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Chapter 15.

uction
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mization) B AEuF 8 2 > SR AR A E 4T

. : x)=0 ifie&,
min f(x) subject to

(
xeRn cx)=0 ifieZ, ()

OB RS £ o S ¢ WA B R - B B b

# (smooth) ~ Rl Il - @ T fr & BIA B[ A7 & 5 frd &

#
Sk
L4 5% 6973 'L index set o

Ching-hsiao Arthur Cheng #8535 % B2z - MABS038-*



Chapter 15. 2t

Introduction
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)=0 ifief&,
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Introduction

EAFE P o APR A fEA - KL TR (constrained opti-
mization) B AEuF 8 2 > SR AR A E 4T
ifie&

. i(x) = ,
in bject t 1
min f(x) subject to G(x) =0 ifie, (1)
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Chapter 15. -

Introduction

APIRF AR 2 HEZEBEZAL > A EH2 85 BiF
£ 4k A pEA o s o B0 §15.1 - §15.2 1 - 3
o # F§1F §15.3 ~ §15.4 ~ §15.5 {r §15.6 i F o A
FVERS RRFRETELL
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§15.1
IR SN L 2 ﬂ\‘—*#&‘f KAFY TRaAFE 2 o 2L

B
o

Categorlzmg Optimization Algorithms

FEE PRGBS L 0 A AP AT

% 16 ¢ 0 APy R4 = RE] (quadratic program-
ming) P REcF B o AP RE BN ER Y R LF 5T
EF AFOERY o BT AR R TR B ik

ooom ¥ AfRAERMARLIFEETRRY - s TR
317 2 fo k& ) 2L2 (interior-point method) % R 32 4p B 0

fh%]—? PR o AP K243, active set ~ P OBEE fo b R K
%% (gradient projection method) °

=g
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§15.1 Categorlzmg Optimization Algorithms

[E30 SEAREN A S 1 ﬂ\‘—*#ﬁ%‘f KABE P ERFEZ o T bM

BiCFEE P W R RESA L AN T

Q@ % 16 £ 7 > AP g &4 =X R3] (quadratic program-
ming) P REcF B o AP RE BN ER Y R LF 5T
EF AFOERY o BT AR R TR B ik

ooom ¥ AfRAERMARLIFEETRRY - s TR
317 2 fo k& ) 2L2 (interior-point method) % R 32 4p B 0

fh%]—? BYAE o P33 35 active set ~ P BRIE fodh R K
%2% (gradient projection method) °
Q@ &% 17 7 > APdHmMA T2 (penalty method) fe 4 3
Lagrangian = ;2 (augmented Lagrangian method) - & B =
F ik b FRE U ERED RS S £ 2 - BT
Sl NPT U EfEA- kPR LR ARk BT R E o
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§15.1 Categorlzmg Optimization Algorithms

Bk ok (1) ? 23 ad;94] APy as-
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=g dvﬁi , E{ kil 4»—5 TwJ i)”ﬁ‘ﬁl

=

%’1\3

B u>0fs EN S
PR T Uy

FE R UG 1 B SR o

’@

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 15. L3 2 "L i A

§15.1 Categorlzmg Optimization Algorithms

Bk ok (1) ? 23 ad;94] APy as-
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§15.1 Categorlzmg Optimization Algorithms

L 953 Lagrangian » ¢ > AP &7 - B% & Lagrangian

f(X) — Z A,'C;(X)

ie€
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§15.1 Categorlzmg Optimization Algorithms

P53 Lagrangian » ¢ > AP &7 - B% & Lagrangian
foo = R S0dk

f(x) + £, ()
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§15.1 Categorizing Optimization Algorithms

L 953 Lagrangian » ¢ > AP &7 - B% & Lagrangian
feo T S (2) HiRendde e & B3 OHH La
grangian & # (augmented Lagrangian function) # 7 £ % ;b
AR REP B G 0T AN

La(x ;1) = F(x) = > Nici(x) + g c?(x).

i€e€ ie€
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§15.1 Categorlzmg Optimization Algorithms

L 953 Lagrangian » ¢ > AP &7 - B% & Lagrangian
foo ) ol (2) it g & B3 A La-
grangian & # (augmented Lagrangian function) # 7 £ % ;b
AR REP B G 0T AN

La(x, A; ) = £(x) —Z Aici(x) + g c(x).

i
i€e€ ie€

3 Lagrangian = 2 5 A ¥\ F 2 5 & if Lagrange %+ #
EhEBRIE IRy ATLIEBLE REHD- B
¢ (B ¥F3 Lagrangian 1T i E -] 1t e x (B o fiz B AT x 2
REEF A Frp T gAML AT REEH CBER - &
SEEL S E] T T Sk (2) APM R g
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§15.1 Categorlzmg Optlmlzatlon Algorithms
@ ¥ 18 %7 » At A K LE (SQP) % % i@
R e TN LR SRS LE

A
(1) & 2 EHEE > > 5355 WAAE: Ais 5B () »
e pk

% S RAIR AL (3) iz
mgn %pTVEXE(xk, M)p+ VF(x)p (3a)
subject to
Vi) p+ci(xk) =0,i€&, (3b)
Vi) p+ci(xk) =0,ieT, (3¢)

H ¥ £ F_Lagrangian °
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§15.1 Categorlzmg Optlmlzatlon Algorithms
@ ¥ 18 %7 » At A K LE (SQP) % % i@
R e TN LR SRS LE

A
(1) & 2 EHEE > > 5355 WAAE: Ais 5B () »
e pk

% S RAIR AL (3) iz
mgn %pTVEXE(xk, M)p+ VF(x)p (3a)
subject to
Vi) p+cilxk) =0,i€&, (3b)
Vi) p+ci(xk) =0,ieT, (3¢)

B X, BB T x, + p PF Lagrangian g it o @ 4] S dick
fat (1) ¢ LIS et o
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§15.1 Categorlzmg Optimization Algorithms

FOHABEE p R AT EF A T LA (3) ¢
7 dv— B 5 ¥ 3 (trust-region) "] > T ¥ ¥ U * quasi-
Newton if 17 Hessian % % & V2 L(xk, A\k) °
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§15.1 Categorizing Optimization Algorithms

PR p PR R R THA T e (3) ¢

i ¥f 3 (trust-region) *T 4] » & ¥ ¥ )2 i * quasi-
Newton if 7 Hessian % % & V2 L(xk, Ak) ° ¥ 7 F - Bk
#5008 B S - = 23] (sequential linear-quadratic program-
ming) e SQP = 2 ALY > Hie R p LB BrEE
Behe g A "FB){"Z’"“ FECEEA S VRS A Tt
LiEH#P IR (3a) ¥ hE - (2 =F) PIg > £w (3) F
de— B ipf\ﬂﬁsj Foee BTk, ApfE- B EX
R IR FFIERBITTHER p = BFP A
e E SOk p A AR AR AT T 2 R AT B e active

constraints » @ #7F B v 172 BN LHIRIARL LG o
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§15.1 Categorizing Optimization Algorithms

Q &% 19 F > APy 7 * 2P ARG B2 o gt 3
FOUAAR G A AF 14 F ¢ 3k s ] primal-dual p
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§15.1 Categorizing Optimization Algorithms
o 4

BEiE it oo AL T LT ARG R T R R AL

GF 19 F 0 APRE R A RBRL PPN B o Bl
2V UG E Y 14 F ¢ HHasm RS primal-dual p

mln f(x Z log s;

subject to
ci(x) =0,i€é&,
Cf(X) = Si, S Iy

PEH A 9 B § p chfwE > 2 (barrier methods) » H ¢

-

>0 7% %#c (barrier parameter) » @ s, > 0 P| 5 L5 %
¥ (slacks) o fBLZE LM RGP BATH- FF R TR
B EERE - KRB EARG e s L L o
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§15.1 Categorizing Optimization Algorithms

¥ fiip‘tr (elimination techniques) @ ~ Q) fr@ #f % aF & 2

LA ST I 31 ﬁ%:}s‘:ﬂrﬁrné LA S 1 N R 7 fF; %\v‘ R A
dR e STBREEFEFOT R AL §153 ¥ w0 g
LA o RIS enE & ¢ > AP R4, merit functions e filters »
T AR R AR ANT B 2 R e B A E & 8 o
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

BfR Al LB AEY - BARPRA *?1%@9—1% * 3
Ful R R (A Ar) B Rt Ui ¢ 2 active vt 2 & -
- & 5 & active set method 4 # 17 = » £ 5 413 kS EPS
WEENM G2 & (optimal active set) A, o A i -
@RI S 1 TR (working Set) LW KA e RS A
FUAW P OUGIARR AR TG FAA 3 AW P S RlAk
FRERE LI ST L - YR W CR 3P IF%EK@ # fe Lagrange &+
REHN LB W EE R B LKKT F 2 o ok i i
Lagrange &k &+ » i # x, 2% 5 P 4E (1) ehkh IRz o F R > A
PEREZ PO ITE W FEAFEBEA -
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

BIRREABIEIRATY o DASGIAERAD DR
Frul ok at (A4v) JfRvsal s i & active VRt 3 Ao
- B E & active set method ## e77 2 > & F 423 Sl ESPN
WA ENR F4)2 & (optimal active set) A, o i -
T BFRIAL S 1 15§ (working set) W kA e FRES o A
FUAW P UG BFIRTE FNA 2 & W P S R
FRERE LI ST L - YR W CR 3P IF%EK@ % & Lagrange %+
REHN LB W EE R B LKKT F 2 o ok i i
Lagrange 3k + » 2N #- x, 3% 5 P AE (1) ek I0f2 o B R A
PHERET DL FE W T EAFEBER B LA
YRS AT AR AR N E T S s B R
- G S g3 W R PE
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Theorem 12.1 — KKT conditions

Theorem (First-Order Necessary Conditions)

Suppose that x is a local solution of problem
ci(x)=0,ie&,

: (1)
¢i(x) =0,ieT,

that the functions f and c; in (1) are continuously differentiable,

min f(x) subject to {
xeR”
and that the LICQ holds at x,. Then there is a Lagrange multiplier

vector Ay, with components X7, i€ £ UZ, such that the following
conditions are satisfied.

Vi L (X, Ax) =0, (32a),,
Gi(xx) =0 forallie€&, (32b),,
Ci(x) =0 forallieZ, (32¢)45
Af>0 foralliel, (32d),,

Aici(xx) =0 foralliecE UT. (32e)12j
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems
FRap L 2P 20 (7] B2 5 Rt (B

1ER W h
PP ERRE BT index i 2 F WY REMEBE)o
BT Rl FREEEFF I EE S TSR

G ARF G 2P RG he & ¥R (combinatorial difficulty) > 3
B YRATF T AW KK - BR Bk

(Rl R I
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

1R W niE g £ 2P 2 7] 27 & 2 cnie® (B
o R RE lliImmdeXI{? W kBBt )e
43T gl TREEKEEES EN g__’rr;faﬁi;}ﬁ&g\,w,wfﬁ
fﬁa‘?%ﬁ;?ﬁv—p LM R ehie & ¥R (combinatorial difficulty) »
PRADZEEL KT TR DOW KR - B HEE
R TR R U - S LT
active set » I % ¥ - B fj H iz is o

Consider the problem

» F¥ T_ optimal

min f(x.y) = 5 (<=2 + 5y~ 3)° Q

subject to
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)

We label the constraints, in order, with the indices 1 through 3.
Figure 1 illustrates the contours of the objective function (dashed
circles). The feasible region is the region enclosed by the curve and
the two axes. We see that only the first constraint is active at the
solution, which is (x4, v )" = (1.953,0.089)".
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)

Let us now apply the working-set approach described above to prob-
lem (4), considering all 22 = 8 possible choices of W. Since
Vf = (x—2,y—1/2)T, we see that the unconstrained minimum of
f lies outside the feasible region. Hence, VW cannot be empty.
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)

Let us now apply the working-set approach described above to prob-
lem (4), considering all 22 = 8 possible choices of W. Since
Vf = (x—2,y—1/2)T, we see that the unconstrained minimum of
f lies outside the feasible region. Hence, VW cannot be empty.
There are seven other possibilities. First, all three constraints could
be active (that is, W = {1,2,3}); however, a glance at Figure 1
shows that this does not happen for our problem since the three
constraints do not share a common point of intersection.
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)

Let us now apply the working-set approach described above to prob-
lem (4), considering all 22 = 8 possible choices of W. Since
Vf = (x—2,y—1/2)T, we see that the unconstrained minimum of
f lies outside the feasible region. Hence, VW cannot be empty.

There are seven other possibilities. First, all three constraints could
be active (that is, W = {1,2,3}); however, a glance at Figure 1
shows that this does not happen for our problem since the three
constraints do not share a common point of intersection. Three
further possibilities are obtained by making a single constraint active
(that is, W = {1}, W = {2}, and W = {3}), while the final three
possibilities are obtained by making exactly two constraints active
(that is, W = {1,2}, W = {1,3}, and W = {2,3}). We consider
three of these cases in detail.
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)
Q@ W = {2}; that is, only the constraint x = 0 is active. If

we minimize f enforcing only this constraint, we obtain the
point (0,1/2)F. A check of the KKT conditions (32),, shows
that no matter how we choose the Lagrange multipliers, we
cannot satisfy all these conditions at (0,1/2)T. We must have
A1 = A3 = 0 to satisfy the KKT condition

Aci(xe,yx) =0 forallie & UT. (32¢)4,
which implies that we must set Ay = —2 to satisfy
V(X,y) ﬁ(X*, Yx, A*) = 0, (323)12

but this value of Ay violates the KKT condition

Af>0 forallieZ,

_———————=—
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)
@ W = {1, 3}, which yields the single feasible point (3,0)'. Since
constraint 2 is inactive at this point, we have Ay = 0, so by

solving
V(X,y) E(X*, Yx, A*) = 0, (323)12
for the other Lagrange multipliers, we obtain \; = —16 and
A3 = —16.5. These values are negative, so they violate
Af =0 forallieZ, (32d),,

and (x,y) = (3,0)" cannot be a solution of (1).
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)
@ W = {1, 3}, which yields the single feasible point (3,0)'. Since
constraint 2 is inactive at this point, we have Ay = 0, so by

solving
V(X,y) E(X*, Yx, A*) = 0, (323)12
for the other Lagrange multipliers, we obtain \; = —16 and
A3 = —16.5. These values are negative, so they violate
Af =0 forallieZ, (32d),,

and (x,y) = (3,0)" cannot be a solution of (1).

© W = {1}. Solving the equality-constrained problem in which
the first constraint is active, we obtain (x, y)T = (1.953,0.089)"
with Lagrange multiplier A\; = 0.411. By setting Ay = A3 = 0,

the remaining KKT conditions are satisfied.
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)

Therefore, (1.953,0.089)" is a KKT point. Furthermore, the
second-order sufficient conditions are satisfied, as the Hessian

of the Lagrangian is positive definite.
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)
Therefore, (1.953,0.089)" is a KKT point. Furthermore, the
second-order sufficient conditions are satisfied, as the Hessian

of the Lagrangian is positive definite.

mig®el B+ 0 FRATE T W o B F R chigAe o X

3€
M AL ’f' | Fﬁﬁ{ﬂ 'ﬁ’hﬁ’:;ﬁii H %:-ﬁi;m{r':’ v iy F Il;ﬂ %— B® W
GuEE o ¥ 16 F ¢ 5 it e active set > E I @ * plaga A ¥

EReE- kAT AR ELERPE BRI EH W -

= 27

Bk it 22kt - MA5038-*
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§15.2 The Combinatorial Difficulty of Inequality-Constrained Problems

Example (cont'd)
Therefore, (1.953,0.089)" is a KKT point. Furthermore, the
second-order sufficient conditions are satisfied, as the Hessian

of the Lagrangian is positive definite.

BoAblF? o TR T W S Y R cnide o A
: b? | * ALY handcr H e i E oW
F o % 16 % ¢ fpifehactive set 32 I @ pag ¥
BT kNG Ry HAERPE € FIEAW .

Fimap B (ARR) FHY - R E
/zi%\m*— RERgEd 2 E NP KOV FRBDER A G
- PR (gr’%%*‘ré’ﬁ"‘ SRRl ) o MEF $iT LA R e
f o el € AR5 0 M R RO L Ao BT
S N ER A ﬁﬁﬁ%%%ﬁbﬂﬁo

F.

3

‘ﬁ'_“\

i
G *’ﬁt m
W

\\‘*‘.F P
J s
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Chapter 15.

§15.3 Elimination of Variables
BRI E LR AR 0 B OUHIIE R R R ALY e
B MEE- BLHE - pd BRSO PORPIEEIT p Reho
SLIEY AR AR Pl s |

conditioning °
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§15.3 Ellmlnatlon of Variables

FARIE R LR R RERE > B R iRk ﬁ“f B AT P e
LR NEE- BLHE - pd RRCPORPIEAEY p R
Rd oo R REE R Y G Fla v PV oA cr SRR 5~ ll
conditioning °

AR AR - B RELE 20 (0BT o R

X1 —|—x32 —xyx3 = 0,

min f(xq, X2, X3, X subject to
(e x) bt to {76 70 7

R
_ 2 _ 2
X1 = X4X3 — X3, X2 —X4—|—X3
FZ 2 oFERAPTNEI- BR 3 S BRENIH

h(xs, x4) = f(X4X3 = xg,X4 + X3,X3,X4),

==

RUUAPT R ALT RSP Flng SUR T R A
|
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§15.3 Elimination of Variables

Example (2£4 g )

Consider the problem

minx2 + y? subject to (x—1)% = y2.
The contours of the objective function and the constraints are illus-
trated in Figure 2, which shows that the solution is (x,y) = (1, 0).

Figure 2: The danger of nonlinear
elimination.
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§15.3 Elimination of Varlables

Example (2£ e s e

We try to solve this problem by eliminating y. Doing so, we obtain
h(x) = x? + (x — 1)3.

Clearly, h(x) —» —o0 as x —> —o0.

By blindly applying this transformation we may conclude that the

problem is unbounded, but this view ignores the fact that the con-

straint (x — 1)3 = y? implicitly imposes the bound x > 1 that is

active at the solution. Hence, if we wish to eliminate y, we should

explicitly introduce the bound x > 1 into the problem.
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§15.3 Elimination of Variables

Example (2£ J' o5 e ' 4 (cont'd))
We try to solve this problem by eliminating y. Doing so, we obtain
h(x) = x? + (x — 1)3.

Clearly, h(x) —» —o0 as x —> —o0.

By blindly applying this transformation we may conclude that the
problem is unbounded, but this view ignores the fact that the con-
straint (x — 1)3 = y? implicitly imposes the bound x > 1 that is
active at the solution. Hence, if we wish to eliminate y, we should

explicitly introduce the bound x > 1 into the problem.

BT AP R AL AR RS R T A %ﬂiwiﬁf
SR BN X SRR B R ARG L AR B 3
*E”%mﬂ*awﬂ’%”%ﬁﬂﬁawa@*W%ﬁﬁoﬁ
Tk AR R AU TS U R 0 SRR
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Chapter 15.

§15.3 Elimination of Variables

e Simple elimination using linear constraints

N R - AR E NPT ek i R 2L

min f(x) subject to Ax= b, (5)
e AZ-B mxn®EL? m<ne ffHEA2RL > AP EXK AT
A (full rank) © % A 255845 > I3 LB 7 - & (Fa &

1) JEALE B U 2 LR I @ 3 R AR -
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

e Simple elimination using linear constraints
N R - AR E NPT ek i R 2L
min f(x) subject to Ax= b, (5)

HY AZ-B mxn+EL? m<ne GEAL > APEXK AT
A% (full rank) @ 35 A 2Ei% % 0 R 3 E2U4]iE 2 2 - & (Fla &
fz) ,T*u{fr'%—ﬁ SRR St S UREE Y L - L L
BAGRKDBEXT > PSR A SEHEm 7o ;’z“i“‘k}
Fld- B mxmaEd B(f5 A KL basis matrix) » & &
K- BHEE ST R AEE) A i m e 60 x 0 ]
(permutation) 4" I1 > B 5

All = [BIN], (6)
He Ni7F AL BY m@F*tflekcrn—mi7 o
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§15.3 EIimination of Variables

Nip I e E xBeRm ) XNER"_'" B LI

SRR A E LB EE Ax=b £ AT 4
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Chapter 15.

§15.3 Ellmlnatlon of Varlables
APETEFT PR x, R & x, e R 4o

]

v

R AT R E R Ax=b £ AT H

b= Ax= ATI(II*x) = Bx, + Nx, .

Wi E AT S B 2 3 0 AP F 0 basic variable x, ¥ & R &
x, = B~'b— B"'Nx, . (8)

Flet ox, FALG B od Rl A s UFiEE Ax = b v 7R

(feasible point) ¥ 1345 = 3% (7) £ (8) & $18 o Tt » 7 37 (5)

FHEUFIR AL

min h(x,) = f<H {B_lb _XB_lNXN}> :

XN N

AR (8) ¢ AL R H ",ﬁ% (simple elimination) °
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§15.3 Elimination of Varlables

Consider the problem

: . 1
min sin(x; 4+ x2) + x5 + *(X4 + x5 + E) (9a)

X1 ,X2,X3 ,X4 ,X5 ,X6 3 2
subject to
8x) — 6x9 + x3 + 9x4 + 4x5 = 6,
3x1 +2x0 — x4 + 6x5 + 4xg = —4.
By defining the permutation matrix II so as to reorder the compo-
nents of x as X' = (x3, Xg, X1, X2, X4, X5)" , we find that the coefficient

matrix AIl is

(9b)

1 0:8 -6 9 4

AT=10 4i3 9 _1 ¢

The basis matrix B is diagonal and therefore easy to invert.
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§15.3 Elimination of Varlables

Example (cont'd)

We obtain from (8) that

X1
8§ -6 9 4
X3 _ X9 + 6
[XJ— 31 -1 3| {_1]-
4 2 4 2 Xs

By substituting for x3 and xg in (9a), the problem becomes

min  sin(x; + x2) + (8x1 — 6x2 + 9x4 + 4x5 — 6)2

X1,X2,X4,X5

1 4 1 3 1 1 3
+§ [X4 + X5 — (5 + gxl + ZXQ - §X4 + ZXS):| .
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Chapter 15. 25 % P Ui i

§15.3 Elimination of Varlables

Example (cont'd)

We obtain from (8) that

X1
8§ -6 9 4
X3 _ X9 + 6
[XJ— 31 -1 3| {_1]
4 2 4 2 Xs

By substituting for x3 and xg in (9a), the problem becomes

min  sin(x; + x2) + (8x1 — 6x2 + 9x4 + 4x5 — 6)2

X1,X2,X4,X5

1 4 1 3 1 1 3
+§ [X4 + X5 — (5 + gxl + ZXQ - §X4 + ZXS):| .

We could have chosen two other columns of the coefficient matrix
A (that is, two variables other than x3 and xg) as the basis for
elimination in the system (9b), but the matrix B~'N would not

have been so simple.
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

- HRE VU ER Y2 EERE - EAMB I m (T e
A B ko TR 2L B 2B ih row echelon form o T -

pivot columns E# 2 A& B {7 o
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Chapter 15.

§15.3 Elimination of Variables

SRR T EER MY EER- DARIE hm 7o 1)
N FopeE kI 0 T E 2 B 4B 40 row echelon form 0 I #
pivot columns F# 2 A& B {7 c MEFRT » A PE Y B %

5 iEFA 2T 5 well-conditioned o F — i it i = ip it PR el

AAfin & 279 4 /2 (sparse Gaussian elimination) » 322 iz § ¥ &
W3 s L el iz 413 ~ A4 (rounding/round-off errors) - i&
(FNPEN 2 TI%F& B e B N {7\ A HSL library s MA48
[96] < X > D4 T G TR/ T A i REB AT L &
2§ FE ¥ B E mé)%*“iltﬁ
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§15.3 Ellmlnatlon of Varlables

Bl #rdy i W‘JFE? Y /ﬂ ffﬂ‘&*gt,z - l[} ,}\mﬁ’*,ﬁ ﬁe? i
Lo AR EAAPFREREK II=1 7 A g mf”fﬁk’i)&’f_’ .
F(7) v (8) # 77 15+ 3% LML Ax= b shiz o 7
7 2t X‘FTS'\:" RN
[XB] = 2= Vihar 2oy (10)

I :|n><(nm)
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

Bl #rdy i W‘JFE? H /ﬂ ffﬂ‘&*gt,z - l[} ,}\mﬁ’*,ﬁ ﬁe? i
B RO AR P ER =1 7% A& m ﬁ:ﬂrﬁ&vi .
F(7) v (8) # 77 15+ 3% LML Ax= b shiz o 7
f’_'f?—ZbX"I;'TS'\:" RN

[iﬂ = x=Yb+ Zx,, (10)
He
B! ~B~'N
=[5 ], = W
R N Z*ﬁ n—mBRPJpzhiE (3 ZdT 3 FRLER
L) o T P RE AZ=0- Fp > Z°¢ éf?f;ﬁ&_%\? A & null space
-t K o
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

J‘J “Lrﬁ E rrJFE? H /ﬂ ffﬂ‘&*gt,z [ l[} ,}\mﬁ’*,ﬁ ﬁe? i
B I aAAPER =1 7% A5 m f‘-ﬁf“i)&?i )
H(T) fm (8) 2 ¥ 0 F 41 8 RN Ax=b chizin 7
7 2t X‘FTS'\:" RN

[XB] = x=Yb+ Zx,, (10)
XN
_}1 =
B! _B'N
y— { }  Z= { } . (11)
0 nxm I nx(n—m)
SR z¢ n—m BREIBE E (43 25T HH L E

L) o T P RE AZ=0- Fp > Z°¢ z’"ﬁfﬂ‘ﬁa“ A & null space
- K ot B Y i fosett Z ehiF A - B D
= S oo e APERT gE_(11) 4o (6) ¢ A Z Pl 0 Yb A4
ME N Ax= b eh— BEfF o
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Chapter 15.

§15.3 Ellmlnatlon of Varlables
HehEm o BE 2 $BE BT FRA T 5 Ax= b S ((10)
F$° i Yb) 225 F 4] e0 null space ehikm A ((10) 54 ¢ e Zx,)
g e -

[XB] = x=Yb+ Zx,, (10)

XN
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Chapter 15. 2t

§15.3 Elimination of Variables

Heawmo JH L R80T FBAF 5 Ax= b 442 ((10)
F$° i Yb) 225 F 4] e0 null space ehikm A ((10) 54 ¢ e Zx,)

g e -

x| [ B! ~B'N
|:XN:| T |: 0 :|n><mb+ |: I :|n><(n—m)XN, (10)
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

HoEE o BH Y R RT F8L T Ax= b iFfz ((10)
F$° i Yb) 225 F 4] e0 null space ehikm A ((10) 54 ¢ e Zx,)
g e -

x| [ B! ~B'N
|:XN:| T |: 0 :|n><mb+ |: I :|n><(n—m)XN, (10)

Hoe iz Yb R @B xehn—mBAERELE R ERRY
BmBEsE (X P s ®) 2RV FRIIFNA EE
f2 Yb 5 PERAL 5 L2z R4 38 (coordinate relaxation step)

¥y
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

HoEE o BH Y R RT F8L T Ax= b iFfz ((10)
F$° i Yb) 225 F 4] e0 null space ehikm A ((10) 54 ¢ e Zx,)

g e -

X B! —-B~'N
|:XB:| T |: 0 :|n><mb+ |: I :|n><(n—m)XN, (10)

N
B9 4R Yb R X n—m B A EH RS
B mBEAsR (P hard) BT PRI ER B
f2 Yb 3 PR 5 AR 3 (coordinate relaxation step) o f
(FTE)®B3°7 > 5“??“?,!‘1—”:‘413’@%4;&&15}%4?@ B % A%
- FOE R L RS I Vb ek A PR BER L A DY
S SRR AR F xo B e

¥y
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

X

Ax=b

X7

Z/ coordinate relaxation step

Figure 3: Simple elimination, showing the coordinate relaxation step ob-
tained by choosing the basis to be the first column of A.
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§15.3 Ellmlnatlon of Variables

ME s R B RRE RPN A2 RED L Bde &l
3¢V iF R A (feasible set) £ - EA T T F3 x fhenE AR o
e F T B e R £ 0 B2 magnitude § 2R & o pLpE s AR
38 % a0 minimizer x, FFo g RHR I ERE S E YD Fen
£ B 5 BB oS4 2e i (numerical cancellation) o &
BRAGRT 0 BEFERLF x #hiFfE o . i&{ggq‘&z ek
A o
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Chapter 15. L 2 A

§15.3 Ellmlnatlon of Variables

MEr R EERM S EF R AL LER L B
3¢V iF R A (feasible set) £ - EA T T F3 x fhenE AR o
e F T B e R £ 0 B2 magnitude § 2R & o pLpE s AR
38 % a0 minimizer x, FFo g RHR I ERE S E YD Fen
£ B 5 BB oS4 2e i (numerical cancellation) o &
BRAGRT 0 BEFERLF x #hiFfE o . ﬁ-%{s‘%a‘&% ek
FofRam - kR ERAGAARTE- BHESER LR
PRAHEE S o) i S chp g 0 AT ::zq% 2 LR L4 eh
Bl () Al o i 2 EL - Ry g Keg e
APET kBT
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

e General reduction strategies for linear constraints
0 deR (10) & (11) 3% > AN iPE S &

[Y:Z] e R"™" is non-singular, AZ=0. (12)
nxmFELYZ px(n—m) FEL Z ,T.%f%'\’&_(ll) =
o QERFTRPEL ZhEHES A dinull space G K

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 15.

§15.3 Ellmlnatlon of Varlables

e General reduction strategies for linear constraints
0 deR (10) & (11) 3% > AN iPE S &
[Y:Z] e R"™" is non-singular, AZ=0. (12)

nxmFELYZ px(n—m) FEL Z ,T.k‘.fg'\’&_(ll) =

o BB FEP EL ZHEHS A dnull space HR K o d 30
A s T A[YIZ]=[AYI0] 4 384 BAKRT mxm

&' AY E_non-singular °

Bk it 22kt - MA5038-*
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Chapter 15

§15.3 Elimination of Variables

e General reduction strategies for linear constraints
048R (10) & (11) 5% > A PEERE R
[Y:Z] e R"™" is non-singular, AZ=0. (12)
ginxmPELYZE px(n—m) FEL Zo ,T.%f%'\’&_(ll) v -
o GEMFRPEL Z {74+ A i null space R K o d A0
AGosfe o Tt A[YZ|=[AY:0] # F %fk o 2LAF mxm
s AY E_non-singular o F] 3 B UH| 8 Ax= b hfEV &7 &
x=Yx,+ Zx,, (13)
H¥ x, eR™ T x e R 8 (13) & x4 2R T 2
Ax= (AY)x, = b;
Flgt o d 2 AY E_non-singular » x, ¥ UALP FEd B =
x, = (AY) 1b. (14)
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Chapter 15. 2t

§15.3 Elimination of Variables

HiEH#R (14) @B 2E0 8 (13) APENEHR: TPis L
Ax=b e & x —FK"ML,:;\
= Y(AY) b+ Zx, (15)

g X, € RTTM > g 2 78k o F]gt » F\:E%E(S) T:“J‘zéfli%"%?u—r 4
‘E\!#'JFFB%

Nud

E-D

min f(Y(AY) 'b+ Zx,).

n—m
x,€R
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§15.3 Ellmlnatlon of Varlables

iR (14) BB 2ENE 0 (13) APR@ILsh: s
Ax=b e & x —FK"ML,:;\
= Y(AY) b+ Zx, (15)

B x, eR™7M> F2 ke Fpt > BAL (5) ¥ M E BT o
71/51 ‘E\’#‘JF\:B%

ngﬁgl_m fF(Y(AY) 'b+ Zx,) .
BRERT > APFLERE YREEL A Y OiF 2837 o $
(’J') » FlE (14) 8P 2R E (AY) lpo 2w i 8
T 5 QR ~f3 k5 (AY) by Ha558 4

ATl = [ @ Qz]{g], (16)

Ho s [Qlng] T 2L RE_ mxme}t = & non-
singular <B*L > IT & - B mx m &% #EL -

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 15.

§15.3 Ellmlnatlon of Varlables
& (16) ® 4B Qe R™™ 4o Qp e R™("=m) 2 4 f p & % ehis

a
wE o F TEK

Y=Qi, Z=Q.
Bl Yo Zeniz ;s R en- 2 2k > ¥ ER (16) @ & 37
7157

AY=TR", AZ=0.

Bk it 22t - MA5038-*
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§15.3 Elimination of Variables

B (16) ¥ B Qe R™M o Qe R™(™m & 5 g gt & % ehi7
L A e &

Y:Qla Z:QQ

Bl Yo Zchimasa R ch- e n A A& > ® BB (16) & £ fr4
F1s7 8

AY=TR", AZ=0.
Fg o Y e Z % K

[Y:Z] e R™" is non-singular, AZ=0, (12)

P OAY GiE R ReNIERHARR > 0 £ A KD g 2 gk o

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 15.

§15.3 Ellmlnatlon of Varlables

B (16) ¥ B Qe R™M o Qe R™(™m & 5 g gt & % ehi7
R oo F AR

Y:Qla Z:QQ
Pl Yo Z ehima54 R th- e n 2 AR > 2 BF (16) & €474
Hisv @

AY=TR", AZ=0
FlE o Yo Z % &
[Y:Z] e R™" is non-singular, AZ=0, (12)
P AY iEE Bl Renifi2dicdple > 8/ £ A A B i it #ic o
JE_(15) 2 lF“'g Il iRk & Ax= b ehfz “‘"3"' P 2% 77 &
x= QR TII'h+ @2x,
HY x, 25 Be g RTITbery 523> FA R FiF

A N RN T -LE T
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§15.3 Elimination of Variables
- BT QR TITb=AT(AAT) b & + 38 5 KL
min x|z subjectto Ax=b
HIfE o » yj}u{;ﬁ, P PR E A Ax = b o] o dkfiE o 2R
4 720 fRig— IR LR

*2

Ax=b

Figure 4: General elimination: Case in which A € R'*3, showing the par-
ticular solution and a step in the null space of A.
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§15.3 Elimination of Variables

FIER T PE R kg > il Q, O 515?5%%5?’% RN Rl
M AP e B A A E QR 43 (16) 0 * Fen
A0 30 A & T fFEr (sparse) 0F AL o fFER QR A fRent b o
j\?é‘ékbﬁéﬁ,ﬁ”t‘néwmﬁr BAH AR T e g
RN B fﬁ\“* » U e AR B EF TR -

X2

. r Ax=b
ATaA™p
\J/ﬁ

]

Figure 5: The minimum-norm step.
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§15.3 Elimination of Variables

o Effect of inequality constraints
hod BOALR P B X S R R ER A E e b
4o 5 R AE
minsin(x; + x2) + x5 + é()q + x5 + %) (9a)
subject to

8x1 — b6x9 + x3+ 9x4 +4x5 =6,

3x1 + 2x9 — x4 + 6x5 + 4x5 = —4,
PRt g x> 00 TRA A Rl x3 froxg 10 AP RE
Pl feih AP

(9b)

(X17X27X4ax5) = )
<

8x1 — 6x9 + 9x4 + 4x5
3 1 1 3

b e — — x5 < -1,
4X1 + 2X2 4X4+ 2X5

0
6

)
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§15.3 Ellmlnatlon of Varlables
(RFPTF ) e T & i Sl

sin(x; + x2) + (8x1 — 6x2 + 9x4 + 4x5 — 6)>

1 . (13 1 1 3
+§ [X4+X5 = (§+ §X1 +1X2— §X4+ZX5)}.

é’f’JFFB ‘E{ °
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§15.3 Ellmlnatlon of Varlables

(Rt

mg/‘{:_rﬁx ‘TL\;)’I
E)

sin(x; + x2) + (8x1 — 6x2 + 9x4 + 4x5 — 6)>

1 . (13 1 1 3
+§ [X4+X5 = (§+§X1+*XQ—§X4+ZX5)}.
mﬁ:%{f"ﬂt“wﬂf‘i FERE

41 (9b) ek if 2
i R x :wﬁﬁ#ﬂ ¢

>0 {4F 5> Jﬁ?;ﬁc%%éﬁ:
F Kz P 4T R
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Chapter 15.

§15.3 Ellmlnatlon of Varlables

(1\ )mg/‘{:_rﬁx‘“ﬁ’rﬁ:t
sin(x; + x2) + (8x1 — 6x2 + 9x4 + 4x5 — 6)>

+% [X4 ergl = (% aF %xl 4 ixz — éX4 4 ZX{,)}.
R RE o Fpt o /ﬂ“fi PG (9b) e AR ESARE G
U x>0 {485 #303F 5 E ¢ﬁfé$§#:%ﬂ T
F ki fF‘w}H—}i o FRm o ek PR (9) ¢ H- B KR F VL
3x1 +2x3 =1 PR /}i RSP RC X3, Xg TR REAE Y 5 AR B
30

ﬂh-r/z{ﬁ:' =
L _

—13x1 + 12x9 — 18x4 — 8x5 = —11.
R B 1 SR AT o BT 0 ) %
A ERUA G RILHR AL REF T

,
Ay
)
Nt
s

f\n
(Fmk
I
3
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Chapter 15. '

§15.4 Merit Functions and Filters
Bk (R 2R A AL R 4T

cx)=0 ifie&, )
ci(x) =0 ifieZ,

e i B2 (Blde% 17 F 3k 3¢ penalty i ~ #34 Lagrangian
B2 F 18 R SQP WM LGHNFEE) A4 - BT
VUSRS BE T e B4 T R UL i e A e E

NP RZELEBHEESE?

xeR"

min f(x) subject to {
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§15.4 Merit Functions and Filters
B fR 2R LA B AL

. . C,'(X):O ifiEE,
min f(x) subject to v (1)
xeR" ci(x) =0 ifieT,

ik BiF B2 (blde¥ 17 F 4% 7l penalty 2 ~ 4534 Lagrangian
112 % 18 £ ¢h SQP imk¢ﬁwmﬁﬁé> 241 -B "7
PRSP RSB e Arade T R R IEE Bl b EE
AP T @ﬁ& BYEBRAELAF L e E o AR
EH- BTGRP RSB E R UE 2 s B (¥ A3
AEL ) PRSI E R TRAPE 4L :mfu R R T
%ﬁ?éﬁﬁ fé‘% % @ merit function v filter o A2 Al X LR B2
# 0 R F % &R ¥ merit function Sua R b o & F v f filter
v {—q&h SPEIE 0 HEE ] AR A A h
SAERECREN E5
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§15.4 Merit Functions and Filters

B & S #ic £ E_merit function e p X iE
ﬁ:i%ﬁﬂ‘ﬁw%’ﬁ EXUR 2 ZMEREE - (K208
- B DERT ) EMEf HSEKE
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g LR aRdHm Y 0 P Rddie & merit function e p ZR:E
BoAETRE] ELVRL S EMBREF - (FD 0 R
- T HE N ) EEf éﬁxﬁ’rﬁz@. o ¥FI X LRI v (7
% (feasible methods) » & & FA=4xBEo 75 {5 1% S BEG LR 3L
Pty SN o B P RS liciv AR A - B £ i <0 merit function °
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Chapter 15. 2 bS8

§15.4 Merit Functions and Filters

e Merit functions
g X LRt et ® o P Sk £ 4 merit function 0 p FRiE
. & b é—

oA FHett] RRURL G AR LEE -4 (42
- FTHcE SR ) R f S lE o HIAITR LRI v 7
(feasible methods) » & & RAc4sBEfrarF {5 1% N BRG &R AL
Poenarg S50 o Bl P RSl A £ - B & i &0 merit function o
F-2a o tFefErger " WA OREZFRE/AIRR
T h R o fﬁ%ﬁfé_ v f iz AR T 0 merit function #-p

LT TR FAUED S FE R SRR

&* = MAS5038-*
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§15.4 Merit Functions and Filters

htap AR Rt e (1) ¢ > - B A * &0 merit function &4 4 &
B e (penalty function) = &> B £ 4 4eT ¢

g
¢106 ) = FO) + p Y G|+ p )] (6],
ie€ i€
AN HE [ RAR Mz B 2ES (2] = max{0,—z} -
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Chapter 15.

§15.4 Merit Functlons and Filters

htap AR Rt e (1) ¢ > - B A * &0 merit function &4 4 &
B e (penalty function) = &> B £ 4 4eT ¢

[

Gr(x; ) = F(x) +p . |G() 4+ 1) [aXx)],

ie€ i€l
Bt RE [z]T R A FEczZOE I H TR G [z]T = max{0,—z} -
it Sodc p f s T 3-8k (penalty parameter) o T - 23N I Ap 4T

PR v 4 4]0 K £ o £ merit function ¢ d 3t 8 %
e []7 Sficenis e 2 ¥ o e v B B AR (exact) LenE &
%%Il‘i o

_\

Definition (Exact Merit Function)

A merit function ¢(x; i) is exact if there is a positive scalar p, such
that for any p1 > ., any local solution of the nonlinear programming

problem (1) is a local minimizer of ¢(x; ).
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§15.4 Merit Functions and Filters
TR T 0 £1 merit function

eI o NP ER A

¢1(x; ) A_exact » B P HE $dic (threshold value) py %
s = max {|Af||ie £ LT},

HP NF EEERR x, 40 B T 0 Lagrange k3 o A o d T

i Lagrange %ﬁ—* ¥ A& A Foen Y /) merit function e

A F gl TR AT REA S (R ) P EED

wﬁ%ﬂ%%ﬁ%ﬂﬁéméﬁ’iaﬁT%ﬁ@

1
B

&&m%ﬂ

9 i 7 o

Bk it 22t - MA5038-*
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§15.4 Merit Functlons and Filters
et Im Y > APEEP & - TAEK T 0 L merit function
¢1(x; ) A_exact » B P HE $dic (threshold value) py %
s = max {|Af||ie £ LT},
HP NF EEERR x, 40 B T 0 Lagrange k3 o A o d T
% Lagrange %ﬁ‘* T A E A aoa s A3 0 merit function #F & %
K Ee FRAARGHET FE S (FES) FAEED

P dag FLEI ° &E%ﬂ‘]ﬁ‘z#‘?lﬁ-lL:;z EE > T AT ki
g ¢ BTt o
¥ - i#F * ¢ exact merit function E_i¢ * 7 {5 norm @ ¥ & ;¢

4] B 4E exact /o merit function 73353% &

$2(x; ) = F(x) + plle(x)]l2 -
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§15.4 Merit Functions and Filters

Ra Fli 2-norm JE LG T3 o S gy T AT T Ml U B

B R c(x) =0 x Bk & o
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§15.4 Merit Functions and Filters

Ra Fli 2-norm JE LG T3 o S gy T AT T Ml U B
BmE c(x) =0 i x BEen ek €& o F E merit function L i x
X exact » e 5 [ PF T 427 exactness 0 3V P % JF & merit
function ® 4v » % ¢F e03F o Bdo¥ T R OE Vg and i R
3% > Fletcher ¢33 & Lagrangian 4= :

Br(x; 1) = F(x) = A0 e(x) + 5 MZ ci(x), (17)

ieg

He pu>0 L S8 a % Ax) %7 c(x) & Jacobian
matrix > B A A

AX) = [AFAK)T] AR VE(X). (18)
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§15.4 Merit Functions and Filters

Ra Fli 2-norm JE LG T3 o S gy T AT T Ml U B
R c(x) =0 x Bk & o § & merit function T
X exact » e 5 [ PF T 427 exactness 0 3V P % JF & merit
function ® 4c » Zf ¢F 6038 o Gdo¥ A R B E N4 ahg iF i R
3% > Fletcher ¢33 & Lagrangian 4= :

e (x; 11) = F(x) — Ax)Te(x) + 5 MZ ci(x)”, (17)

ie€

B opu>0 28 28 @ %1 AX) %7 c(x) ¢ Jacobian

matrix * B \ &
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- B 2% 7 F = merit function £_ (% ¢0) 3 B Lagrangian > %
FEE AR AR HAs G

Lalx A5 ) = F(3) = Xex) + 3 pulle()I3

213 iF v ORI EE (trial point) (XT,AT) & La(XT, AT ) B
FOERE () PEXRFFRE TR o R RE Lo hfF
LA R RE S 5 T 7 § — B merit function > F] 5 (X, A\y) i

¥ E_La(x, \; @) 7 minimizer @ ® & - & stationary point °
» A5 yp
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§15.4 Merit Functions and Filters

- B 2% 7 F = merit function £_ (% ¢0) 3 B Lagrangian > %
FEE AR AR HAs G

Lalx A5 ) = F(3) = Xex) + 3 pulle()I3

213 iF v ORI EE (trial point) (XT,AT) & La(XT, AT ) B
FOERE () PEXRFFRE TR o R RE Lo hfF
LA R RE S 5 T 7 § — B merit function > F] 5 (X, A\y) i

=

¥ 3 A La(xA;p) £ minimizer @ 7 4 - i@ stationary point ° &
- BB R (SQP) 3 i e B ou o N 2
¥ -3 B Lagrangian L4 % 5 — 1 merit function » fe f2 {4 chi
A g #HAR S - B merit function ki€ * o fp kB o S
W1 B B EYZLT o exact T Sl ¢y & g o

i
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§15.4 Merit Functions and Filters

d line search 2 = g% # xT = x+ ap & ¥ merit function
d(x;pu) 2 A& 4 K4 e £ (sufficient decrease) » R % & £
RS o TR T akiEy EHERE ) ERMAS- A2 N

& X LIR P # * g0 Armijo condition # i ¢ H S BciE i b g

7}5}"}”: 1__%} A ﬁtm?ﬁzf‘ % 0 T R
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§15.4 Merit Functions and Filters

d line search 2 = g% # xT = x+ ap & ¥ merit function
o(x;p) 22 B A 4 K43 ekt £ (sufficient decrease) » Bt # 2 &
RAkdeR o 2R TodEy LHERE ) @BMAD- 2 08
& X LIR P # * g0 Armijo condition # i ¢ H S BciE i b g

AP B Y S BHTERIR A L S ) o

¢y 4= €y merit functions ¥ 2 ¥ fic > @ U i AT F P ot @ H
gc‘}‘;rsr’;; o AT ERFHRY o APER Hxgu) B e p e

il 5 D(o(x;p);p).
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% line search = j# ¢ > El’v@:fﬁ TRAER RS RIEER fHE
Ba>0 84 > @EFrEN

d(x+ ap; p) < ¢(x; 1) +naD(p(x; 1); p) (19)
R B e (0,1) + =

\\\ﬁr
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Bea=0 8%y EF2E \

d(x+ ap;p) < ¢(x; ) + naD(P(x; 1); p) (19)
$#3x B ne(0,1) ==

% & @& trustregion = 2 AT X LR BRI W K g8
- B = &3] m(p) K im3t A iE2 {8 merit function ¢ hiE > @
S AP IRR B DiE T AR B A o) kg o &
AW o B trust-region = 2 ¢ Sdc(E § RS9 ER R 0 2 £
& ne(0,1) @& #

P(x+ p; p) < d(x; 1) — n(m(0) — m(p)), (20)
AR T (20) 0 ekt - ARG FIZHEE pARFE S R
WAl m Sk o o BNl w40 §185.
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§15.4 Merit Functions and Filters

o Filters

Filter engtpis £ L0t 5 B P & 5 B (multi-objective optimiza-
tion) e E ar g B d ok endh 2 € & X 4] (step acceptance
mechanisms) °
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§15.4 Merit Functions and Filters

o Filters

Filter engtpis £ L0t 5 B P & 5 B (multi-objective optimiza-
tion) e E ar g B d ok endh 2 € & X 4] (step acceptance
mechanisms) » 2L 415 A B P A 0P RS Bicfois B

RliEE o ek AP T R- B2 7 FARE (measure of infeasi-

bility) %
h(x) = X, le()l+ ) [a)] (21)
ie€ i€l
AT L EERES B P ELAT
min f(x) and min h(x). (22)
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§15.4 Merit Functions and Filters

o Filters
Filter ey §_ L »r ikt 3 B P 4% 3 ¥ (multi-objective optimiza-
tion) e E ar g B d ok endh 2 € & X 4] (step acceptance
mechanisms) L5313 A B B A B P S Bofeid L
RliEE o ek AP T R- B2 7 FARE (measure of infeasi-
bility) %

h(x) = > lci()l+ Y [a(®)] (21)

ie€ i€eT
AT L EERES B P ELAT
min f(x) and min h(x). (22)
X X
B BRI S H L - BB (b F 350 merit function 7 2 R
o filter 325G (22) ¢ hA B R RSB EABR Y R o
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§15.4 Merit Functions and Filters
EREH F X s (F(H), h(xt)) 3R E 2 A erd &
nd BB ¥ (fr, hy) = (F(xp), h(x¢)) #7 dominated ’

filter 3 2 #-42% xT (T L 37ePiE N B o T A T K407 o

Definition
@ A pair (fx, hy) is said to dominate another pair (fy, hy) if both
f < fp and hy < hy.
@ A filter is a list of pairs (fy, hy) such that no pair dominates any

other.
© An iterate xi is said to be acceptable to the filter if (fx, hy) is

not dominated by any pair in the filter.
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§15.4 Merit Functlons and Filters
EREH F X s (F(H), h(xt)) 3R E 2 A erd &
nd BB ¥ (fr, hy) = (F(xp), h(x¢)) #7 dominated ’

filter 3 2 #-42% xT (T L 37ePiE N B o T A T K407 o

Definition
@ A pair (fx, hy) is said to dominate another pair (fy, hy) if both
f < fp and hy < hy.
@ A filter is a list of pairs (fy, hy) such that no pair dominates any

other.
© An iterate xi is said to be acceptable to the filter if (fx, hy) is

not dominated by any pair in the filter.

B - BB X AR filter S AP (L F ) B (f hy) A r
filter » & #1]'% 4% (fx, hi) dominate &% 5 S ficie ¥ o
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§15.4 Merit Functlons and Filters

B 6(FF)&m1— @ filterr 39 filter ¥ & $4 (fy, hy) 35
2 8L T oo filter ¢ chE - ,;%’K,I‘J.ﬁ LAEAEL T A AlE- B (&
i) B RS ZAERE T B A filter X 0 A (K
A fm) & - BELATAIE R, R B B R T & T A AR filter
B EHEE c L EMEE AR 6 ° o Aok BER X
hs BB H (F7, hT) B30 ™ 2 & 2 > BT ¢4 filter 2

< o2
X E¥) o
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§15.4 Merit Functlons and Filters

h()c)A

(i)
e

Lihi)

> fix)

Figure 6: Graphical illustration of a filter with four pairs.
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§15.4 Merit Functions and Filters

& 7 b g filter fv merit function > ;2 > A
i &+ ph = fk+,uhk\3$§:mﬁ (f,h) eh%E B 5 -

LW T(TT)
H ¢
2 PR B R % X merit function

Xk o % N E
AR EEE filter @

o(x; ) = f(x) + uh(x) 5 B (B ¥
FTXAOGDEERF F R oo

Bk it 22t - MA5038-*
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§15.4 Merit Functions and Filters

\\ (fk;hk)
.\

\

\
isovalue of

\
merit function

LGk

> fix)

Figure 7: Comparing the filter and merit function techniques.
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§15.4 Merit Functlons and Filters

—

% 7 b filter v merit function = 2 > AP AR 7T (T F ) ¢
ik &+ ph = fk+uhk o ddciEH (Fh) chEgm  H¢
Xe 5§ ¥ REBL o AR L P OTE P H KT E X merit function
o(x;p) = F(x) + ,u,h(x) S P ¥ BB &R B & & filter ¥
BEXagail LApE A F oo
dr% d line search = i 2 & R FH B xT = X+ oupk BT - B
% & filter enddicEy (FT, Ay AP X =xt: ER)> 'T}U
i£ 7 backtracking line search o % trust-region = j# ¢ » 4r% ¥ 5}?
7 i & filter enif i o BRI MRS o X ERTYH AT
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§15.4 Merit Functions and Filters

:\% % jﬁ {'E‘;’ ,1( ﬂ{’ff' = m'ﬁa K’& I“} Eb ) ' .@ }‘J’ ﬁé fllter ;}i,{‘h‘
BIT- BB c FA O APTRAERAY BT WS
BB 3 (fi, he) & filter @ en¥ — SuliciE 0 (F(xT), h(xT)) #

& <7
23

W ST (T i S RUH - -
Mip— B ek G- rﬂftﬁ 0,1) i€ (75> filter ¥ e975 I
BE (f, hy) o RN X -

f(x") < fi— Bh; or h(x*t) < hj — Bh;,

1| 2N e J 2 2y 2k e S - B IR Y O By A At
Y 73 i Ry i~ o vl
RIX PR ZFFEH RS T -2 B PHEREHFRIGR L
FIES R ¥ 4o =100 EHken@E L J rch> AL ALY
AP R - B RS FH
ar . _ BART
f(xt) < f,— Bh.
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B sy e AT KRS filter 4] £ F g e e LJ«_#:
TR o filter 4% d linesearch = 2 ¢ AdE =3 5
et R o BB R T i R E 2 BF (stall) o4 pe

7 S A L backtrackmg line search # = b £ -] > 48 2
BE omin > R B 283 57 71134 1 £ (feasibility restoration
phase) °

9
w3
e @
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§15.4 Merit Functlons and Filters
BCOBR R E A RRID filter Pl B H BG v o B4

TR o filter B4 % d linesearch = 2 ¢ 4d0F 2w F chiE R
1

R ooy BRI ET A EREZ BF (stall) frk pre 3

B g st R 0 ek backtracking line search 2 = efadh £ ] 30 36 2

BB amin’ RIEZ#H 5 ¥ 714340 ¢ B (feasibility restoration
phase) o Ir 34 » % trust-region = % ¢ 5 dedk - kI RIF ) B
A filter 8% » BB LE VT R MR EFCHP T FHEEN

37 (350 §18.5)c LiEEIRT 0 4 §EE T FRBRNG

oo
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B BRI K AIL filter B e B o b
TR o filter B4 % d linesearch = /2 ¢ 4 3F 3 5+ chix;
et R o BB R T i R E 2 BF (stall) o4 pe
gt R 0 e % backtrackmg line search # =t c3h £ o] 2438 2
BB amin’ RIEZ#H 5 ¥ 714340 ¢ B (feasibility restoration
phase) o Ir 34 » % trust-region = % ¢ 5 dedk - kI RIF ) B
A filter £ > GHEBLEV AR MR ELZERF FHERE
37 & (342 §185)« &_i%ﬂfé‘?i‘%‘f S ST
B APRBADL - RET LT v NIRRT
e B he R P A S g MM T RS R B E
IFL—?—! 5 P AR o

Y
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T AR RS T AR RE N FRE  TES

R 3T 0 f2
min h(x) .

& E

I 2E Sk i o EAPALY 17T R € BT l?t%*%ﬁ‘m:‘ B
Bl REEHARAR ) PR AET
2 filter § % e PR o
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T AR RS T AR RE N FRE  TES

R 3T 0 f2
min h(x) .

& E

TAkESH EAPALY ITRE? §EFoPR Y L ﬁ‘mH’ &
Bt F RPAEHARETER ] o LR AED

22 filter 4L 7 i RpEH b o

AP AT - F R A - B A (N iE /2 F 5 P trust-region < 4
= ef filter > 2 ehfedf o 3 B X UR I PR E S E dndh 0

% 0 §18.5 -

Ching-hsiao Arthur Cheng Btk - MA5S038-*



Chapter 15. -

§15.4 Merit Functions and Filters

Algorithm 15.1 (General Filter Method)
Choose a starting point xp and an initial trust-region radius Ag;
Set k — 0;
repeat until a convergence test is satisfied
if the step-generation sub-problem is feasible
Compute a trial iterate x© = xx + py;
if (fT,hT) is acceptable to the filter
Set xx11 = x" and add (fi11, hey1) to the filter;
Choose Agyq such that Agyq = Ag;
Remove all pairs from the filter that are dominated by

(fk+17 hk+1);
else
Reject the step, set Xxr1 = Xk
Choose Ay < Ag;
end if
k—k+1,;
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§15.4 Merit Functions and Filters

else
Compute X411 using the feasibility restoration phase;
end if

end (repeat)
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§15.4 Merit Functions and Filters

Algorithm 15.1 (General Filter Method)
Choose a starting point xg and an initial trust-region radius Ag;
Set k < 0;
repeat until a convergence test is satisfied
if the step-generation sub-problem is feasible
Compute a trial iterate x* = xx + py;
if (F*, hT) is acceptable to the filter
Set xk11 = xT and add (fir1, her1) to the filter;
Choose Agy1 such that Agyq = Ag;
Remove all pairs from the filter that are dominated by (fit1, hkt1);
else
Reject the step, set xk+1 = Xk;
Choose Axtr1 < Ag;
end if
k<— k+1;
else
Compute xkt1 using the feasibility restoration phase;
end if
end (repeat)
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§15.4 Merit Functions and Filters

Algorithm 15.1 (General Filter Method)
Choose a starting point xg and an initial trust-region radius Ag;
Set k < 0;
repeat until a convergence test is satisfied
if the step-generation sub-problem is infeasible
Compute xx41 using the feasibility restoration phase;
else
Compute a trial iterate x™ = xx + px;
if (F7, hT) is acceptable to the filter
Set Xk+1 = X+ and add (ﬁ(+1, hk+1) to the filter;
Choose A1 such that Axy1 > Ay
Remove all pairs from the filter that are dominated by (fit1, hkt1);
else
Reject the step, set xkr1 = Xk;
Choose Axt1 < Ag;
end if
k<— k+1,;
end if
end (repeat)
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§15.5 The Maratos Effect

H b H 2t merit function 2 filter ()% & 2 ¥ ap F

U R
THE P AR EFAFERETHEE | 7 2 AE sk T

FAEEF A PR G ¥ A S Maratos 250 FlE T A d

Maratos % [199] ek~ ¥ LB T o M T H - B+ - H P Hig
E

B opp bk R aE A 4 C jrar RER R R IrAER
P RS BcE{or | id £ R B 30H 4 -
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§15.5 The Maratos Effect

O H 3 merit function & filter 3F 5 2 F a0 Fl 5 U P A X

THE PR AR EAFEROHEE | A RZ R jTar e B
K ZRF A DR G FARA S Maratos 2l 0 F1 R U A d
Maratos 7 [199] ek~ # LR T - 1T - B+ » H ¥ Hie
oo dr kM BER ERA L - i EREXOEFIFELER
P RSB A F R 39 4 o

Consider the problem

min f(xq, x) = 2(x% + x§ — 1) — x; subject to x7 +x3 = 1.
One can verify (see Figure 8) that the optimal solution is x, =
(1,0)T, that the corresponding Lagrange multiplier is Ay = g and
that V2, L(x, \s) = L
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Example (cont'd)

contours of f

/
_~— constraint

’

2 2 _
xj +x2_1

Figure 8: Maratos Ef-
fect: Note that the con-
straint is no longer satis-
fied after the step from
Xk to xx + px, and the
objective value has in-
creased.
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§15.5 The Maratos Effect

Example (cont'd)
Let us consider an iterate xi of the form xx = (cos®,sin §)*, which
is feasible for any value of . Suppose that our algorithm computes
the following step:

Pk = (sin29, — sin 6 cos G)T, (23)
which yields a trial point

Xk + px = (cos b + sin?6, sin 6(1 — cos 0))T.
By using elementary trigonometric identities, we have that
Ixk 4+ Pk — xi | = 25in2(0/2),  |xk — x«| = 2|sin(8/2)|,

and therefore
HXk+Pk _X*H _ 1
I xk — s |12 2’
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§15.5 The Maratos Effect

Example (cont'd)

Hence, this step approaches the solution at a rate consistent with
Q-quadratic convergence. However, we have that

f(xk + px) = sin20 — cos @ > —cos 6 = f(x),

c(xk + px) = sin?0 > c(xc) =0,
so that both the objective function value and the constraint violation

increase over this step. This behavior occurs for any nonzero value

of 6, even if the initial point is arbitrarily close to the solution.

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 15. L& {5 P LR v JF B 2 2. A

§15.5 The Maratos Effect

Example (cont'd)

Hence, this step approaches the solution at a rate consistent with
Q-quadratic convergence. However, we have that

f(xk + px) = sin20 — cos @ > —cos 6 = f(x),

c(xk + px) = sin?0 > c(xc) =0,
so that both the objective function value and the constraint violation

increase over this step. This behavior occurs for any nonzero value

of 6, even if the initial point is arbitrarily close to the solution.

hbate]F P o TR filter 12 B REF T AR

¢(x; 1) = f(x) + ph(c(x)), h=0, h(0)=0,
¢ merit function S #ciE T Ui B2 o R EIESE (23) ke
® (F 5 (FOxk+ pr), h(xk+ pr)) # (fi, hy) #7 dominated ) o ]
BU o R Rt S E IR 5] Maratos pk iR 5 o
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§15.5 The Maratos Effect

b % 7 B4 T4 % 0 Maratos sV i 6 T HRIF H 2 A R

.

SpF 2. U4F R E 0 T JEER superlinear T &g o #F . Maratos % &
g e de T Bk
Q@ APF iR * - B3 £ Maratos » /i 8 45 merit function ©
- i &+ &_Fletcher en3% 3 Lagrangian (17) -
@ AT U@ * -PES D 0 b oy ¥ i de - #ied P, %A E
B b e+ pe) fgt B 0 TR0
© ¥ 14 L 3F merit function ¢ f R % P B4 S e
oo AT LG 2LE B ek o

AP RET - Y AR A A

\_
P
(=
¥
o
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§15.6 Second-Order Correction and Non-monotone Techniques

AiFiphe- BRERUSEF R BOB I R WE RN
43 5. PR 22 Maratos 225 4p B e FIEE o 12 T A A B 5 U] g
FERETREEHEHIT AR E RS c(x) =0 4
¢ c:R" - RIEI .
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g 4 - AT O S FEABREBEOE I X5 IHE 2
49 50 PR¥2 Maratos »cJE4p B cRFIEE o 12 F A A B X U E ] eng
Fi AT fp i BT L_{'?mmﬁj'k?ﬁtfs?a ( ):0’:51
¢ ¢c:R" - REl
Bz - BHEE po ZHFBEHER p DTHK G

Pr = —Ak (AAL) e+ pi) (24)

He A= Alxk) E_ BB xx s* 4] S0 %k ¢ =0 Jacobian matrix °

AR T é_’:rﬁﬁk f—? FARREE A IS ol c i) |3 Xk + Pk )f@rﬁ%‘i
ll“i’_[L éﬂ"f‘i—‘t}; s 7R

AP+ c(xk+ px) = 0.

Z

TR P Ao Ak R F Mo BT -
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§15.6 Second-Order Correction and Non-monotone Techniques

B 1A e p ek L c(x)] 193] o — x|’ ek o
RELHER p S L Apetcla) =00 @B EFAM X
P X+ prc+ Py R BT 0 A fENITE X merit function ¢
SBE o TH 5 A2 A b X+ i AT U e ¢ B
B4R (24) 7B H D TR A EE
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Algorithm 15.2 (Generic Algorithm with Second-Order Correction).
Choose parameters 1 € (0,0.5) and 71,70 with 0 < 71 < 75 < 1;
Choose initial point xp; set k < 0;
repeat until a convergence test is satisfied

Compute a search direction py;
Set ax < 1, newpoint <« false;
while newpoint = false
if O(xk + akpi; 1) < ¢(xk; 1) + nouD(P(x; 11); Pi)
Set Xky1 < Xk + akpr;
Set newpoint <« true;
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else if a =1
Compute py from (24);

if o(xk + pi+ Pis 1) < P(xks 1) + nD(S(xi; 11); i)
Set Xxt1 < Xk + Pk + Py
Set newpoint < true;
else
Choose new a in [Tia, Tocu];
end
else
Choose new a in [Tia, Toou];
end
end while (37 X 2.2 & ke k+122% 123 5 #)
end repeat
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¢ Non-monotine (watchdog) strategy
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Algorithm 15.3 (Watchdog).
Choose a constant i € (0,0.5) and an initial point xp;
Set k— 0, S < {0};
repeat until a convergence test is satisfied
Compute a step py;
Set Xjy1 < Xk + Pk;
if d(xky1) < dxk) + nD(d(xk); Pk)
k—k+1, S —Su{k;
else
Compute a search direction pyi1 from xyi1;
Find ayq such that
A(Xr1 + arp1Prr1) < P(X1) + Mok 1 D(D(xkr1); Prt1);
Set Xkr2 < Xky1 + Qkt1Pki1;
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if P(xr1) < d(xx) or P(xr2) < d(xk) + nD((xk); pic)
k—k+2, S§—Su{k
else if ¢(xxr2) > &d(xk) (* return to x, and search along py *)
Find oy such that
P (i + aupi) < (i) + nawD(P(xi); i) ;
Compute xi13 = Xk + Qkpx;
ke k+3,8—Su{kh
else
Compute a direction pgio from xyio;
Find a9 such that
P(Xhr2 + kp2Prr2) < G(Xur2) FNr2 D(G(Xkr2); Prr2);
Set Xx13 < Xkr2 + Qky2Pkr2;
k—k+3, S—Suk;
end
end
end repeat
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