IV fet V2l _ 0 (20)
k=00 (2 ’

giving the result. o
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Away from the solution, the Hessian matrix (V?f)(x) may not be

positive definite, so the Newton direction p} defined by
(V2F)(xi)pk = —(VF) (k) (21)

may not be a descent direction.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Away from the solution, the Hessian matrix (V?f)(x) may not be

positive definite, so the Newton direction p} defined by
(V2F)(xi)pk = —(VF) (k) (21)

may not be a descent direction. We now describe an approach to
overcome this difficulty when a direct linear algebra technique, such
as Gaussian elimination, is used to solve the Newton equations (21).
This approach obtains the step px from a linear system identical to
(21), except that the coefficient matrix is replaced with a positive

definite approximation, formed before or during the solution process.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Away from the solution, the Hessian matrix (V?f)(x) may not be

positive definite, so the Newton direction p} defined by
(V2F)(xi)pk = —(VF) (k) (21)

may not be a descent direction. We now describe an approach to
overcome this difficulty when a direct linear algebra technique, such
as Gaussian elimination, is used to solve the Newton equations (21).
This approach obtains the step px from a linear system identical to
(21), except that the coefficient matrix is replaced with a positive
definite approximation, formed before or during the solution process.
The modified Hessian is obtained by adding either a positive diagonal
matrix or a full matrix to the true Hessian (V2f)(xx). A general

description of this method follows.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Algorithm 3.2 (Line Search Newton with Modification):
Given initial point xg;
for k=0,1,2,---

Factorize the matrix By = (V2f)(xx) + Ex, where E, = 0 if
(V2f)(xx) is sufficiently positive definite; otherwise, £y is
chosen to ensure that By is sufficiently positive definite;

Solve kak = —(Vf)(Xk);

Set Xxxi+1 < Xk + akpk, Where ay satisfies the Wolfe, Goldstein,
or Armijo backtracking conditions;

end
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Algorithm 3.2 is a practical Newton method that can be applied
from any starting point. We can establish fairly satisfactory global
convergence results for it, provided that the strategy for choosing
Ei (and hence By) satisfies the bounded modified factorization
property. This property is that the matrices in the sequence { By},
have bounded condition number whenever the sequence of Hessians
{(V2F)(xk)}?2, is bounded; that is, there exists C > 0 such that

k(B = |BdllBL' < € VkeN. (22)

If this property holds, global convergence of the modified line search
Newton method follows from the results of Section 3.2 (page 73 of
this slide).

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Let f be twice continuously differentiable on an open set D, and

assume that the starting point xy of Algorithm 3.2 is such that the
level set {x € D|f(x) < f(xo))} is compact. Then if the bounded

modified factorization property holds, we have that

lim (VF)() = 0.

v

Note that since the level set {x € D|f(x) < f(xo))} is indeed
f~1((—o0, f(x0))]) which is closed by the continuity of f, by the
Heine-Borel Theorem this level set is compact if and only if it is
bounded.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

We now consider the convergence rate of Algorithm 3.2. Suppose
that the sequence of iterates xx converges to a point x, where
(V2f)(x) is sufficiently positive definite in the sense that the mod-
ification strategies described in the next section return the modifi-
cation E, = 0 for all sufficiently large k. By one of the previous
theorem, we have that oy, = 1 for all sufficiently large k, so that
Algorithm 3.2 reduces to a pure Newton method, and the rate of

convergence is quadratic.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

For problems in which V2£, is close to singular, there is no guarantee
that the modification Ej will eventually vanish, and the convergence
rate may be only linear. Besides requiring the modified matrix By
to be well conditioned (so that the previous theorem holds), we
would like the modification to be as small as possible, so that the
second-order information in the Hessian is preserved as far as pos-
sible. Naturally, we would also like the modified factorization to be

computable at moderate cost.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

To set the stage for the matrix factorization techniques that will be
used in Algorithm 3.2, we will begin by assuming that the eigen-
value decomposition of (V2f)(xk) is available. This is not realistic
for large-scale problems because this decomposition is generally too
expensive to compute, but it will motivate several practical modifi-

cation strategies.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

To set the stage for the matrix factorization techniques that will be
used in Algorithm 3.2, we will begin by assuming that the eigen-
value decomposition of (V2f)(xk) is available. This is not realistic
for large-scale problems because this decomposition is generally too
expensive to compute, but it will motivate several practical modifi-

cation strategies.

¢ Eigenvalue modification

Consider a problem in which, at the current iterate xx, (Vf)(xx) =
(1,-3,2)T and (V2f)(xx) = diag(10, 3, —1), which is clearly indef-
inite. By the spectral decomposition theorem we can define Q = 1
and A = diag(\1, A2, \3), and write

(V2F)(x) = QAQT = ZA,q,q,- (23)
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

The pure Newton step — the solution of (21) —is p} = (—0.1,1,2)T,
which is not a descent direction, since Vf(xk)Tpﬁ > 0. One might
suggest a modified strategy in which we replace (V?f)(x,) by a pos-
itive definite approximation By, in which all negative eigenvalues in
(V2f)(xx) are replaced by a small positive number § that is some-
what larger than machine precision u; say 6 = 4/u. For a machine
precision of 10716, the resulting matrix in our example is

Be= Y Nl + 0q;q} = diag(10,3,10°%), (24)

i=1
which is numerically positive definite and whose curvature along the
eigenvectors g; and g2 has been preserved. Note, however, that the

search direction based on this modiﬁed Hessian is

Pk = —BZIka = Z q, ka qu(ngfk) . (25)
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

For small 0, this step is nearly parallel to g5 and quite long. Although
f decreases along the direction pg, its extreme length violates the
spirit of Newton's method, which relies on a quadratic approximation
of the objective function in a neighborhood of the current iterate x.
It is therefore not clear that this search direction is effective.

Bk it 222t MAS037-*
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

For small 0, this step is nearly parallel to g5 and quite long. Although
f decreases along the direction pg, its extreme length violates the
spirit of Newton's method, which relies on a quadratic approximation
of the objective function in a neighborhood of the current iterate x.
It is therefore not clear that this search direction is effective.

Various other modification strategies are possible. We could
@ flip the signs of the negative eigenvalues in (23), which amounts
to setting d = 1 in our example, or
@ set the last term in (25) to zero, so that the search direction
has no components along the negative curvature directions, or
© adapt the choice of § to ensure that the length of the step is not
excessive, a strategy with the flavor of trust-region methods.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

For small 0, this step is nearly parallel to g5 and quite long. Although
f decreases along the direction pg, its extreme length violates the
spirit of Newton's method, which relies on a quadratic approximation
of the objective function in a neighborhood of the current iterate x.
It is therefore not clear that this search direction is effective.

Various other modification strategies are possible. We could
@ flip the signs of the negative eigenvalues in (23), which amounts
to setting d = 1 in our example, or
@ set the last term in (25) to zero, so that the search direction
has no components along the negative curvature directions, or
© adapt the choice of § to ensure that the length of the step is not
excessive, a strategy with the flavor of trust-region methods.
There is a great deal of freedom in devising modification strategies,
and there is currently no agreement on which strategy is best.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Setting the issue of the choice of § aside for the moment, let us
look more closely at the process of modifying a matrix so that it
becomes positive definite. The modification (24) to the example
matrix (23) can be shown to be optimal in the following sense: if
A is a symmetric matrix with spectral decomposition A = QAQT,
then the correction matrix AA of minimum Frobenius norm that
ensures that Amin(A + AA) = 4 is given by

0 if A\i>=0,

(5—)\,' if/\,'<(5. (26)

AA = Qdiag(ry, - - ,T,,)QT, T = {

Here, Amin(A) denotes the smallest eigenvalue of A, and the Frobe-
nius norm of a matrix A is defined as |A|% = tr(AAT).
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Setting the issue of the choice of § aside for the moment, let us
look more closely at the process of modifying a matrix so that it
becomes positive definite. The modification (24) to the example
matrix (23) can be shown to be optimal in the following sense: if
A is a symmetric matrix with spectral decomposition A = QAQT,
then the correction matrix AA of minimum Frobenius norm that
ensures that Amin(A + AA) = 4 is given by

0 if A\i>=0,

(5—)\,' if/\,'<(5. (26)

AA = Qdiag(ry, - - ,T,,)QT, T = {

Here, Amin(A) denotes the smallest eigenvalue of A, and the Frobe-
nius norm of a matrix A is defined as |A|% = tr(AAT). Note that

AA is not diagonal in general, and that the modified matrix is

A+ AA = Q(A + diag(T))Q".
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

By using a different norm we can obtain a diagonal modification.
Suppose again that A is a symmetric matrix with spectral decom-
position A = QAQT. A correction matrix AA with minimum Eu-
clidean norm that satisfies Ayin(A + AA) > § is given by

AA=7I with 7=max{0,0 — Amin(A)}. (27)

All the eigenvalues of A + AA have thus been shifted, and all are
greater than §. The modified matrix now has the form A+ 71 which
happens to have the same form as the matrix occurring in (unscaled)

trust-region methods (see Chapter 4).
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

These results suggest that both diagonal and non-diagonal modifi-
cations can be considered. Even though we have not answered the
question of what constitutes a good modification, various practical
diagonal and non-diagonal modifications have been proposed and
implemented in software. They do not make use of the spectral
decomposition of the Hessian, since it is generally too expensive
to compute. Instead, they use Gaussian elimination, choosing the
modifications indirectly and hoping that somehow they will produce
good steps. Numerical experience indicates that the strategies de-

scribed next often (but not always) produce good search directions.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

e Adding a multiple of the identity

Perhaps the simplest idea is to find a scalar 7 > 0 such that
V2f(xx) + 71 is sufficiently positive definite. From the previous
discussion we know that 7 must satisfy (27), but a good estimate
of the smallest eigenvalue of the Hessian is normally not available.
The following algorithm describes a method that tries successively

larger values of 7.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Algorithm 3.3 (Cholesky with Added Multiple of the Identity):
Choose 5 > 0;
if minj aj > 0

set 75 < 0;
else

To = —min;a; + 5;
end (if)
for k=0,1,2,---

Try to apply the Cholesky algorithm to obtain LLT = A+ 7,I;

if the factorization is completed successfully

stop and return L;
else

Tkt1 = max{27x, B};
end (if)
end (for)
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

The choice of 3 is heuristic; a typical value is 3 = 1073. We

also-Algerithm—B-1- The strategy implemented in Algorithm 3.3 is
quite simple and may be preferable to the modified factorization
techniques described next, but it suffers from one drawback: every
value of 74 requires a new factorization of A+ 7,I, and the algorithm
can be quite expensive if several trial values are generated. Therefore
it may be advantageous to increase 7 more rapidly, say by a factor
of 10 instead of 2 in the last else clause.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

e Modified Cholesky factorization

Another approach for modifying a Hessian matrix that is not positive
definite is to perform a Cholesky factorization of (V?f)(xy), but to
increase the diagonal elements encountered during the factorization
(where necessary) to ensure that they are sufficiently positive. This
modified Cholesky approach is designed to accomplish two goals: It
guarantees that the modified Cholesky factors exist and are bounded
relative to the norm of the actual Hessian, and it does not modify

the Hessian if it is sufficiently positive definite.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

We begin our description of this approach by briefly reviewing the
Cholesky factorization. Every symmetric positive definite matrix A
can be written as

A=LDLT (28)

where L is a lower triangular matrix with unit diagonal elements
and D is a diagonal matrix with positive elements on the diagonal.
By equating the elements in (28), column by column, it is easy to

derive formulas for computing L and D.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Consider the case n = 3. Suppose the symmetric matrix A = [a;] is

factorized into

da11 4d21 a31 1 0 0 i dl 0 0 1 521 631
dgpl ag2 a3 | = 521 1 0 0 d2 0 0 1 £32
da3] 432 ass _531 532 1 1L 0 0 C/3 0 0 1

1 0 0] [di difor dils
= |l 1 0 0 dy dyl39
| /31 f32 1] |0 0 ds

d1 d1£21 d1£31
=|dilny  dil3 +ds dil310o1 + dolza |.
| dils1 dilsilor + dolsy dil3 + dol3, + ds
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

Example (cont'd)
By equating the elements of the first column, we have

ain = di = d = a1,

a1
agr =dilor = lo = al
1

ag1 =dilzr = (31 = o

Proceeding with the next two columns, we obtain

a2 = i3, + =  dy=ay —dil3,
asg — dils1f
agy = dil31021 + dol3o =  f39 = 32(/7;31217

asz = d1€§1 aF d2€§2 +d3 = d3=as3— d1€§1 I d2€§2 .
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§3.4 Newton's Method with Hessian Modification

In general, for symmetric n x n matrix A, we want to have the
following decomposition

A=LDLY, A=la,L=[t),D=[d;],

where L is lower triangular matrix with unit diagonal elements, and
D is a diagonal matrix. Writing dj; as d;, we have

ajj = Z Eirdrsfjs = Z dsfisgjs-
s=1

r,s=1
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

In general, for symmetric n x n matrix A, we want to have the
following decomposition

A=LDLY, A=la,L=[t),D=[d;],

where L is lower triangular matrix with unit diagonal elements, and
D is a diagonal matrix. Writing dj; as d;, we have

ajj = Z Eirdrsfjs = Z dsfisgjs-
s=1

r,s=1

Assuming i > j, the identity above shows that

j =
aij = Z dsﬁ,-sﬁjs = dJEU + Z dsgisgjs
s=1 s=1

or Jj—1
d_jgl_] = Cj = ajj — Z dsfisfjs-

s=1
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§3.4 Newton's Method with Hessian Modification

Algorithm 3.4 (Cholesky Factorization, LDL™ Form).
for j=1,2,--- ,n

fori=j,j+1,---,n

j-1
Cij < ajj — 2 dslisljs;
s=1
dj — ¢j;
Cij — cij/ dj;
end
end
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

One can show that the diagonal elements d; are all positive whenever
A is positive definite. The scalars ¢; have been introduced only
to facilitate the description of the modified factorization discussed

below.
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Chapter 3. Line Search Methods

§3.4 Newton's Method with Hessian Modification

One can show that the diagonal elements d; are all positive whenever
A is positive definite. The scalars ¢; have been introduced only
to facilitate the description of the modified factorization discussed
below. We should note that Algorithm 3.4 differs a little from the
standard form of the Cholesky factorization, which produces a lower

triangular matrix M such that
A= MM, (29)
In fact, we can make the identification M = LDY? to relate M to

the factors L and D computed in Algorithm 3.4. The technique for
computing M appears as Algorithm A.2 in Appendix A.
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§3.4 Newton's Method with Hessian Modification

If A is indefinite, the factorization A = LDLT may not exist. Even if
it does exist, Algorithm 3.4 is numerically unstable when applied
to such matrices, in the sense that the elements of L and D can
become arbitrarily large. It follows that a strategy of computing the
LDLT factorization and then modifying the diagonal after the fact
to force its elements to be positive may break down, or may result

in a matrix that is drastically different from A.
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§3.4 Newton's Method with Hessian Modification

Instead, we can modify the matrix A during the course of the factor-
ization in such a way that all elements in D are sufficiently positive,
and so that the elements of D and L are not too large. To control
the quality of the modification, we choose two positive parameters ¢
and 3, and require that during the computation of the j-th columns
of L and D in Algorithm 3.4 (that is, for each j in the outer loop of
the algorithm) the following bounds be satisfied:

di=6, |myl<pBfori= j+1,j+2,---,n,  (30)

where mj; = KU\/FJ
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§3.4 Newton's Method with Hessian Modification

Instead, we can modify the matrix A during the course of the factor-
ization in such a way that all elements in D are sufficiently positive,
and so that the elements of D and L are not too large. To control
the quality of the modification, we choose two positive parameters ¢
and 3, and require that during the computation of the j-th columns
of L and D in Algorithm 3.4 (that is, for each j in the outer loop of
the algorithm) the following bounds be satisfied:

d_]>57 ‘m,AéﬁfOl’I: J+17./+277n7 (30)
where mj; = KU\/FJ To satisfy these bounds we only need to change

one step in Algorithm 3.4: The formula for computing the diagonal
element d; in Algorithm 3.4 is replaced by

N2
d; = max {|ij, (%) ,5} with 6; = max |cj. (31)

j<i<n
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§3.4 Newton's Method with Hessian Modification

Instead, we can modify the matrix A during the course of the factor-
ization in such a way that all elements in D are sufficiently positive,
and so that the elements of D and L are not too large. To control
the quality of the modification, we choose two positive parameters ¢
and 3, and require that during the computation of the j-th columns
of L and D in Algorithm 3.4 (that is, for each j in the outer loop of
the algorithm) the following bounds be satisfied:

d_]>6, |mU|</8for’:J*./+]-7./+257na (30)
where mj; = KU\/FJ To satisfy these bounds we only need to change

one step in Algorithm 3.4: The formula for computing the diagonal
element d; in Algorithm 3.4 is replaced by

N2
Gl = max{|cjj], <@> ,5} with §; = max |cjj|. (31)

B j<i<n
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Algorithm 3.4 (Cholesky Factorization, LDL™ Form).
for j=1,2,---,n
fori=j,j+1,---,n

j-1
Cij < ajj — 21 dslisl;s;
s=

0 — max |cijl (or max |CU|);

j<i< Jj<i<n
0\ 2
dj < max {|cjj], (é) ,(5};
tij — cij/ dj;
end
end
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To verify that (30) holds, we note from Algorithm 3.4 that ¢;; = ¢;d},

and therefore

\mj| = |6in/dj| = |C”| |Cg‘6 B for all i> (or =)j.
J

We note that 6 can be computed prior to d; because the elements
cjj in the second for loop of Algorithm 3.4 do not involve d;. In fact,

this is the reason for introducing the quantities ¢;j into the algorithm.
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These observations are the basis of the modified Cholesky algorithm
described in detail in Gill, Murray, and Wright [130], which intro-
duces symmetric interchanges of rows and columns to try to reduce
the size of the modification. If P denotes the permutation matrix
associated with the row and column interchanges, the algorithm pro-
duces the Cholesky factorization of the permuted, modified matrix
PAPY + E; that is,

PAP' + E=LDL" = MM™, (32)
where E is a non-negative diagonal matrix that is zero if A is suffi-
ciently positive definite. One can show that the matrices By obtained
by this modified Cholesky algorithm to the exact Hessians (V2f)(xx)
have bounded condition numbers; that is, the bound (22) holds for

some value of C.
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e Modified symmetric indefinite factorization
Another strategy for modifying an indefinite Hessian is to use a pro-
cedure based on a symmetric indefinite factorization. Any symmetric

matrix A, whether positive definite or not, can be written as
PAPT = 1BLT (33)

where L is unit lower triangular, B is a block diagonal matrix with
blocks of dimension 1 or 2, and P is a permutation matrix (see
our discussion in Appendix A and also Golub and Van Loan [136,
Section 4.4]). By using the block diagonal matrix B, which allows
2 x 2 blocks as well as 1 x 1 blocks on the diagonal, we can guarantee
that the factorization (33) always exists and can be computed by a

numerically stable process.
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01 2 3
. 1 2 2 2 . . .
The matrix A= |, 5 5| canbewritten in the form (33) with
3 2 3 4]
P: [61,64,63,62],
1 0 0 0] 03 0 0
0 1 0 0 3 4 0 O
L=|1 2 B= T3
5 3 1 0> 0 0 5 9
2 1 5 10
9 3 0 1] 0035 3
Note that both diagonal blocks in B are 2 x 2. Several algorithms
for computing symmetric indefinite factorizations are discussed in
Section A.1 of Appendix A.
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The symmetric indefinite factorization allows us to determine the
inertia of a matrix; that is, the number of positive, zero, and
negative eigenvalues. One can show that the inertia of B equals the
inertia of A. Moreover, the 2 x 2 blocks in B are always constructed
to have one positive and one negative eigenvalue; thus the number
of positive eigenvalues in A equals the number of positive 1 x 1

blocks plus the number of 2 x 2 blocks.
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As for the Cholesky factorization, an indefinite symmetric factoriza-
tion algorithm can be modified to ensure that the modified factors
are the factors of a positive definite matrix. The strategy is first
to compute the factorization (33), as well as the spectral decom-
position B = QAQT, which is inexpensive to compute because B
is block diagonal. We then construct a modification matrix F such
that
L(B+ F)L"

is sufficiently positive definite. Motivated by the modified spectral
decomposition (26), we choose a parameter § > 0 and define F to

be
F od ( )QT 0 if \j =94, (34)
= 1ag\ T; , Tj = 5_)\[ if>\i<67i:1727'.‘7n7

where A; are the eigenvalues of B.
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The matrix F is thus the modification of minimum Frobenius norm
that ensures that all eigenvalues of the modified matrix B+ F are no
less than §. This strategy therefore modifies the factorization (33)
as follows:

P(A+ E)PT = L(B+ F)LT, where E= P'LFL"P.
Note that in general E will not be diagonal; thus in contrast to the

modified Cholesky approach, this modification strategy changes the

entire matrix A, not just its diagonal.
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§3.4 Newton's Method with Hessian Modification

The matrix F is thus the modification of minimum Frobenius norm
that ensures that all eigenvalues of the modified matrix B+ F are no
less than §. This strategy therefore modifies the factorization (33)

as follows:
P(A+ E)PT = L(B+ F)LT, where E= P'LFL"P.

Note that in general E will not be diagonal; thus in contrast to the
modified Cholesky approach, this modification strategy changes the
entire matrix A, not just its diagonal. The aim of strategy (34) is
that the modified matrix satisfies Amin(A + E) ~ 0 whenever the
original matrix A has Amin(A) < d. It is not clear; however, whether

it always comes close to attaining this goal.
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We now consider techniques for finding a minimum of the one-

dimensional function
o(a) = f(xk + apk) , (35)

or for simply finding a step length «y satisfying one of the termi-
nation conditions such as the Wolfe conditions and the Goldstein
conditions in Section 3.1. We assume that py is a descent direction;
that is, ¢’(0) < 0, so that our search can be confined to positive

values of a.
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If f is a convex quadratic given by
f(x) = % TQx— blx,

its one-dimensional minimizer along the ray xx + apx can be com-
puted analytically and is given by
_kaTPk

Qe = .
PEQPk

(36)

For general nonlinear functions, it is necessary to use an iterative
procedure. The line search procedure deserves particular attention
because it has a major impact on the robustness and efficiency of

all nonlinear optimization methods.
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Line search procedures can be classified according to the type of
derivative information they use. Algorithms that use only function
values can be inefficient since, to be theoretically sound, they need
to continue iterating until the search for the minimizer is narrowed
down to a small interval. In contrast, knowledge of gradient infor-
mation allows us to determine whether a suitable step length has

been located, as stipulated, for example, by the Wolfe conditions
f(xi + cuepr) < F(xi) + cLaxV i py, (5a)
Vi (xk+ akpk) CQka Dk (5b)
with 0 < ¢; < ¢ < 1 or Goldstein conditions
f(x1) + (1 — Qo VEE pre < F(xic+ aupr) < F(xx) + carVEL pie (8)
with 0 < c < 1/2.

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 3. Line Search Methods
§3.5 Step-Length Selection Algorithms

All line search procedures require an initial estimate oy and generate
a sequence {«;} that either terminates with a step length satisfying
the conditions specified by the user (for example, the Wolfe condi-
tions) or determines that such a step length does not exist. Typical
procedures consist of two phases: a bracketing phase that finds an
interval [a, b] containing acceptable step lengths, and a selection

phase that zooms in to locate the final step length.
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All line search procedures require an initial estimate oy and generate
a sequence {«;} that either terminates with a step length satisfying
the conditions specified by the user (for example, the Wolfe condi-
tions) or determines that such a step length does not exist. Typical
procedures consist of two phases: a bracketing phase that finds an
interval [a, b] containing acceptable step lengths, and a selection

phase that zooms in to locate the final step length.

In the following discussion we let oy and «y_; denote the step
lengths used at iterations k and k — 1 of the optimization algo-
rithm, respectively. On the other hand, we denote the trial step
lengths generated during the line search by «; and «;_; and also «;.

We use ag to denote the initial guess.
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¢ Interpolation

We begin by describing a line search procedure based on interpola-
tion of known function and derivative values of the function . This
procedure can be viewed as an enhancement of Algorithm 3.1, the
Backtracking Line Search algorithm. The aim is to find a value of
« that satisfies the sufficient decrease condition (5a), without being
“too small". Accordingly, the procedures here generate a decreas-
ing sequence of values «; such that each value «; is not too much

smaller than its predecessor cvj_1.
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Note that we can write the sufficient decrease condition, in the

notation of ¢(a) = f(xx + apk), as
p(ak) < 9(0) + cronp’(0) (37)

and that since the constant ¢; is usually chosen to be small in prac-
tice (c; = 107, say), this condition asks for little more than descent
in f. We design the procedure to be “efficient” in the sense that it

computes the derivative V£ (x) as few times as possible.
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Suppose that the initial guess aq is given. If we have

¢(ao) < ¢(0) + craoe’(0),
this step length satisfies the condition, and we terminate the search.
Otherwise, we know that the interval [0, ap] contains acceptable

step lengths.
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Suppose that the initial guess aq is given. If we have

() < ¢(0) + craop’(0)
this step length satisfies the condition, and we terminate the search.
Otherwise, we know that the interval [0, ap] contains acceptable
step lengths. We form a quadratic approximation ¢gq(a) to ¢ by
interpolating the three pieces of information available — (0), ©’(0),
and ¢(ap) — to obtain

pale) = (A2 =20 200 ON 24 0o+ 4(0).  (38)

Qp
Note that this function is constructed so that it satisfies the inter-
polation conditions ¢4(0) = ©(0), 95(0) = ¢’(0), and () =

().
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The new trial value « is defined as the minimizer of this quadratic;

that is, we obtain

o (0)a
Tran) = p(0) — P @a0] (39)

We note that 0 < ¢ < % if and only if ag € (0, ap).

o] = —
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The new trial value « is defined as the minimizer of this quadratic;
that is, we obtain

¢’ (0)ag
2[p(a0) — ¢(0) = ¢’(0)axo] *

We note that 0 < ¢ < % if and only if ag € (0, ap).

o] = —

(39)

If the sufficient decrease condition (37) is satisfied at a1, we termi-
nate the search. Otherwise, we construct a cubic function ¢, that
interpolates the four pieces of information ¢(0), ©’(0), (), and
¢(a1), obtaining pc(a) = aa® + ba? + ag’(0) + »(0), where

[a} - = 1 [a% _(ﬂ {@(ao) — ¢(0) — agy’(0)

flon—a0) [—af o} ] [w(a1) = 9(0) — a1(0)
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By differentiating ¢(x), we see that the minimizer ag of . lies in

the interval [0, 1] and is given by

_ —b+ /BT —3a5/(0)
- 3a '

a2

If necessary, this process is repeated, using a cubic interpolant of
©(0), ¢’(0) and the two most recent values of ¢, until an « that
satisfies (37) is located.
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By differentiating ¢(x), we see that the minimizer ag of . lies in

the interval [0, 1] and is given by

_ —b+ /BT —3a5/(0)
- 3a '

a2

If necessary, this process is repeated, using a cubic interpolant of
©(0), ¢’(0) and the two most recent values of ¢, until an « that
satisfies (37) is located. If any «; is either too close to its predecessor
aj—1 or else too much smaller than a1, we reset a; = aj—1/2. This
safeguard procedure ensures that we make reasonable progress on

each iteration and that the final « is not too small.
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The strategy just described assumes that derivative values are signif-
icantly more expensive to compute than function values. It is often
possible, however, to compute the directional derivative simulta-
neously with the function, at little additional cost; see Chapter 8.
Accordingly, we can design an alternative strategy based on cubic
interpolation of the values of ¢ and ¢’ at the two most recent val-

ues of «.
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The strategy just described assumes that derivative values are signif-
icantly more expensive to compute than function values. It is often
possible, however, to compute the directional derivative simulta-
neously with the function, at little additional cost; see Chapter 8.
Accordingly, we can design an alternative strategy based on cubic
interpolation of the values of ¢ and ¢’ at the two most recent val-
ues of . Cubic interpolation provides a good model for functions
with significant changes of curvature. Suppose we have an inter-
val [, b] known to contain desirable step lengths, and two previous
step length estimates a;_1 and «; in this interval. We use a cubic
function to interpolate p(ai-1), ¢'(@i—1), ¢(a;), and ¢’'(«;). (This
cubic function always exists and is unique; see, for example, Bulirsch
and Stoer [41, p. 52].)
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The minimizer of this cubic function in [a, b] is either at one of the

endpoints or else in the interior, in which case it is given by

v — s ' () + do — i
a1 = Q;j (Oél Oélfl) [QO’(OU) — o) - 2d2] 9 (40)
with

da = sign(aj — aj—1) \/d2 "(aic1) @’ (i) -

I
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The interpolation process can be repeated by discarding the data
at one of the step lengths o1 or «; and replacing it by (1)
and ¢'(ajr1). The decision on which of «;_; and «; should be
kept and which discarded depends on the specific conditions used to
terminate the line search; we discuss this issue further below in the

context of the Wolfe conditions.
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The interpolation process can be repeated by discarding the data
at one of the step lengths o1 or «; and replacing it by (1)
and ¢'(ajr1). The decision on which of «;_; and «; should be
kept and which discarded depends on the specific conditions used to
terminate the line search; we discuss this issue further below in the
context of the Wolfe conditions. Cubic interpolation is a powerful
strategy, since it usually produces a quadratic rate of convergence

of the iteration (40) to the minimizing value of .
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e Initial Step Length

For Newton and quasi-Newton methods, the step ag = 1 should
always be used as the initial trial step length. This choice ensures
that unit step lengths are taken whenever they satisfy the termina-
tion conditions and allows the rapid rate-of-convergence properties
of these methods to take effect.
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e Initial Step Length

For Newton and quasi-Newton methods, the step ag = 1 should
always be used as the initial trial step length. This choice ensures
that unit step lengths are taken whenever they satisfy the termina-
tion conditions and allows the rapid rate-of-convergence properties
of these methods to take effect. For methods that do not pro-
duce well scaled search directions, such as the steepest descent and
conjugate gradient methods, it is important to use current informa-
tion about the problem and the algorithm to make the initial guess.
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e Initial Step Length

For Newton and quasi-Newton methods, the step ag = 1 should
always be used as the initial trial step length. This choice ensures
that unit step lengths are taken whenever they satisfy the termina-
tion conditions and allows the rapid rate-of-convergence properties
of these methods to take effect. For methods that do not pro-
duce well scaled search directions, such as the steepest descent and
conjugate gradient methods, it is important to use current informa-
tion about the problem and the algorithm to make the initial guess.
A popular strategy is to assume that the first-order change in the
function at iterate x, will be the same as that obtained at the pre-

vious step. In other words, we choose the initial guess g so that
kaT,'lpkfl

ooV pr = ax1 VAL piey; that is, ag = oy Vi
k
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Don’t know what this slide is about!!!

Another useful strategy is to interpolate a quadratic to the data
f(xk—1), f(xk), and VX | px_1 and to define ap to be its minimizer.

This strategy yields

2(fx — fr_1)
©'(0)

It can be shown that if x, — x, superlinearly, then the ratio in this

ap = (41)

expression converges to 1. If we adjust the choice (41) by setting
ag < min(1,1.01lag), we find that the unit step length ag = 1
will eventually always be tried and accepted, and the superlinear
convergence properties of Newton and quasi-Newton methods will
be observed.
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e A Line Search Algorithm for the Wolfe Conditions

The Wolfe (or strong Wolfe) conditions are among the most widely
applicable and useful termination conditions. We now describe in
some detail a one-dimensional search procedure that is guaranteed

to find a step length satisfying the strong Wolfe conditions

f(xk + axpr) < f(xx) + ClakakTPk7 (62)
}Vf(xk + oakpk)Tpk‘ = CQ‘kaTPk ) (6b)

for any parameters ¢; and ¢ satisfying 0 < ¢; < ¢ < 1. As before,
we assume that p is a descent direction and that f is bounded from

below along the direction p.
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The algorithm has two stages. This first stage begins with a trial
estimate a1, and keeps increasing it until it finds either an acceptable
step length or an interval that brackets the desired step lengths. In
the latter case, the second stage is invoked by calling a function
called zoom (Algorithm 3.6, below), which successively decreases

the size of the interval until an acceptable step length is identified.
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The algorithm has two stages. This first stage begins with a trial
estimate a1, and keeps increasing it until it finds either an acceptable
step length or an interval that brackets the desired step lengths. In
the latter case, the second stage is invoked by calling a function
called zoom (Algorithm 3.6, below), which successively decreases

the size of the interval until an acceptable step length is identified.

A formal specification of the line search algorithm follows. We refer
to (6a) as the sufficient decrease condition and to (6b) as the cur-
vature condition. The parameter amax is a user-supplied bound on
the maximum step length allowed. The line search algorithm ter-
minates with a, set to a step length that satisfies the strong Wolfe

conditions.
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Algorithm 3.5 (Line Search Algorithm).
Set aig < 0, choose amax > 0 and a3 € (0, Amax);
i< 1;
repeat
Evaluate ¢(o;);
if [p(ar) > (0) + crai(0)] o [p(a) > w(aj1) and /> 1]
o < zoom(«vj—1, ;) and stop;
Evaluate ¢'(«));
if /()] < —ca¢/(0)
set o, < «; and stop;
if o'(aj) =0
set ay <« zoom(«v;, vj—1) and stop;
Choose ait1 € (@i, max);
f— i+ 1;
end (repeat)
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Note that the sequence of trial step lengths {«;} is monotonically
increasing, but that the order of the arguments supplied to the zoom
function may vary.
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Note that the sequence of trial step lengths {«;} is monotonically
increasing, but that the order of the arguments supplied to the zoom
function may vary. The procedure uses the knowledge that the
interval (aj_1, @) contains step lengths satisfying the strong Wolfe
conditions if “one of the following three conditions is satisfied":

@ «; violates the sufficient decrease condition;
O (o) = p(aj-1);
© «; violates the curvature condition and ¢’(«;) = 0.
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Note that the sequence of trial step lengths {«;} is monotonically
increasing, but that the order of the arguments supplied to the zoom
function may vary. The procedure uses the knowledge that the
interval (aj_1, @) contains step lengths satisfying the strong Wolfe
conditions if “one of the following three conditions is satisfied":

@ «; violates the sufficient decrease condition;

@ o(ai) = p(ai-1);

© «; violates the curvature condition and ¢’(«;) = 0.
The last step of the algorithm performs extrapolation to find the
next trial value a;jy1. To implement this step we can use approaches
like the interpolation procedures above, or we can simply set a1
to some constant multiple of a;. Whichever strategy we use, it is
important that the successive steps increase quickly enough to reach
the upper limit amay in a finite number of iterations.
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We now specify the function zoom, which requires a little explana-
tion. The order of its input arguments is such that each call has the
form zoom (o, cvpi), where
(@ the interval bounded by «y, and ay; contains step lengths that
satisfy the strong Wolfe conditions;
® «a is, among all step lengths generated so far and satisfying
the sufficient decrease condition, the one giving the smallest
function value; and
(© ap; is chosen so that ¢’(aye)(ani — o) < 0.
Each iteration of zoom generates an iterate a; between oy, and oy,

and then replaces one of these endpoints by «; in such a way that
the properties @), (), and (©) continue to hold.
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Algorithm 3.6 (zoom).
repeat
Interpolate (using quadratic, cubic, or bisection) to find a trial step
length o between o and ay;;
Evaluate ¢(«;);
if [¢(c) > ¢(0) + crayp’(0)] or [p(ey) = p(aio)]
Qhi < Qj;
else
Evaluate ¢'(a));
if [o"(oy)| < —c2¢”(0)
Set ai, < ¢ and stop;
if ' (0) (ani — a1o) > 0
Qhj < Qo
Qo < O,

end (repeat)
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If the new estimate «; happens to satisfy the strong Wolfe condi-
tions, then zoom has served its purpose of identifying such a point,
so it terminates with o, = . Otherwise, if o satisfies the sufficient
decrease condition and has a lower function value than «y,, then we
set o < «; to maintain condition (). If this setting results in a
violation of condition (), we remedy the situation by setting ay; to
the old value of ayo. Readers should sketch some graphs to see for

themselves how zoom works!
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One may ask how much more expensive it is to require the strong
Wolfe conditions instead of the regular Wolfe conditions. Our expe-
rience suggests that for a “loose” line search (with parameters such
asc; =10"%and o = 0.9), both strategies require a similar amount

of work.
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One may ask how much more expensive it is to require the strong
Wolfe conditions instead of the regular Wolfe conditions. Our expe-
rience suggests that for a “loose” line search (with parameters such
asc; =10"%and o = 0.9), both strategies require a similar amount
of work. The strong Wolfe conditions have the advantage that by
decreasing co we can directly control the quality of the search, by
forcing the accepted value of « to lie closer to a local minimum.
This feature is important in steepest descent or nonlinear conjugate
gradient methods, and therefore a step selection routine that en-

forces the strong Wolfe conditions has wide applicability.
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