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Q@ V- &7 k&3] exact ) > 2 £k F 2 (method of
multipliers) £ 3 & Lagrangian = ;2 (augmented Lagrangian
method) » Aizfa> 2 ¢ > & * P gEeo Lagrange %+ G E
kg = X E) 3B F o ill-conditioning i e

$- bR St Ech R (log-barrier) 2 & ¢ HEIRF U LT T

it R RITE TR B OER o & ;ﬁ_ ER A SR (a

Rplerhdiz - > A PERES 19F 7 8- At o

Ching-hsiao Arthur Cheng #8535 % Bk it 222t MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

o Motivation
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§17.1 The Quadratic Penalty Method
S R
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§17.1 The Quadratic Penalty Method
S R

min f(x) subject to ¢i(x)=0,i€&, (1)
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§17.1 The Quadratic Penalty Method
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§17.1 The Quadratic Penalty Method

Consider the problem

min(x; + xz) subject to xZ 4 x§ —2 =0, (3)

for which the solution is (—1, —1)T and the quadratic penalty func-
tion is )
Q(X;M):X1+X2+g(X12+X22—2). (4)

We plot the contours of this function in Figures 1 and 2.
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§17.1 The Quadratic Penalty Method

Example (cont'd)

In Figure 1 we have ;= 1, and we observe a minimizer of @ near
the point (—1.1, —1.1)T. Note that there is also a local maximizer
near x = (0.3,0.3)%.
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§17.1 The Quadratic Penalty Method

Example (cont'd)

In Figure 2 we have . = 10, so points that do not lie on the feasible
circle defined by x? + x2 = 2 suffer a much greater penalty than in
the first figure — the “trough” of low values of @ is clearly evident.

05 1 15

Figure 2: Contours of Q(x;u) from (4) for u = 10, contour spacing 2.
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§17.1 The Quadratic Penalty Method

Example (cont'd)
The minimizer in this figure is much closer to the solution of the
problem (3). A local maximum lies near (0,0)%, and Q goes rapidly

to o0 outside the circle x? + x3 = 2.

Figure 2: Contours of Q(x; ) from (4) for u = 10, contour spacing 2.
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§17.1 The Quadratic Penalty Method

$r- e 33 RS TH R S U e T A i R
. . ci(x)=0,ie&,
min f(x) subject to { G(x) > 0.ieT, (5)

AN AN - e S T

Q(x; ) 2 MZ ([ci()]7)", (6)

:eE i€l
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§17.1 The Quadratic Penalty Method

o Algorithmic framework
A3 AT Sl (2) B E - BRI AT AT o

Framework 17.1 (Quadratic Penalty Method).
Given g > 0, a non-negative sequence {74} with 7, — 0, and a
starting point xg;
for k=0,1,2,---
Find an approximate minimizer x, of Q(-; ), starting at x;,
and terminating when |ViQ(x; k)| < 74
if final convergence test satisfied
stop with approximate solution xy;
end (if)
Choose new penalty parameter pigyr1 > fig;
Choose new starting point x;, ;
end (for)
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§17.1 The Quadratic Penalty Method
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§17.1 The Quadratic Penalty Method
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§17.1 The Quadratic Penalty Method
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§17.1 The Quadratic Penalty Method

AR X LR R AL

minf(x) subject to {c,-(x):O,/eé’,

o) = 0, Fe T (5)
B R PR St F AN PEP T

Consider the penalty function for Problem (5) taking the form
P(x; ) = f(x) + ph(x),

where h : R" — Rt U {0} satisfies h(x) = 0 if and only if x is

feasible.
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§17.1 The Quadratic Penalty Method

P AN SR L
min f(x)  subject to {Ci(X)ZO,:eg,

() >0,ieT ()
Bt h R - STl FAAPEP T

Consider the penalty function for Problem (5) taking the form
P(x; 1) = Fx) + ph(x),

where h : R" — Rt U {0} satisfies h(x) = 0 if and only if x is
feasible. Let {jx} = R be strictly increasing, and for each k € N
there exists an exact minimizer xi of P(-; ux). Then for all ke N,

Q P(xi; pk) < P(Xpeg1s fhhes1)s

Q h(Xk) = h(Xk+1) and f(Xk) < f(Xk_H),'

O f(x«) = P(xk;pk) = f(xk), where x, is a global solution of

Problem (5).
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§17.1 The Quadratic Penalty Method

By the fact that xx is an exact minimizer of P(-; ux), we have

P(xic; piw) < P(Xuq1; pin) = F(Xuq1) + pch(Xuq1)
< F(Xkg1) + pkrr h(Xieg1) = P (X1 5 pokgr) -
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§17.1 The Quadratic Penalty Method

By the fact that xx is an exact minimizer of P(-; ux), we have

P(xic; piw) < P(Xuq1; pin) = F(Xuq1) + pch(Xuq1)
< F(Xkg1) + pkrr h(Xieg1) = P (X1 5 pokgr) -

Moreover,
P (xk; b)) < POxigr, ) and P(Xie1, pa1) < P (X pie1) 5
thus
f (i) + pch(xi) < f(Xir1) + pch(xiq1)
f(Xkt1) + k1 h(xu1) < () + pier1 h(xi) -
Summing the inequalities above and rearranging terms, we have
(k1 — ) h(xi1) < (paer — ) h(xk) -
Since {uk} is strictly increasing, we have pyr1 — pux > 0 so we
conclude that h(xky1) < h(xk). o

¢
f
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§17.1 The Quadratic Penalty Method

Proof (cont'd).
Having established h(xx+1) < h(xk) for all ke N, we have

f(Xkr1) + prh(xer1) = P(xi1; ) = Pxk; pk)
= (Xk) a4 ukh(xk) > f(xk) + pxh(Xer1) -

f
This implies that f(xx11) = f(xk) for all ke N.
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§17.1 The Quadratic Penalty Method

Proof (cont'd).
Having established h(xx+1) < h(xk) for all ke N, we have

f(Xkr1) + prh(xer1) = P(xi1; ) = Pxk; pk)
= (Xk) a4 ukh(xk) > f(xk) + pxh(Xer1) -

£
This implies that f(xx11) = f(xk) for all ke N.
Finally, if x, is the minimizer of Problem (5), h(xs) = 0; thus

f(x) = F(xe) + prh(xe) = P(xe; i) = P(xk; px) = F(xk)- J

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).
Having established h(xx+1) < h(xk) for all ke N, we have
F(ir1) + ich(Xier1) = P(Xiras i) = P(Xies )
= f(xk) + prh(x) = f(xk) + pch(Xeq1) -
This implies that f(xx11) = f(xk) for all ke N.
Finally, if x, is the minimizer of Problem (5), h(xs) = 0; thus
Fxe) = F(xe) + uch(xs) = POxcs i) > PO i) > F(x). 0

Let pyx /' oo, and for each k € N there exists an exact global
minimizer xi of P(-; ), where P is defined in the previous lemma

in which f and h are continuous. Then every limit point X of the

sequence {xx} is a global solution of the Problem (5).
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§17.1 The Quadratic Penalty Method

Let x, be a global solution of (5) and X be a limit point of {xk}.
Q f(xx) < f(x) for all x with h(x) = 0.
Q there exists a subsequence {k;} of {k} such that

Pk < bk, ViEN and lim xg;, = X.

Jj—0
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§17.1 The Quadratic Penalty Method

Let x, be a global solution of (5) and X be a limit point of {xk}.
Q f(xx) < f(x) for all x with h(x) = 0.
Q there exists a subsequence {k;} of {k} such that

Pk < bk, ViEN and lim xg;, = X.

Jj—0

By the previous lemma,
f(x) = fxi;) + puh(xi;) = Pxis ;) = F(xx) -
Passing to the limit as j — oo, by the continuity of f we obtain that
f(x«) = f(X) + limsup pgh(xg) = £(X).

j—0
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§17.1 The Quadratic Penalty Method
Let x, be a global solution of (5) and X be a limit point of {xk}.
Q f(xx) < f(x) for all x with h(x) = 0.
Q there exists a subsequence {k;} of {k} such that

Pk < bk, ViEN and lim xg;, = X.

By the previous lemma, o
f(x) = fxi;) + puh(xi;) = Pxis ;) = F(xx) -
Passing to the limit as j — oo, by the continuity of f we obtain that
f(x«) = f(X) + limsup pgh(xg) = £(X).

j—0

This shows that limsup juxh(xy;) exists. The continuity of h and
Jj—oo

the fact that uy " o0 show that h(x) = 0; thus X is feasible. Since
f(x«) = f(X), X is a global solution of Problem (5) o
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§17.1 The Quadratic Penalty Method
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§17.1 The Quadratic Penalty Method

Consider the constrained optimization problem
min f(x) subject to ci(x) =0,i€&. (1)
X
Suppose that the tolerances and penalty parameters in Framework
17.1 satisfy 7, — 0 and pyx /" 0. Then if a limit point x, of the

sequence {xx} is infeasible, it is a stationary point of the function
[=eS] &
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§17.1 The Quadratic Penalty Method

Consider the constrained optimization problem

min f(x) subject to ci(x)=0,i€&. (1)
Suppose that the tolerances and penalty parameters in Framework
17.1 satisfy 7, — 0 and pyx /" 0. Then if a limit point x, of the
sequence {xx} is infeasible, it is a stationary point of the function
lc(x)|?. On the other hand, if a limit point x, is feasible and the
constraint gradients Vc;(xy) are linearly independent, then x, is a
KKT point for the problem (1).
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§17.1 The Quadratic Penalty Method

Consider the constrained optimization problem
min f(x) subject to ci(x) =0,i€&. (1)
X

Suppose that the tolerances and penalty parameters in Framework
17.1 satisfy 7, — 0 and pyx /" 0. Then if a limit point x, of the
sequence {xx} is infeasible, it is a stationary point of the function
lc(x)|2. On the other hand, if a limit point x, is feasible and the
constraint gradients Vc;(xy) are linearly independent, then x, is a
KKT point for the problem (1). For such points, we have for any
subsequence {x} of {x\} satisfying Jhﬁrg Xk; = X« that

lim —pgci(x) = A; Vie&, (7)
j—0

where \, is the multiplier vector that satisfies the KKT conditions

(32),, (see the next page) for the equality constrained problem (1).

= =
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Theorem 12.1 — KKT conditions

Theorem (First-Order Necessary Conditions)

Suppose that xy is a local solution of problem
ci(x)=0,ie&,

1
¢i(x) =0,ieT, (12

min f(x) subject to {

xeR”
that the functions f and ¢; in (1)12 are continuously differentiable,
and that the LICQ holds at x,.. Then there is a Lagrange multiplier
vector Ay, with components X7, i€ £ UZ, such that the following
conditions are satisfied.

Vi L(Xs, M) =0, (32a),,
Gi(x«) =0 forallie€, (32b),,

Gi(x) =0 forallieZ, (32¢)4,

AN =0 forallieZ, (32d),5

Aici(xe) =0 forallie & UT. (32¢)4,

= = = =
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§17.1 The Quadratic Penalty Method

Let x, be a limit point of the sequence of iterates {xx}. Then

there is a subsequence {xx} of {xi} such that lim x;, = x,. By
j—
differentiating Q(x; 1x;) in (2), we obtain
Vi Q (15 i) = VI (xig) + i . €i(xi) Vi (xi),
ie€E
so from the termination criterion for Framework 17.1,

[7F(x15) + 11y Y €1(0) Vi ()

ie€

< Tk - (8)

Applying the triangle inequality and rearranging terms in the expres-

sion above, we obtain

H > cilxi) Vei (x| < Ml

i€E ki

[+ IV £ (i) [] - (9)
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§17.1 The Quadratic Penalty Method

Proof (cont'd).
When we take limits as j — oo, by the fact that the right-hand side

of (9) approaches zero, we obtain
> ci(x) Vei(x) = 0. (10)
ie€

If ci(x«) # O for some i € £ (this happens only if the constraint

gradients Vc¢;(xx) are linearly dependent), then (10) implies that x

is a stationary point of the function |/c(x)|?.
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).
When we take limits as j — oo, by the fact that the right-hand side
of (9) approaches zero, we obtain
Z Ci(x¢)Vei(xs) = 0. (10)
ie€
If ci(x«) # O for some i € £ (this happens only if the constraint
gradients Vc¢;(xx) are linearly dependent), then (10) implies that x
is a stationary point of the function [c(x)]|?.
If, on the other hand, the constraint gradients Vc¢;(x,) are linearly
independent at a limit point x,, we have from (10) that ¢;(xx) =0
for all i € &£, so x, is feasible. Hence, the second KKT condition
(32b),, is satisfied. We need to check the first KKT condition
(32a),, as well, and to show that the limit (7) holds. o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).

Using A(x) to denote the matrix of constraint gradients; that is,
A" = [Vei(0)]iee, (11)

and )y, to denote the vector —puk.c(xy;), we have as in (8) that

Alxig) Mg = VF(x1) = VieQ (i i) Vi@ xigs i) | < 7+ (12)
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).
Using A(x) to denote the matrix of constraint gradients; that is,
AC)" = [Vei (0))iee (11)
and )y, to denote the vector —puk.c(xy;), we have as in (8) that
Ala) Ay = VI (x1) = Vi@ (X3 k), | Ve (g3 )| < 7 (12)
For all j sufficiently large, the matrix A(xy) has full row rank, so
that A(ij)A(xkj)T is non-singular. By multiplying (12) by A(xkj)

and rearranging, we have that

i = [Alx) Alxig)T] ™ Alxig ) [V F (x1g) — VieQ (g ))-

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).
Using A(x) to denote the matrix of constraint gradients; that is,
A" = [V ()l , (11)
and )y, to denote the vector —puk.c(xy;), we have as in (8) that
A(ij)TAkj = Vf(ij) _VXQ(ij; ;ukj)v HVXQ(ij;/’ij)” S Tk - (12)

For all j sufficiently large, the matrix A(xy) has full row rank, so

that A(xy)A(xk)" is non-singular. By multiplying (12) by A(xy)
and rearranging, we have that
i = [Alx) Alxig)T] ™ Alxig ) [V F (x1g) — VieQ (g ))-
Hence by taking the limit as j — o0, we find that
Jim g = = [AC)AG)T] A V().
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).
Passing to the limit as j — oo in (8) or (12), we conclude that
V(%) — Axs) As = 0, (13)

so that A, satisfies the first KKT condition (32a),, for (1). Hence,
Xy is @ KKT point for (1), with unique Lagrange multiplier vector
s o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Proof (cont'd).

Passing to the limit as j — oo in (8) or (12), we conclude that
V(%) — Alxe) " As = 0, (13)

so that A, satisfies the first KKT condition (32a),, for (1). Hence,

Xy is @ KKT point for (1), with unique Lagrange multiplier vector

Ase.

(]

V

o lll conditioning and reformulations
AP gET KF7 T Hessian &' V2 = Q(x; uk) ® = ill conditioning %
%‘r :53‘]-%'\ =S ,[},;f-lim.}'} %‘ru z l__—-' v 4%1’—3.] = 'fr barrier = ;= ¢ 4!

TR ehiE 02 60 Hessian 4B eI 2 > A 5 senB it /g B2 2

AEERY RER BRI ASPE e EIMER Do
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Q(+; k) # Hessian d 1™ 2508 e

V2 Q(x; k) = X) + e Y. () V26 (x) + uA) A(x), (14)

€€

Bt AT = [Vei (X)]iee ©
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Q(+; k) 7 Hessian & 1™ 2588

V2Q(x; 1) = V2(x) + puk Y. ci(x) Vi (x) + pAx) Alx), (14)

ie€

B AT = [Ve(X)iee © % x 3T Q(-; ue) 0 minimizer %
i g enig it (A

lim —pgci(x) = Af Vie&, (7)

j—0
S ) B AP 2E D (14) éfﬁw}ﬁﬂ’éﬁﬁiﬁifr—k ®RE
L(x,\) = f(x) Z)\ ci(x

ie€
%_% 1 Lagrangian 5 Hessian 4B o

x
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

Q(+; k) # Hessian d 1™ 2508 e

V2Q(x; 1) = V2(x) + puk Y. ci(x) Vi (x) + pAx) Alx), (14)
ieg
B AT = [Ve(X)iee © % x 3T Q(-; ue) 0 minimizer %
o R niE 2 (A
lim —pgci(x) = Af Vie&, (7)
joo

gti)p?,;hirﬂ?.rmﬁﬂ;( 4) + e B I 2 fox REA

L(x,\) = f(x) Z)\C,

ie€
F_#& ¢ Lagrangian i Hessian “B'E o Z #8530 > F x 4237 Q(+; pk)

7 minimizer FF 2% i

Vi Q(x; k) ~ Vi L(x Ax) + puAX) TAX). (15)
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

d (15) T U "ﬁ VXXQ(X pk) * REIUT A INA 2 ES o

QO -~ ‘% 2y & M ese (Lagrangian 78 )

Q@ - B rank 3 |&] chapErt » H 22 R B ehx | 5 O(uk)
((15) 58+ e = 38 ) o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

d (15) T U "ﬁ VXXQ(X pk) * REIUT A INA 2 ES o
QO -~ ‘% 2y & M ese (Lagrangian 78 )
Q@ - B rank 3 |&] chapErt » H 22 R B ehx | 5 O(uk)
((15) A+ iplens: =38 ) -
LEE B g |E] @A P o RRAEIRT 5 (15) S ad
- 38 AX)TA(X) 3 singular o d % gy 48B3 00 0 V2Q(x; k) HiE
 He i U E K H e o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

d (15) T U "ﬁ VXXQ(X pk) * REIUT A INA 2 ES o

QO -~ -% 2y & M oesert (Lagrangian 78 )

Q@ - B rank 3 |&] AR > HE R B acE ) 5 O(u)

((15) ;A & fplens = 78 ) o
i R g [E] ¥ )3 no REAERT o (15) Nk
- 38 AX)TA(X) 3 singular o d % gy 48B3 00 0 V2Q(x; k) HiE
CF RS VESR i 2 R
[l conditioning 17— B {5 % ¥ it %3t 5 Q(x; k) 77 Newton step
PV Ay € ARG —? FE o EHh R ERANT Ak
QO i) p = —ViQ(x; p).- (16)

— A kmEmr Fi-gl_é; ek frid (16) » 2B % kel condi-
tioning #-E K F Nhp B A FFL o B A 2L B
PHE “’T‘ LR - A2 f ill conditioning 7g 2 R vk o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

% — #8412 ill conditioned 7 (16) ;% & Newton step 4 ik >

Ho >R300 BT ERE ((= wAX)p) > AP F J‘J—JF,: 4

AR (16) (e & p ik EUT kAL

V2f i()V3e(x) Ax)"
(X)+Mk§£c(x) ci(x) Ax) |:p:|:|:—VXQ(X;,uk):|. (17)
A(x) _Lr|L¢ 0
ik
¥oXUIE X P AR BB AR AEETT B O
AR Tk (17) T AR S $ (16) - 8 well

conditioned £ &7 # if o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method

% — #8412 ill conditioned 7 (16) ;% & Newton step 4 ik >
Ho >R300 BT ERE ((= wAX)p) > AP F J‘J—JF,: 4
AR (16) (e & p ik EUT kAL

V() + e, V() AG” [ p} - {_vxmx;uk)] (17)
A(x) —iI ¢ 0
FOx AR x A AR BB AR iREELET 25 O(w)
i H B E s F ks (17) F AR 5 # (16) - FE well
conditioned £ A7 4 i - A A £ A & > &% A (16) & (17)
WE G F AL HRRR > e pr F15 & (17) oz ¢ & block
¥ kci(x) it ¥ —AF 03T 103 & (poor approximation) —
A x 22 F #&IT Q(x;uk) 0 minimizer xi BF 7R f 4ot o F] L

Newton step ¥ s & F+ £ - B % if & FiEE S oo

i
S
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method
i i (17) 35 & Newton step % W F|fE— B n+|E] a5
T2de (16) 3¢ /) - Behp i de % 18 ¢ L E N PR
71z = R4 (SQP) # =

ViL, —AT] [pk] _ [=VHi+ AT M ©)
Ak 0 pr| —Ck 18

AOFOAOLEE A AL AR R F R 0 F e Bk PE (17)
LR A 2 SQP B (6)18 e B 1t (regularization) » H ¢
—(1/ )l iz— 7§ B4 g iyt (4B s B ¥ 3% e~ ¢ Jacobian
A(x) % rank deficient °
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.1 The Quadratic Penalty Method
W iE (17) 3+ 8 Newton step 2% 7 ¥ f& - fl} n+|&| “:&r’“ﬁ%‘i'ﬁ KA
e (16) 8¢ ] — Bhenp B kS e A% 18 F ¢ EHE
7= %3] (SQP) 4 o

V2 Ly —AE] [pk} [—kaJrA"kak]
XX — 6
[ Ak 0 P —Ck (6)1s

4G R EPEE KA FRfR RS 0 F g AP (17)
T LA G E_SQP 5 Z¢ (6)18 i A it (regularization) - H ¢
—(1/ )l iz— 7§ B4 g iyt (4B s B ¥ 3% e~ ¢ Jacobian
A(x) % rank deficiente ¥ - * m %f pk Bl B0 (17) 2 PP 3L i
Pk KU ehsE T 2 4R A T A
7 % B @@% BRE - FRF B MT o
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.1 The Quadratic Penalty Method
W iE (17) 3+ 8 Newton step 2% 7 ¥ f& - fl} n+|&| “:&r’“ﬁ%‘i'ﬁ KA
e (16) 8¢ ] — Bhenp B kS e A% 18 F ¢ EHE
7= %3] (SQP) 4 o

V2 Ly —AE] [pk} [—kaJrA"kak]
XX — 6
[ Ak 0 P —Ck (6)1s

SRR AL FRR BB o F e 1t B (17)
T LA G E_SQP 5 Z¢ (6)18 i A it (regularization) - H ¢
—(1/ )l iz— 7§ B4 g iyt (4B s B ¥ 3% e~ ¢ Jacobian
A(x) % rank deficient > ¥ — = & » § puy f] PF o (17) 2 P i i
Y S I R RS A i RS ek X e MR X B
FEAREBPREREFERE  ERPErFMT o p
o e g {uk} Foae KR %%@{r%:‘ RN XSS AL
Hexact PP 4 g Fenv il 5 F 18 F o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.1 The Quadratic Penalty Method
BB RE S (17) VR AT s R AR S HE T Sk
Qs pk) FHE ' IFIEICB* > » FIARLF 18 F ¢ 4% SQP

> E g A o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

FoE T B exact 0 BOLAF R (53 ~ ) R S
EE P x #H 2 g v T 2 E T R ZEa M R A R E e exact
solution ° Exact ¥ st 3 = &g »® i FTIR B0k o
§17.1 ¥ th= = 5 F) S dicr 2 exact > F| 3 LR EAL E p
minimizer 3 ¥ 7 § £ 2ERM QI NfE o hiz- &Y APEH A

FFERERIRT ¢ AREP A 2k f b exact ) S0k o

B it = 2k * MAB0O37-*
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

F S ST exact » RL AR L (5 % ) ) fdeh
EHE B xRE 2 )b D R AR A o0 exact
solution o Exact 4@%} e el e T S R | ﬁx’r%féﬂj F B ek o
§17.1 ¥ ch= S H ST 2t exactr Fli T EL rE p H
minimizer i ¥ % g F2AERdlafm. hit- &9 APAH A
FFERERIRT ¢ AREP A 2k f b exact ) S0k o

— BF R - A zbA s R IR AR (5) chzbk ﬁ‘fl? ) S0 B

v

O R Sl R AT 5

G106 1) = F(x) + p Y ()| + 1 ), [ei(x)]7, (18)

ie€ i€T
He APRL=R* @$5 [y]” k&7 max{—y, 0} v &R
BHAEGEF RES L #ﬂzmu Boeofild »d WEHE
fo []7 Sz & g0 p) BFE x 47 ¥ fieho
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

TG kT () MF) S8 exactness ©

Suppose that x, is a strict local solution of the nonlinear program-

ming Problem (5) at which the first-order necessary conditions (KKT
conditions) are satisfied, with Lagrange multipliers \¥, i € £ U Z.

Then x, is a local minimizer of ¢1(-; ) for all p > ., where
o = [Aslloo = max [AF]. (19)

If, in addition, the second-order sufficient conditions of Theorem

12.6 hold and i > iy, then x, is a strict local minimizer of ¢1(-; ).
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

TG kT () MF) S8 exactness ©

Suppose that x, is a strict local solution of the nonlinear program-

ming Problem (5) at which the first-order necessary conditions (KKT
conditions) are satisfied, with Lagrange multipliers \¥, i € £ U Z.

Then x, is a local minimizer of ¢1(-; ) for all p > ., where
o = [Aslloo = max [AF]. (19)

If, in addition, the second-order sufficient conditions of Theorem

12.6 hold and i > i, then x, is a strict local minimizer of ¢1(-; ).

Aevi e oo d R X A EI T T RS DE L IE X TSR
G R o 12 3T R AR S0l e B AT 0 (g ) = F(x) 0
B A 528 dp (5 p) 7 minimizer 23 X, Jiw o
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Chapter 17. Penalty and Augmented Lagrangian Methods

Theorem 12.6 — Second-Order Conditions

Theorem (Second-Order Sufficient Conditions)

Suppose that for some feasible point x, € R" there is a Lagrange
multiplier vector Ay such that the KKT conditions
Vi L£(Xs, M) =0, (32a)
Gi(xs) =0 foralliek, (32b)
Ci(xx) =0 forallieZ, (32¢)4,
Af=0 forallieZ, (32d)
Aici(x) =0 forallieE VL. (32¢)
are satisfied. Suppose also that
W V2 L(xe, Ae)w > 0 for all we C(xx, \s)\{0} . (60)12
Then x is a strict local solution for
ci(x)=0,ie&,
¢i(x)=0,ieT.

= = = = -

min f(x) subject to {

xeR"
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

=T RAPFEP - B MY L ) SBcE exact PRSI VR A L
AP EER e i e 3 P S Lagrange R F v 2 0l

e
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Chapter 17. Penalty and Augmented Lagrangian Methods
FHTORANPEP - B MY () ) S8l exact PRI VR A L
AP o, 7y e P H L Lagrange k5 v £ 50 4y,
e
FAAP A MFCQ i & X3 m - B % 43t
Definition (MFCQ)

We say that the Mangasarian-Fromovitz constraint qualification
(MFCQ) holds at xi if there exists a vector w € R"” such that

Vei(xe) w>0 forallie A(xy) nZ,
Vei(x) w=0 forallieé&,

and the set of equality constraint gradients {Vc,-(x*) |i € E} is

linearly independent.
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Lemma (Equivalence of MFCQ)

The MFCQ holds at x if and only if there exists an open neighbor-

hood N = B(x,6) such that for all bounded function b: N — RI¢|

there exists bounded function d : N' — R" such that for all xe N,
Vei(x)dx) =1 for all ie A(X)nT,
Vei(x)'d(x) = bi(x) forall i€ €.
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Lemma (Equivalence of MFCQ)

The MFCQ holds at x if and only if there exists an open neighbor-

hood N = B(x,6) such that for all bounded function b: N — RI¢|

there exists bounded function d : N' — R" such that for all xe N,
Vei(x)dx) =1 for all ie A(X)nT,
Vei(x)'d(x) = bi(x) forallie €.

(43 ”

It suffices to show the direction *‘ =

Choose u1, - - -, u,_|g| € R" (if necessary) such that the nx n matrix

. . T
Alx) = “Vc;(x)]’.eg: Upse--: un,‘gd
is non-singular at x = X. Then there exists § > 0 such that A(x) is
non-singular and ||A(x)"!| < M < o for all xe N = B(x, §) o

= = =
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Proof (cont'd).

Since the MFCQ holds at X, there exists w € R" satisfying
Vei(x)'w>0 forall ie Ax) N T,
Ve (x)'w=0 forallieé&,

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Let c= [0, ,0,ufw,--- ,uﬁ'glw}T e R” and w(x) = Ax)"c.

Then w(x) = w and w is bounded, continuous on N.
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Proof (cont'd).

Since the MFCQ holds at X, there exists w € R" satisfying
Vei(x)'w>0 forall ie Ax) N T,
Ve (x)'w=0 forallieé&,

Let c= [0, ,0,ufw,--- ,uﬁ'glw}T e R” and w(x) = Ax)"c.
Then w(x) = w and w is bounded, continuous on N. Define

v =min {V¢;(x)"'w|ie A(x) n I}.
Then v > 0. By the continuity of V¢; and w, W.L.O.G. we can

assume that

Ve (x) w(x) = % VxeN and ie A(x) nZ.

Moreover, we have Vi (x) w(x) = 0 for i€ &. o
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Proof (cont'd).

Let b: N — RI€l be a bounded function. Define

b(x) = [ b(OX) } e R"

and y(x) = A(x) " 'b(x). Then y is bounded on N/, and
Ve y(x) = bi(x) Viek.

Let 214 2)
Jr
d() = 22w + ¥,
where A = max sup |Vci(x) y(x)|. Then d is bounded on N
I'E.A()_()F\IXeN
and satisfies the desired properties. =
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Proof (cont'd).

Let b: N — RI€l be a bounded function. Define

b(x) = [ b(OX) } e R"

and y(x) = A(x) " 'b(x). Then y is bounded on N/, and
Ve y(x) = bi(x) Viek.

Let 214 2)
Jr
d() = 22w + ¥,
where A = max sup |Vci(x) y(x)|. Then d is bounded on N
I'E.A()_()F\IXeN
and satisfies the desired properties. =

Remark: 2 & FI5 7 -t RIL 2 e § p4 10 ] - Bhi¢ @R
“ci(x) >0 for all xe N and ie Z\A(X)" I FFrig % &_-
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions
BT 4T Bl I T SR BT A5

P(x; p) = f(x) + pp(le(x)1) , (20)

<

B c L TAHS

3

_ T
c(x) = [[CI(X)]ie& [lei(x)] ]iel':|
e Lo ® || LF BE AP E Sl Y RERE L
[Vae3 ;hl_?ﬁ’ :
@ ¥(0) =0;
Q@ Y(t) > 0if t > 0;
@ 0<%/(0) = lim w =%

t—0+
AR 0 RSk g M2 AF 15 F ¢ 3k T £y exact merit
function ¢o & 2 op(t) =t 2 godic || A BWAAEG |- 2 |2

A o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Let | - o and | - g denote two vector norms in RIEFIZI and let the

corresponding exact penalty functions defined by (20) be denoted
by P, and Pg with 1) satisfying the assumptions given below (20).
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Let | - o and | - g denote two vector norms in RIEFIZI and let the
corresponding exact penalty functions defined by (20) be denoted
by P, and Pg with 1) satisfying the assumptions given below (20).
If there exist x in R", pu* > 0 and a neighborhood N, of x con-
taining some feasible point of Problem (5) such that {c;}icc 1 are

continuous on N, and

Po(X;p) < Pa(x;p) VxeN, and p = pl,
then there exist u; > 0 and a neighborhood N of X containing
some feasible point of Problem (5) such that

Pg(x;p) < Pg(x;p) VxeNgandp> ps,

where
* la-e Pé(0+)u2'i

B 1= e Pi(0T)vas
in which v, € RT satisfies vag|y|a < |y|s for all ye R

Ve(0,1)

I€1+1Z] .
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

ot IR AN 2 - AR W i R 0 ) & diceh exactness ¢
- LG PR - BEHAEA Ol Sl i exact 0 BT AR Al
F) s FR L exact o Fpt o A PERT AR ETEP O Sk
Poexact TF - LAPER T ¢ Lexactr Bl g B 5 EF
Jifics 77 G exact °

L =
il

T ATEP 4 R [165] o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Let f and {ci}ice 7 be continuous functions, and x be a strict local
solution x of Problem (5). Then there exist pu, > 0 and functions
€: [pis, 0) = RT and x: [p4, 00) — R" such that

O x(11) € B(%, e()) for any i > pi.

(2] l}grgo e(n) =0.

Q P(x(u);p) < P(x;p) for all xe B(X,e(p)) and = puy.
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

Let f and {ci}ice 7 be continuous functions, and x be a strict local
solution x of Problem (5). Then there exist pu, > 0 and functions
€: [pis, 0) = RT and x: [p4, 00) — R" such that

O x(11) € B(%, e()) for any i > pi.

(2] uh—{%c e(n) =0.

Q P(x(u);p) < P(x;p) for all xe B(X,e(p)) and = puy.

.

Let © denote the feasible set of Problem (5). By the continuity of
¢, §) is closed.
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Let f and {ci}ice 7 be continuous functions, and x be a strict local
solution x of Problem (5). Then there exist pu, > 0 and functions
€: [pis, 0) = RT and x: [p4, 00) — R" such that

O x(11) € B(%, e()) for any i > pi.

(2] uh—{%c e(n) =0.

Q P(x(u);p) < P(x;p) for all xe B(X,e(p)) and = puy.

.

Let © denote the feasible set of Problem (5). By the continuity of
¢, §) is closed.
Since X is a strict local solution of Problem (5), there exists § > 0
such that f(x) > f(x) for all xe B(x,d) n Q\{x}. Then

min f(x) > f(X) V0 <§ <. o

OB(x,6)NQ
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Proof (cont'd).

For v > 0, define two sets
H(v) = {xe 0B(x,8) | h(x) = 1/v},
F(v) = {xe 0B(x,0) | f(x) — f(x) = 1/v}.
where h(x) = 1(|c(x)]) (so that P(x; 1) = F(x) + uh(x).
Claim 1: For each 0 < 0 < ¢ there exists v(4) > 0 such that
H(v) v F(v) = 0B(x,0) for all v = v(6).
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Proof (cont'd).

For v > 0, define two sets

H(v) = {xe 0B(x,8) | h(x) = 1/v},

F(v) = {xe 0B(x,0) | f(x) — f(x) = 1/v}.
where h(x) = %(|c(x)]) (so that P(x; 1) = F(x) + uh(x)).
Claim 1: For each 0 < & < 4 there exists v(§) > 0 such that
H(v) v F(v) = 0B(x,0) for all v = v(6).
Suppose the contrary that there exist vx " 00 and xx € 0B(X,J)
such that h(xx) < 1/vk and f(x)—f(x) < 1/vk. The compactness of
0B(x,0) provides a convergent subsequence {xy,} of {xx} with limit
X € 0B(x,6). By the continuity of fand h, we find that h(X) < 0
and f(X) — f(x) < 0. The fact that h(X) < 0 implies that X € {2, a

contradiction to that q“3<n;1161)1 o f(x) > f(x) forall 0 < § < 6. o
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Proof (cont'd).

Define 11(8) = v/(5) {1 FIFR)| + gﬁgé)\f(x)@. Then u(8) > 0.
Claim 2: For each 0 < § < §, P(x;u) < P(x;p) for all u = u(6)
and x € 0B(X, ).

Let u > p(9) and xe 0B(x,9)
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Proof (cont'd).

Define 11(8) = v/(5) {1 +IF(R)] —|—Xe1g18aé5)\f(x)|] Then u(6) > 0.
Claim 2: For each 0 < § < §, P(x;u) < P(x;p) for all u = u(6)
and x € 0B(X, ).
Let 1 > pu(6) and x€ 0B(%,8) " B™ Y 24 (1(8)) U F(w(5)).
@ The case xe H(v(6)): Then h(x) = 1/v(9); thus
P(x;p) = P(X; 1) = F(x) = F(X) + p[h(x) — h(x)]
> 755 [ = VORI + max [£(9))]

€0B(%,0)
which is positive since p = u(9).

Ching-hsiao Arthur Cheng it .5 % i gy MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Proof (cont'd).

Define 11(8) = v/(5) {1 +IF(R)] —|—Xe1g18aé5)\f(x)|] Then u(6) > 0.
Claim 2: For each 0 < § < §, P(x;u) < P(x;p) for all u = u(6)
and x € 0B(X, ).
Let 1 > pu(6) and x€ 0B(%,8) " B™ Y 24 (1(8)) U F(w(5)).
@ The case xe H(v(6)): Then h(x) = 1/v(9); thus
P(x;p) = P(X; 1) = F(x) = F(X) + p[h(x) — h(x)]
> 755 [ = VORI + max [£(9))]

which is positive since p = u(9). o
@ The case xe F(v(9)): Then f(x) — f(x) = 1/v(9); thus
P(x; ) — P(%; 1) = £(x) = £(X) + u[h(x) — ()]
=>1/v(d )+uh(x)>0 o
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Proof (cont'd).

Let pyx = inf p(0). Define €: (ux,0) — R by €(u) = inf 0.
0<6<d w(o)<p

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Claim 3: ¢() > 0 for all o > py, and lim e(p) = 0.

pr—>0
Suppose that (i) = 0 for some i > p,. Then there exists o, N\, 0
such that p(dx) < . By the definition of u, v(dk) < . By claim
1, there exists xx € 0B(X, dx) such that

h(x) = 1/i or F(x) — F() > 1/h.
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Proof (cont'd).

Let pyx = inf p(0). Define €: (ux,0) — R by €(u) = inf 0.
0<6<d w(o)<p

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Claim 3: ¢(u) > 0 for all o > py, and #11_1}010 e(pn) = 0.
Suppose that (i) = 0 for some i > p,. Then there exists o, N\, 0
such that p(dx) < . By the definition of u, v(dk) < . By claim
1, there exists xx € 0B(X, dx) such that

how) > 1/ or f(x) — F(%) > 1/
Since klgglo 0k = 0, we have klgglo Xk = X; thus the continuity of h and
f implies either h(x) = 1/ or 0 = 1/f that are both contradictions.
Therefore, e(p) > 0 for all > fuy.
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Proof (cont'd).

Let pyx = inf p(0). Define €: (ux,0) — R by €(u) = inf 0.
0<6<d w(o)<p

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Claim 3: ¢(u) > 0 for all o > py, and #11_1}010 e(pn) = 0.
Suppose that (i) = 0 for some i > p,. Then there exists o, N\, 0
such that p(dx) < . By the definition of u, v(dk) < . By claim
1, there exists xx € 0B(X, dx) such that

hia) = 1/ or i) — F(%) > 1/
Since klgglo 0k = 0, we have klgglo Xk = X; thus the continuity of h and
f implies either h(x) = 1/ or 0 = 1/f that are both contradictions.
Therefore, e(p) > 0 for all > fuy.
Next we show that /}1_{1;0 €(p) = 0. By the definition of € the function

€ is decreasing on (0,00). Therefore, lim e(u) = o > 0 exists. o
p—0 )
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Proof (cont'd).

Note that the monotonicity of € also shows that
li = inf = .
Jim e(p) ﬁgof(ﬂ) o
Suppose that o > 0. By the definition of € we have

e(ﬂ(‘;)) = inf 0<9;

2/) T pe=uy) 2]

thus inge(,u) < %, a contradiction. Therefore, o = 0.
>
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Proof (cont'd).

Note that the monotonicity of € also shows that

Mo ) = T el = 2

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Suppose that o > 0. By the definition of € we have
«

(0% . X
() = worems’ <2

thus inf e(p) < %, a contradiction. Therefore, o = 0.

€
>0
Suppose that in B[Xx,e(u)] the function P attains its minimum at
= |

x (). Since p(e(p)) L(“(i;)liu 5) < p, claim 2 implies that

P(x;un) < P(x;u) VxedB(x,e(n));
hence x (i) € B(x,¢e(p)). Such x(u) satisfies that
P(x(p);n) < P(x;p) Vxe B(x,e(n)). .
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§17.2 Non-smooth Penalty Functions

Let f and c; be continuously differentiable on a neighborhood of a
strict local solution x of Problem (5) at which the MFCQ holds.
Then for each norm || - || in RIEIT\Z| there exists p, > 0 such that X
is a local solution of P(-;u) for all u > ., where P is defined by
(20) with v satisfying the assumptions given below (20).

V.
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§17.2 Non-smooth Penalty Functions

Let f and c; be continuously differentiable on a neighborhood of a
strict local solution x of Problem (5) at which the MFCQ holds.
Then for each norm || - || in RIEIT\Z| there exists p, > 0 such that X
is a local solution of P(-;u) for all u > ., where P is defined by
(20) with v satisfying the assumptions given below (20).

We only prove the case P = ¢;. W.L.O.G. we can assume that

A(X) is non-empty for otherwise the theorem holds trivially.
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§17.2 Non-smooth Penalty Functions

Let f and c; be continuously differentiable on a neighborhood of a
strict local solution x of Problem (5) at which the MFCQ holds.
Then for each norm || - || in RIEIT\Z| there exists p, > 0 such that X
is a local solution of P(-;u) for all u > ., where P is defined by
(20) with v satisfying the assumptions given below (20).

We only prove the case P = ¢;. W.L.O.G. we can assume that
A(X) is non-empty for otherwise the theorem holds trivially. Let
X be a strict local solution of Problem (5) in the neighborhood

N = B(x,€). By the previous lemma for all sufficiently large p
there exist €(u) and x(u) such that lim e(p) = 0 and x(p) is a

>0

local minimum of ¢ (-5 u) in B(x,€(u)). o
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Proof (cont'd).

Next we show that for any large enough p, the corresponding x(u)

is feasible for Problem (5). Suppose the contrary that there exists
{pi} with p; /" oo such that x(u;) is infeasible for Problem (5) for
all ie N.
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Proof (cont'd).

Next we show that for any large enough p, the corresponding x(u)

is feasible for Problem (5). Suppose the contrary that there exists
{pi} with p; /" oo such that x(u;) is infeasible for Problem (5) for
all ie N.

Let 0 < § < € be a number given in the MFCQ equivalence theorem
and the remark afterward. Consider b : B(X,5) — RI€I defined by

I _
bi(x) = i ()] if ci(x) # 0, i€ €,

0 if ci(x) =0, ief.

Then there exists d : B(x,d) — R" such that for all x€ B(x, d),
Ve () 'd(x) > 1 forallie A(X)nZ
Vei(x)td(x) = bi(x) forall i€ €. 5
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Proof (cont'd).

Since lim e(uj) = 0, x(ui) € B(x,e(pi)) € B(x,9) for i » 1. If
I—00

x € B(x,0) be such an infeasible point for Problem (5), then the

directional derivative of ¢; at x in direction d(x) is

D61 (xi ) d0) = V() + 1 3, Vo)
+1 X 1V d] + 4 3 3%>cf<x> d(x

c() 0 c(x)<0

+p Y =Va()dx) +p Y [Vex) dx)]

i€AX)NT ieAX)nT
ci(x)<0 (=0

< VFx)Td(x) —

Therefore, D (¢1(x(ui); pi), d(x(pi))) < 0 for p; large enough, a
contradiction to that x(u;) is a local minimum of ¢1(-; ). o
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Proof (cont'd).

Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions

Therefore, x(u) is feasible for Problem (5); thus
F(x) = d1(x; 1) = d1(x(p); p) = £ (x(p)).

Since X is a strict local solution of Problem (5), x = x(1) and hence

X is a strict local solution of ¢1(-; ). =
v
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Consider the following problem in one variable:
minx subjectto x>1, (21)
whose solution is x, = 1. We have that

{ (1—pwx+p ifx<l,

22
if x> 1. (22)

o106 1) = x+ plx—1]" =

As can be seen in Figure 3 (in the next page), the penalty function

has a minimizer at x, = 1 when p > 1, but is a monotone increasing

function when u < 1.
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Example (cont'd)

(I’: ()

Figure 3: Penalty function for problem (21) with u > 1 (left) and p < 1
(right).
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R SR RUER S WY LI SERNE S

¢1 £ stationary point ° EF @1 B T AL LTI FER G @ pfR
G- B2 e 4 D61 () p) ;BB (ASL) o T bl o

Definition

Let 1 > 0 be given. A point x € R" is a stationary point for the
penalty function ¢1(-; u) if
D(¢1(%;1);p) = 0

for all p € R". Similarly, X is a stationary point of the measure of

h() Z‘Cl |+ZC:

ie€ i€
if D(h(X);p) = 0 for all pe R". If a point is infeasible for (5) but
stationary with respect to the infeasibility measure h, we say that it

infeasibility

is an infeasible stationary point.
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§17.2 Non-smooth Penalty Functions
Fta b e PR RR AL

minx subjectto x>1, (21)

v Fﬁfl %‘51\31&

P1(x; 1) = x+plx =17 = (22)

(I—p)x+p ifx<l,
if x> 1.

f2xe =135

F_&

if p> 0,
D(¢1(X*§M)§P):{ (1 —pu)p :fﬁza

BE p > LR A Rl p AP D(d1 (X p);p) =00
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§17.2 Non-smooth Penalty Functions
M RE LT it ®IT > v AT T ¢1(x; ) £ stationary point
&R B T AT S LR B AT (5) 90 KKT 2

Suppose that X is a stationary point of the penalty function ¢1(x; )
for all ;. greater than a certain threshold ji > 0. Then, if X is feasible
for the nonlinear program (5), it satisfies the KKT conditions (32),,

for (5). If X is not feasible for (5), it is an infeasible stationary point.
v
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MR LT it I 0 U BT T ¢1(x; u) 7 stationary point
AR EXRTHBEN LR P (5) 9 KKT & -

Suppose that X is a stationary point of the penalty function ¢1(x; )

for all ;. greater than a certain threshold ji > 0. Then, if X is feasible
for the nonlinear program (5), it satisfies the KKT conditions (32),,

for (5). If X is not feasible for (5), it is an infeasible stationary point.
v

We only prove the first part, and the second part of the proof is left
as an exercise.

Suppose first that X is feasible. By the definition (18) of qbl,
D(¢1(%;11); p)=VER) p+ ) |Vai(R) o[+ > | Vc,

€€ IEImA =]
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Proof (cont'd).

Consider any direction p in the linearized feasible direction set F(X).
By the properties of F(xX), we have

2 IVa®Tl+ Y [Va®'p] =0,

ie€ i€EZNA(X)
so that by the stationarity assumption on ¢1(X; i), we have

< D(¢1(%;p);p) = VI(R)'p Vpe F(X).
We can now apply Farkas’ Lemma (review in the next silde) to
deduce that for some coefficients \; with A; > 0 for all i€ Z n A(X),
Z )\Vc,
i€ A(X)

As we noted earlier (see Theorem 12.1), this expression implies that
the KKT conditions (32),, hold, as claimed. o
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Lemma (Farkas)
Let Be R"™*™ Ce R"™P be given, and K be a set defined by
K:{By+CW|y>0,W€RP}. (44)12

For a given vector g € R", we have either that g € K or that there

exists d € R" satisfying
gld<0, BYd=0, C'd=0, (45)12

v

but not both.
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Lemma (Farkas)

Let Be R"™*™ Ce R"™P be given, and K be a set defined by
K:{By—{— CW|y>O,W€RP}. (44)12

For a given vector g € R", we have either that g € K or that there

exists d € R" satisfying

gld<0, BYd=0, Cc'd=o0, (45)12
but not both. )

Consider again problem (3), for which the ¢; penalty function is
G1(x; 1) = X1+ x2 + p|x¢ + x5 — 2|

The minimizer of Problem (3) is x, = (—1,—1)" of (3). Following

previous theorem, we find that for all 1 > |A«| = 0.5, the minimizer

of ¢1(x; p) coincides with x.
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Example (cont'd)

Figure 4 plots the contours of function ¢1(-;2). The sharp corners
on the contours indicate non-smoothness along the boundary of the
circle defined by x? + x3 = 2.
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PRI R S S A1 %'3'] S E R R B BT kA

P AREREZ -

Framework 17.2 (Classical ¢; Penalty Method).

Given pg > 0, tolerance 7 > 0, starting point x;

for k=0,1,2, -
Find an approximate minimizer x, of ¢1(x; k), starting at x;;
if hixi) <7

stop with approximate solution xy;

end (if)
Choose new penalty parameter pixi1 > pik;
Choose new starting point x; ;;

end (for)
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d S feezb kR 1 Oy ( k) B TR T RIT FEL o R A
Ao gEch Ao & ¢y( ) SR ]j\;l;g B 1%
o ipf SQP G EAR0L e APRAT - ) EIBEBIG
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d 3t feehzb kb o o1 (puk) BF R P REFER KA o
2 fra : i f‘—k-}%*{ﬁrfﬁ B (s ) hk B K E B A
Fr o e SQP 2R Ap i o AEET - ] SR BN

LATHD S8y B HE S R Tae% 4 5 @24 2 o minimizer

BT {ﬂf’?ﬂj’f&@i}!j—][}#f% #e (bl 5 &
10) jii‘%'é‘"—’c"J °lE'7f;é_—' E - pfﬁfﬁi%fiiu—’ e s ¥ o5
s
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d 3t Sz ki o o) BEB CREFEL KA o
Ao mrFFaem @t gy (u) HERFRA RPFE B
P iEE SQP B E AR o ARAT - o] B BING

,\,)z AT "&mfmmw— B e o (blde 5

e

S

g
{ATHES) Sl b B > 2 8 M4o% % 0 @ A 2 9 minimizer
3

10) k4w o B> FTAFTHY § Rk S TR
PaF KT o do kA bR Sl 2 T R B
Framework 17.2 4 s £ T — [ & 1§ 9@ o p %0 > BB 4= 4ok 8
PR TN € BRI X BBATIRT 0 T S8k o (X k)
o) LR XY TR R E Stk

'

Y- 2G5 o drk Uk @—'\ ) E'J% ljﬁrﬁ'(j“g-f?gﬁﬁ.ﬁxj I ¥ };‘E 'rqﬁ?-g
ARt o A PHRAT 2 i hE RN %ﬁifﬁﬁaﬁ °
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e A practical /; penalty method
dew it o py(p) AERFH - HP R AETRELHE B
ieEUVTL F ci(x) =01 x AT &Ko fpRIT€ * 4o bundle

% [170] eh2hw i i popie s AP Y BTl Sdkc? 2V
R e o
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e A practical /; penalty method

dodh stk o y(gp) EEXRF - BH R AEREELHEB
ieEUVTL F ci(x) =01 x AT &Ko fpRIT€ * 4o bundle
2 [170] en2hw Bif it Bop o A E BT g Tt Sk AT
M. B E L VR B - o AP T AP S
P i A F 53] 90 minimizer K EFH w o1(;p)

minimizer @ ig 4 & F
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e A practical /; penalty method

dodh stk o y(gp) EEXRF - BH R AEREELHEB
ieEUVTL F ci(x) =01 x AT &Ko fpRIT€ * 4o bundle
i [L70] en2t¥ e ic pojpie > A0 { F Y g T Sk 2LF i
BE e B R X VR B2 - o APT LSS
e AT EF S ;2%“’"‘] 7 minimizer X EF P » p1(-;p) 0
minimizer = 9 EE o Bt o BV AT U EAR T L
Sfc ¢ X H-P R S#ic f ‘5'%%1’; B S BR &K AT AT L

q(p; ) = f(x) + VF(x ) p+ pTWp—i—/LZ‘C, x) + Vci(x) p‘
+uz[c,<>+v@(> "

e WE-BHEfeL d¥e 338 ffrqg(ieful) h
Sk s
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§17.2 Non-smooth Penalty Functions
] qlpsp) &3 Lfen RAPTILLE » AL RE 1
fo ;o BT g R AT 5 4o ST ek F S AR AT

min f(x) + V£ (x)'p+ pTWp—i—,uZ (it+s)+um) t

Pt i€e€ ieZ
subject to
V() p+ci(x)=ri—s, i€&
Ve ptclx) = —t, i€l (23)
r=0,s=0,t>=0.
T+ RAEV 0 R s R 2RF)] solver K fEiA- o W ig 7 1__/,] de
5 Pl SA S ERT BEFBUFZE T AL B
SRR o AL S 2ol o R4 (SQP) B 4p
oot h 18 k- At e
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§17.2 Non-smooth Penalty Functions

FERr AT Sl oy PR R AP EIHINEER -
APz HHRTE- BHE (2288 5%) > 2858 - B4
g T EAFR AT EFEIT A Az B2 hRx L gHWY

N

) Sl 0 0 BER SRR > Ao - B g
PNk At x Al 30 Lagrange koo 2 A ik w12 4
VR B R HRILAP AR X AR 0 - B A
P KB AR AN Nl o BB KR LA Be o FLHES
NPT NGB A BRA PTG R R
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

B 1990 & it o FEE GG Ay EAOFEHFEFRT AR
% E F ko FEGET filter 2 HFE > B4 FRERE
Sl GRER §15.4) ¢ A o 3TE ko d SRS E R
v 1 R e 4 ’*i"d’%g']%iz*: AR R S B o 3Tl &
TR R R R Ry KPR 2
BB EE 2 hF R (%L Algorithm 18.5) & drpt o

B de o] 1 d1( puyr) AR xg PiEE S FR G Y
o o 4ok B0 E B D T R Ak T AP ET

FRBEER o PRAEAPT X KR R RS EY P EFD
&1(+; k) 07 minimizer xg o F R > AP F G0 F F RAR RS T

EA7 4 Bh o
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions
e A general class of non-smooth penalty methods

ST g 0 e liok T A exact LR E T Sdict o 4 T
R v gk T& o - 40 3 0 exact 2L F) S0 fice 1Y

G =
d(x; ) = F(x) + pp([[c()]), (24)
T

—‘I-dv ¥ b g ":'TL‘I—‘ C(X) = [[Ci(x)]iega [[Ci(x)]_]iez} L H : H T\E‘!\
REFZN b e mfodie > K16 ¢ % &

Q ¥(0)=0;

Q ¥(t)>0if t > 0;

Q@ 0<y/(0h) = hrél+M < 0.

t
Framework 17.2 if #* **igdt ) Sofic? ehiz e — B o
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LRBY R Ay L) =t REFELL Pl L §
e £y fodic (AT )0 xw
o(x; 1) = F(x) + pll e O + pll [e ()] - (25)
$90 L MO T LR R B B I 0T (23) chd S R o
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Chapter 17. Penalty and Augmented Lagrangian Methods
§17.2 Non-smooth Penalty Functions
REEY R A5y £ (D)

=t REFERL (O Pkl
Bicfe ly ol (AT )
$(x; 1) = () + ple (I + plllez (). (25)

30 Lo fP8c 0 T OUIE B E BT 00T (23) chE S o
TR Fld (25
Q iwii

b it B 3T exactness FEIZ Y R Z -7 E 5N (

2o it 2 32 >
) rds i - BpEF St

10) %4 %
s = [AslD,
L IR oY = S B oF R g

Ix|p= sup x"y.
lyl=1

- i# &2 stationary point v KKT point 4p B ch 2 32 B & 7
IIZ cI I }i‘%? o

Q 3
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§17.2 Non-smooth Penalty Functions
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Chapter 17. Penalty and Augmented Lagrangian Methods
SITE PP FIP A G wf/amﬁzrﬁ e T f {ik vlc.,ﬁ‘mﬂ
¢ ¥_exact | i H3E - FE?E:LEL’;\[’“:M—, 344 A
Foo B EI alx )=0 SR T o f gt FR T ) S0l G
;i) = f(x) + pgla(x)),
29 g:R->R £~ Bi% & g(0) =0 ehzt § Sk
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P SRER B P R S AT R R Sl T {ik%/ﬁmﬂl
¢ H exact ) BB AIL 57 GHAL > APRIR A P A
F - BENY ax) =0 PFERT o At RTS8 S
P(x; p) = f(x) + pgler(x)),
2? g:R>R I- BHE g(0)=0 2§ Snfk o
BR ¢ L exact ¥ g £ F ¥ fgehod 3t g it??/%@ -
minimizer > 3 3 Vg(0) = 0° 4% x, H_ 3 (
TEE RIAP G c(xe) =00 F1 Vg(a(xe)) = 00 4rdk x, &
(-5 p) e B K% minimizer > B F

0=Vo(xe; ) = VF(xe) + uVer(x)Vg(cr(x) = VF(xs).
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LT SR B P W S e d AR Sl T {ﬁt%iﬁ ﬁvﬂJ
¢ H exact | iTBMAI 57 BHEAL > APRIE A UH A
7 - BENU ox) =0 IR T o A ERT ﬁrﬂ % S

o(x; p) = f(x) + pglear(x)),

He g:R—>R 2 Bi% & g(0) =0 ehzt f Snde -
Bk ¢ Lexact ¥ g R F vV ficehned 2t g BE At - B
minimizer > & 73 Vg(0) = 0° 4r% x LKA (5) 79— B ¥
T BTG () =00 F1 Vg(c(x) =0 4o% xo &
(-5 p) e B K% minimizer > B F

0=Vo(xe; ) = VF(xe) + uVer(x)Vg(cr(x) = VF(xs).
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.2 Non-smooth Penalty Functions

bk R S ls ALY (PR E
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§15.4 ch- BHFH M E F 18 v ¥ 19 F ¢ .

“" mﬂ %ﬁﬁ JR, o

Ching-hsiao Arthur Cheng




Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

AP dET k3tw - fAH 5 K F 2 (the method of multipliers) &
3 R Lagrangian /# (the augmented Lagrangian method) 3= % o
TR E AL §17.1 ¢ cho ST B2 4p M o (e i 4% Lagrange
FF 5l T & & e fie (AT G R Lagrangian) PR
> ill conditioning 9% it | o &1 §17.2 2t ) S dcAp vt o H
A Lagrangian ff = 2R b F4F 0 T s ¥ ¥ T U jEARE
A LF] 2 R L% ' (bound-constrained) it & ¢ fpaE R IR -

A o> AR PR (¥ A kfr k+1) k4T Lagrange
fF ettt Nindex ¥ @ * TH (A FE ) KiTFeE N\
A& index o ¥ f;?auﬁﬁ H i HE > ;hgfs;g,\ﬁ_%:ﬂ ¥ THLT

# A index o
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

e Motivation and algorithmic framework

FAYREEF 28U VR AL (1) o d (2) Tk =
B ol Q(p) LERFIFT FERET S T fm u/2 RER
SR ehig £ oo R o K TILA P g B Q(xX; k) AT 2
minimizer x, ¥ % % 2B A7 F40E 2 (Vie&)(c(x)=0) - 4pF
BUOPAER (£ (7)) MR E LT IER

C,'(Xk) X —)\}"/,uk Viefk. (26)

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

e Motivation and algorithmic framework

FAYREEF 28U VR AL (1) o d (2) Tk =
ol Q(yp) LE#HI 7 FHARET S X p/2 R
Ll ehig £ oo Ra o i RIRA P T L5 B Q(x; k) T 02

5 3
€ &)(cilx) = 0) = 4p #

minimizer x; T % % 2% ¥ FHEE (Vi
v PR (FR (7)) s R T aER

ci(xk) ® =\i/ux Vie&. (26)
FER 0 % i ABIT 00 PEAP G ci(x,) AT 00 R EAP LA
Fagand TEF7 g acddk Qlx;uk) K% Mg & i

Bh o RHTR I F A gy 0 4 T2 minimizer { #iT
/5 ii ;?\“ K?\lﬁf'J (VIE g)(C,'(X) = O)J ©
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§17.3 Augmented Lagrangian Method: Equality Constraints

R Lagrangian La(x,A\;p) 36 & P & S0fic? ¢ 7 Lagrange %
FAPP R (AR (26) kFRie- P REHA
Lagrangian ez &

La(x, A; ) = f(x) Z/\c, 2 (27)

ie& 165
A w o d o # R Lagrangian R b (£ 4RIE (1) )
Lagranglan

L(x,\) = f(x) — Z Aici(x) (31)12

ieg
A e 2 gt E FOHE N RfeE o AR B R AR 0T A

Lagrangian fr= =< %ré‘l] S FreniE L o
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§17.3 Augmented Lagrangian Method: Equality Constraints

BT RAPRP-B (&2 §17.1 fr §172 chis fp e e) F &

o A H Y ke :J.é;_4$r3 Sl FTEFBEE o BN

% ié,; et Ao ¥ # B Lagrangian La(x, A5 ) $t x
B

A E o @ x &7 H A Lagrangian La(-, A pk) #hiT i

minimizer > 45 & X LR B BIEE > A
0~ VieLa(xk, A k)
= Vf(Xk) - Z [)\f( — MUkCi (Xk)] VC,' (Xk) .

ie€
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§17.3 Augmented Lagrangian Method: Equality Constraints

T R A PR B (2 §17.1 4o §172 e Ap k) F E
pESE I:L——M k’kjglj"“ jza—/[gfl %};@:M I.F'I’Lﬁrﬂv']?l— '—E'—,uk’ 2\
F L F w3 E A\ ¥ # A Lagrangian La(x, A5 ) $t x
A E o @ x &7 H A Lagrangian La(-, A pk) #hiT i
minimizer ° #”‘#f\;i SOLIR M B IR 5 A

~ Vi La(xks A )

V ( ) Z [)\f( - /LkC,'(Xk)] VC,'(Xk).

ie€
LiE 2 RAL (1) b Bif & (13) 670 o> AT 0435 19 3
Noa N — () Vie&. (28)

FRTEE A SN, AN e iE g
i) ~ ———(\f = M) Viek.
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!
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§17.3 Augmented Lagrangian Method: Equality Constraints
BT £ AR (28) HE 2 5

ci(xk) ~ —E(AT — ) Vieg,

APEDN TS ok NBRTRBART 2R N0 PR X,
doeh T OE R Y (T ) 0 R eh (26) ¢ R T A AL
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§17.3 Augmented Lagrangian Method: Equality Constraints

B T OE AT (28) w2

1

ci(xk) ~ —E(AT — ) Viek&,

AP E N TS ek N BERREET 2R A TR X
c‘ﬁv?»'v"f—?:i%—%jw’?? (1/pk) > @ * et (26) @ # 7 (714
g (/) & 2 vt o B 5% (28) PRk T — Becig s i g
# Lagrange 3 » B M eh o sN s @ % Bk 5 it
minimizer x; @ 3P UK B

AL = X () Vie €. (29)
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

YLE S RETE T T R B R R o
Framework 17.3 (Augmented Lagrangian Method — Equality Constraints).
Given po > 0, tolerance 79 > 0, starting points x§ and il
for k=0,1,2, ---
Find an approximate minimizer x of £La(-, AK; us), starting at
x§, and terminating when |V La(xk, A5 k)| < 7w
if a convergence test for (1) is satisfied
stop with approximate solution x;
end (if)
Update Lagrange multipliers using (29) to obtain A\*+1;
Choose new penalty parameter pix+1 = fik;
Set starting point for the next iteration to x; | = x;
Select tolerance Ty.11;
end (for)
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§17.3 Augmented Lagrangian Method: Equality Constraints

BT APEM SR M R B U e R

ar
B 5] %2 o F]t s ill conditioning ;R A Framework 17.1 #
A = 5 FPEE o F]pt Framework 17.3 P &hd= 42k ka mbg;f},,]*
# PR R-RE 4 (& Framework 17.3 7 » 2N i v § € 5 — B 172

minimizer x, B 423% o B LR T4 ¥ U Jf'r\"bi’:x ¥ T Z e ()]
*éﬁﬁ’&?%&%‘fﬁiﬁ@ﬂ%v (SR ERE) R A S I ’E]"’llig
CRIE S T

-\
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§17.3 Augmented Lagrangian Method: Equality Constraints

BTG APPSR AT AT B U e p PR T

B3] %% o F] s ill conditioning %t & Framework 17.1 *¢

Fa? & L RAL 0 F1¥t Framework 17.3 ¥ e 48 X7 ¢ é’ﬁ)j‘

? 7R -4 (A Framework 17.3 # » A0 2 & & — B 17 02

minimizer xx B4e40% ) o Z LR 7 ¥ AR F T T4 D [c(xi)|

REH Ak g mER? AT FAHORFECE T 5o Ig'lg? v
CRIE S T

gL

Consider again problem (3), for which the augmented Lagrangian is

AN

LA p) =x1 +x2 — A +x3 —2) + 2(x1 + x5 —2)% (30)

The solution of (3) is x, = (—1,—1)T and the optimal Lagrange

multiplier is A, = —0.5.
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Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

Example (cont'd)

Suppose that at iterate k we have pyx = 1 (as in Figure 1), while
the current multiplier estimate is A = —0.4. Figure 5 plots the
contour of the function £(-, —0.4;1). Note that the spacing of the
contours indicates that the conditioning of this problem is similar to
that of the quadratic penalty function Q(-;1) illustrated in Figure
1.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Example (cont'd)

Suppose that at iterate k we have pyx = 1 (as in Figure 1), while
the current multiplier estimate is A = —0.4. Figure 5 plots the
contour of the function £(-, —0.4;1). Note that the spacing of the
contours indicates that the conditioning of this problem is similar to
that of the quadratic penalty function Q(-;1) illustrated in Figure
1. However, the minimizer x; ~ (—1.02, —1.02)% of LA(-, —0.4;1)
is much closer to the solution x, = (—1,—1)T than the minimizer
of Q(x;1), which is approximately (—1.11,—1.11)T.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Example (cont'd)

Suppose that at iterate k we have pyx = 1 (as in Figure 1), while
the current multiplier estimate is A = —0.4. Figure 5 plots the
contour of the function £(-, —0.4;1). Note that the spacing of the
contours indicates that the conditioning of this problem is similar to
that of the quadratic penalty function Q(-;1) illustrated in Figure
1. However, the minimizer x; ~ (—1.02, —1.02)% of LA(-, —0.4;1)
is much closer to the solution x, = (—1,—1)T than the minimizer
of Q(x;1), which is approximately (—1.11,—1.11)T. This exam-
ple shows that the inclusion of the Lagrange multiplier term in the
function La(+, A\; ) can result in a significant improvement over the

quadratic penalty method, as a way to reformulate the constrained

optimization problem (1).
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§17.3 Augmented Lagrangian Method: Equality Constraints

Example (cont'd)

Figure 5: Contours of La(x, A; i) from (30) for A = —0.4 and p = 1,
contour spacing 0.5.
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§17.3 Augmented Lagrangian Method: Equality Constraints

e Properties of the augmented Lagrangian
AIRT RGP B BSE 0 BS BERER TR E S
G LR R AL # 7 # R Lagrangian fok 3 if i 1o

¥ - B EE
B A R
A

minimizer > f&_@ %

T o0 g AP ey Lagrange Rk F e £ A\, A
%0 o (1) 9 X A La( Ass ) mﬁ‘if’é
F 7 Framework 17.3 e j2 # 3 scihe i ¢
[E0- 0 S U - g "”LF. Ay ? 25252 Hpm 4
®opu A RPN RNE )\, PEEG
it La(, A p) BEH x AT FE -

N
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§17.3 Augmented Lagrangian Method: Equality Constraints

Let x,. be a local solution of (1) at which the LICQ is satisfied (that
is, the gradients Vci(xy), i € &, are linearly independent vectors),
and the second-order sufficient conditions specified in Theorem 12.6
are satisfied for A = \.. Then there is a threshold value ji such that
for all = 1, x4 is a strict local minimizer of La(+, Ax; 14).
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§17.3 Augmented Lagrangian Method: Equality Constraints

Let x,. be a local solution of (1) at which the LICQ is satisfied (that
is, the gradients Vci(xy), i € &, are linearly independent vectors),
and the second-order sufficient conditions specified in Theorem 12.6
are satisfied for A = .. Then there is a threshold value i such that
for all = 1, x4 is a strict local minimizer of La(+, Ax; 14).

We prove the result by showing that x, satisfies the second-order
sufficient conditions

Vi LA(Xs Ais 1) = 0, V2 La(Xi, s ) positive definite  (31)

for all u sufficiently large.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Let x,. be a local solution of (1) at which the LICQ is satisfied (that
is, the gradients Vci(xy), i € &, are linearly independent vectors),
and the second-order sufficient conditions specified in Theorem 12.6
are satisfied for A = .. Then there is a threshold value i such that
for all = 1, x4 is a strict local minimizer of La(+, Ax; 14).

We prove the result by showing that x, satisfies the second-order
sufficient conditions

Vi LA(Xs Ais 1) = 0, V2 La(Xi, s ) positive definite  (31)

for all u sufficiently large. Because x, is a local solution for (1) at
which LICQ is satisfied, we can apply Theorem 12.1 to deduce that
Vi L(x4, Ax) = 0 and ¢i(x,) =0 for all i€ &. o
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§17.3 Augmented Lagrangian Method: Equality Constraints

Proof (cont'd).

Therefore,
Vi La (X, Ass ) = VI (%) — 2 (A} — pei(xa)] Vi (%)
ie€
= VI(x) — D APV () = ViL(x4, As) =0,
ie€

verifying the first part of (31), independently of p.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Proof (cont'd).

Therefore,
Vi La (X, Ass ) = VI (%) — 2 (A} — pei(xa)] Vi (%)
ie€
= VI(x) — D APV () = ViL(x4, As) =0,
ie€

verifying the first part of (31), independently of u. For the second
part of (31), we define A to be the constraint gradient matrix in
(11) evaluated at x,, and write

VEX‘CA(X*a Awi ) = foﬁ(x*, Ax) + NATA-
If the claim in (31) were not true, then for each integer k > 1, we

could choose a vector wy with |wy| = 1 such that

> Wy VA LA M K)Wie = Wi VE L (%, M) it k| A (32)

= =
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§17.3 Augmented Lagrangian Method: Equality Constraints

Proof (cont'd).
Since the vectors {wy} lie in a compact set (the unit sphere), there

exists a convergence subsequence {wj} with limit w. Inequality (32)

shows that 1
H/é\ijH2 g _IWEV)?X£<X*7 A>!<)ij (33)
J

and the right-hand side converges to 0 as j — 0.

Ching-hsiao Arthur Cheng i gy MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.3 Augmented Lagrangian Method: Equality Constraints

Proof (cont'd).
Since the vectors {wy} lie in a compact set (the unit sphere), there
exists a convergence subsequence {wj} with limit w. Inequality (32)
shows that

|Awg |2 < —ingvfqu*, )W (33)
and the right-hand side converges to 0 as j — . The limit (33)
implies that Aw = 0. Moreover, by rearranging (32), we have that

Wi Vi £ (X, M) Wi < — kil Awi|* < 0,

so by passing to the limit as j — o0 we have w! V2 £(xy, \s)w < 0.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Proof (cont'd).

Since the vectors {wy} lie in a compact set (the unit sphere), there

exists a convergence subsequence {wj} with limit w. Inequality (32)
shows that
2 L 12
HAijH < _E_ijvxxﬁo(*v /\*)ij (33)
and the right-hand side converges to 0 as j — . The limit (33)
implies that Aw = 0. Moreover, by rearranging (32) we have that

V o £(Xies A ) Wi, < — ki Awy, 1> <

so by passing to the limit as j — o0 we have w VXQXE(X*, A )w < 0.
However, this inequality contradicts the second-order conditions in
Theorem 12.6 which, when applied to (1), state that we must have
wIV2 L(x4, \s)w > 0 for all nonzero vectors w with Aw = 0.

Hence, the second part of (31) holds for all u sufficiently large. ©
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§17.3 Augmented Lagrangian Method: Equality Constraints

% = % % d Bertsekas [19, Proposition 4.2.3] &3 » & it 7 A
FEN N LR F AR TSN H - BRI X
La(-, \; ) 0 minimizer ehif % > T 8007 B x el A% K
TER RASEREFTNLATET B N amg L R .
_
Suppose that
Q x. is a local solution of (1) at which the LICQ is satisfied
(that is, the gradients Vci(xy), i € £, are linearly independent

vectors);

@ the second-order sufficient conditions specified in Theorem 12.6
are satisfied for A = \., and

© the number 1 is chosen such that for all ;1 = [i, x. is a strict

local minimizer of La(-, Ax; ).
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§17.3 Augmented Lagrangian Method: Equality Constraints

Theorem (cont'd)

Then there exist positive scalars 8, €, and M such that the following

claims hold:

(a) For all \* and pu satisfying

IAK = Al < b, x> (34)
the problem

min La(x NS k) subject to |x — x| < €
has a unique solution xx. Moreover, we have
Ik = il < MIXS = sl /s (35)
(b) For all \k and py that satisfy (34), we have
IXFLZ Al < MIN = Aol (36)

where \**1 is given by the formula (29).
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§17.3 Augmented Lagrangian Method: Equality Constraints

Theorem (cont'd)

(c) Forall \* and i that satisfy (34), the matrix V2 L a(xi, \<; k)
is positive definite and the constraint gradients Vc;(xx), i € &,

are linearly independent.
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§17.3 Augmented Lagrangian Method: Equality Constraints

Theorem (cont'd)

(c) Forall \* and i that satisfy (34), the matrix V2 L a(xi, \<; k)
is positive definite and the constraint gradients Vc;(xx), i € &,
are linearly independent.

Fi IR 7 M R Lagrangian E - R D 4EM o 2 F S
(35) £ P » 4% N B H T S e B3 R g #
FiT X o FIP 0 BA Lagrangian 2 B A PR BT S fAE X M

Rl oodm Z R TS NP - BEIR B e py e
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§17.3 Augmented Lagrangian Method: Equality Constraints

Theorem (cont'd)

(c) Forall \* and i that satisfy (34), the matrix V2 L a(xi, \<; k)
is positive definite and the constraint gradients Vc;(xx), i € &,

are linearly independent.

|

S+ P O3 R Lagrangian 2 - B R A o 7 E S0
(35) %P > 4% U SR rgN ‘%‘/}%‘f‘«?\ S8 i B34 0 Bl xg ¥
FiT X o FIP 0 H AR Lagrangian 2 A PR BT S Mg x B
Berr sl dm - AR RS AP - BEE M o 2 E

F(36) AP 0 RIVK 0 AT L EEE Sy KA

Lagrange I F Bl o
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§17.3 Augmented Lagrangian Method: Equality Constraints

Theorem (cont'd)

(c) Forall \* and jux that satisfy (34), the matrix V2, La(xk, \<; 1)
is positive definite and the constraint gradients Vc;(xx), i € &,
are linearly independent.

\

|

(35) % > 4ok N R AR K R Sl e KR 0 B g #
BT X o FP 0 H A Lagrangian # 4 PR T A e x M
B e ;?V I :(4%{5];2: FAST A - BEE i‘g%“ . %
F(36) AP 0 RIVK 0 AT L EEE Sy KA
Lagrange % & B inicd o 2t - BRRAP > AP
THFEET o BRIV PSR FEEL HE kT AR
Flot v AR e AR R 2 LR T JIR R U A i

bt e @ p 7 M R Lagrangian # fh- B R D FEM 7 F
2t
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§17.4 Practical Augmented Lagrangian Methods

LA a P o AT E g B Lagrangian A2 5 0 5] el
FEFRFIPARA o A Pm T Z A 2 0 A B A R UL
(bound-constrained) ~ #4424 (linearly constrained) v & *L 4|
formulations o % & > ;2 £ 4 # azba i 23] 4 LANCELOT
[72] 4= MINOS [218] sk # o
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§17.4 Practical Augmented Lagrangian Methods

e Bound-constrained formulation
¥t - a2t AR RE (5) 0 AT LB~ £ B E s
B 4278 AT (Vie T)(c(x) > 0) B4k 5 00T A% &k 5
L RS TR0 REERE Th= ol oF LR

¢i(x)—si=0 and s5;=0 VieT.
e < x < u A P m o

0
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§17.4 Practical Augmented Lagrangian Methods

e Bound-constrained formulation
$130 - BnZAU AL R AL (5) 0 A PT LLES ~ R
B R F NG (VieD)(ci(x) =0) Fae 5 T A58 kg de 3

R R S AL F TS LR
¢i(x)—si=0 and s5;=0

e b <K x<u UV RE 7R - Fef
iF o AT b R R AR R e T

Viel.
%”ﬂ‘#

(< x<u. (37)

min f(x) subject to ¢i(x) =0, i=1,2, m,
xeR"

ML=kl PREEL s g e E x o TR E
AT A ﬁ'vgt Ci
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§17.4 Practical Augmented Lagrangian Methods

e Bound-constrained formulation
¥t At R AT (B) ) AP T i B e BE s
Bm 2 B (VieD)(ci(x) = 0) T s 0T A58 kg o
£ 7 F UG o R UG R A

¢i(x)—s;i=0 and s=0 Viel.

Vel <K x<uF "V WFPEFEF - LB N E AT

F o AT B A R R R A e T

min f(x) subjectto ¢i(x)=0,i=1,2,---,m, { <x<u. (37)

x€RM
bl d FERE 5 BREr PR XY EHESE
AT G rrl;’}’/‘ ¢, A fru $#-5 50 K';l#:l [ "]iﬁ

i gy MAS037-*
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§17.4 Practical Augmented Lagrangian Methods
B #1r4] Lagrangian (BCL) /% &3 (37) # en&E 55240 » M R

Lagrangian # > ¢
La(x X p) = fx) = DI hici(x) + g M cP(x). (38)

R AT ALY PR Ao BN g

min L4(x, \; 1) subject to ¢ < x < u. (39)
X
feA-0 pC KRS 0 L AT Lagrange 3k AN foilr ) Sl p0 BREE

\

A OB AR -
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§17.4 Practical Augmented Lagrangian Methods

JRAF B U] (39) chzba AR AT - ﬁ B oo E b F
T e N PR T R Y RS E 0 0 2 b §18.6 ¢ B -
i KKT 62 (32), 31t 5 KAE (39) A4 R x 5 (39)
higeh— PF B GER R
X— P(x—= Vi La(x,\; ), ¢, u) =0,
B Pglu) EHEw g g HP I T H4WT B [ u]
G if gi < L,
P(g,l,u)i=< g ifge(u), foralli=1,2 --- n

ui if gi = ui,
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§17.4 Practical Augmented Lagrangian Methods

B Sy it LANCELOT £ 2 7 F w8 % -
Algorithm 17.4 (Bound-Constrained Lagrangian Method).
Choose an initial point xg and initial multipliers \°;
Choose convergence tolerances 7, and wy;
Set o = 10, wo = 1/p0, and 1o = 1/pg";
for k=0,1,2, ---
Find an approximate solution xi of the sub-problem (39) such
that
|xk = P(xk = Ve La(xi, A5 i), £, )] < wi
i flc(xe)| < i
(* test for convergence *)
if [ c(xk) | < 7+ and [ xk— P(x— Ve La(xk, AK; k), €, 1) | < ws
stop with approximate solution x;
end (if)

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 17. Penalty and Augmented Lagrangian Methods

§17.4 Practical Augmented Lagrangian Methods

(* update multipliers, tighten tolerances *)
/\k+l —_ )\k _ /ch(Xk);
Hk+1 = Mk
_ 0.9 .
Mht1 = M/ By 1
Wht1 = Wk/ Mkt 1;

else
(* increase penalty parameter, tighten tolerances *)
Ak+1 — )\k.
Hrt1 = 1004k

M1 = 1/pily;

Wk+1 = 1/Hk+1;
end (if)
end (for)
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BFEZEPLIE ALY > BAREATFA
min La(x,\; ;) subjectto < x<u (39)
X
Bk eRAaUlEs L3 KR IIRR > 7 N

i i 12
leOadll < m (40)

kg o
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§17.4 Practical Augmented Lagrangian Methods

BFEZEPLIE ALY > BAREATFA

min £a(x, \; u) subjectto /< x<u (39)
Bk eRAaUlEs L3 KR IIRR > 7 N
g iE R
[e(all < (40)
&

B opBEE R PSS § AT ~:’(£’%f¥\:‘ BT

(Flagoehpu BA2 7 FRIRKTHUFEF ) & g5
ML= 2K (k) Vie€ (29)

{ #7 Lagrange % + 3 e T ER W EF LR we fr ﬁ?ﬁ )

M ET - BN
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§17.4 Practical Augmented Lagrangian Methods

AREAPLEA LY 5 it KR KL

min £a(x, \; u) subjectto /< x<u (39)
X
o RmEZERATUIEF LTGRO SRRE &7 L
g iE R
[e(all < (40)

m?g : %’*i@ﬂﬁ,’ifisti DRI B f AT - AP
A2 T FVRIATHUGEF ) R
AHL — N () Yie& (29)
{ #7 Lagrange % + 3 e T ER W EF LR we fr ﬁ?ﬁ )
R T - KB R e F - 2 G o hek (40) A 2 o R ik.rag
Bl Sl VAREFET - BFIRELALRPF S UFEF - &
BEFEIRT o 3§ L AT Lagrange : F iniE it E £ B ,:%1

f:r lk:]_'_ o
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§17.4 Practical Augmented Lagrangian Methods

% Algorithm 17.4 @ D sen¥ # 0.1~ 0.9 - 100 X ek *
FELa; B s PrLi* o d d ¢ BREEEG ajeah oo
LANCELOT @ * /& 822 & trust-region ( %2 (18.61)) *fz
A Rl enzb M3 R EE (39) o @ * trust-region R
TR RS # R Lagrangian L 0= #3837
i f# 4 trust-region FPHE k- EH e d:
1

min §dT (V2L (% AS) + puk AR A d+ Vi La (310, NS i) T (41)

subject to ¢ < xx+d<u,|d

|”L<A7

B A=Al @ A ERHFEFBLIT - AP0 7 oUfEd 7%
P —Ae<d<Ae kEFERIERE  t e=(1,1,---,1)T -
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§17.4 Practical Augmented Lagrangian Methods

fRAe B+ F;“%{év’ﬂ;%ﬁ;‘é g NS LS BREE o _Ff’t D
ZBH R line search » MAET_d ottt o B BRI EE S H
2 - o f o iefi CGd o H AT R Uhp o 2 g@_ die
7 (41) thd ] v o £ R NF > FEEF FE KKT B2
¢ Jacobian Ay A f2 o CG 2 R Z BB L £ Rt &

LANCELOT i * »> = 4| i 48 o

®

3
L

% (41) ¢ ¢ Lagrangian 9 Hessian 48 V2 L(xx, AK) 7 g 5
BFGS # SR1 { #72 ;% ch quasi-Newton i i3 #7 8~ - LANCELOT
W H A P RSB P PIA T A A *f? H A3t
% Lagrangian =7 Hessian 4£*L i £ % quasi-Newton { #7¢ 38+
MR Rie- B (50 §74)
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o Linearly constrained formulation

44241 Lagrangian (linearly constrained Lagrangian, abbr. LCL)
EAF i & 2 AL E AR ) 0 | 1 Lagrangian &
3 B Lagrangian k2 5 - BHEE o LCL 27 @ * ch3 A 457

Ny
min Fy(x) (42a)
subject to
c(xk) + Ax(x—xx) =0, £ < x< u. (42b)

Fi(x) 3 BAaF s i@ » S P LCL = 2 &
— 2 M), (43)

#¢ MK R ¥4 ch Lagrange %+ r’ iE oA cf(x) Ecx) &4
B Xg JrnAR i 2 Fend B
ek (x) = ci(x) — cilxk) — Vi (i) (x — xi).-
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FOLER G xe JRCT R xe B 2 E N4 (42b) 4P B e La-
grange F F e Pl BB F e o F o T uH- (43) ¢ e 2K
¥ 5 (42b) ¥ EF;\ U4 Lagrange 3k F c FHE kP - BN
p e LCL = 2 # F, %% 5 # v Lagrangian
LK
Fi(x) = f(x) — Z Mkek(x = g . (44)

fi=1

) g1 (43) 00t 0 BB Fp SRR DT R A 4 B
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(44) 2 3%+ Lagrangian
LaxAip) =) — Y Nei()+ £ e (27)

ie€ IES
2B el Fp il AR A Rl g(x) ¢ Sk
CR(x) “FB~ i (5 ¥ Wi G e “Z FER 21T IE o T RAL (42)
23R Lagrangian + P33 P 2 e B3t > AT x & % Dk &
XM o PREFEER Y O R o F BN R
MR A GE P AR A fE Ak o 2F 03 Algorithm 17.4 af2 B 7 12

v R Rl o SRS RS BB EAR 05 B -
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§17.4 Practical Augmented Lagrangian Methods
420 Th(x) e x=x PR 5 R ﬂ“ﬂ’w’n{f“%
=f(x) - Z Afef(x) (43)
i=1

B i )

Filx) = £(x) = 3 Afef0) + 5 Z (44)
i=1 =

FH A F o A fFE—‘,grS*}; VFi(x) = VE(xe) » 2 PR 0gm Fy h

Hessian %L ¥ (1) 7 Lagrangian # 4§ v Lagrangian 7 Hessian

AERE R Ap B o IR BN 3 ORAL (42) SR 18§ ¢ M

#e SQP + KL H ¢ SQP ¥ gz = p Ak LCL ¢ ezt

RIS
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¥ £ enit g5 MINOS [218] i * ZLag i 7] & e (44) il i -
B RO ZELTREIE ZF I H F o reduced
Hessian #7 quasi-Newton i& 17 o & MINOS ¥ » 2+ & 3 B 55 e4p
B OAFFEfR IR R (42b) ¢ % V440 Lagrange k F w3t (%
et (44) 2 %) B AHFDFE o F]pt o MINOS 3 % 7 & 3
L0 SQP P A p g2 S HEFR RS, oSk g
(2 HHR ) o B2 EAY fRAad 1AL (42) chipdict ot o

fg}"%;é")o
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§17.4 Practical Augmented Lagrangian Methods

e Unconstrained formulation

AP F 02 i AT T8 2k (proximal point) B E enda o EE A
<

Z e B Lagrangian + B AL 03550 5 * 3072 F V4R AE o
T HEARL > BRFERG AU (E=Z) AT UK

RAL (5) $ M3 A7 35— B &2 Lhifit B AL

min F(x), (45)
xeRn
# e

F(x) = max{f(x) B 2 )\,-c,-(x)} _ { f(x) if xis feasible, (46)

A=0 = o  otherwise.
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§17.4 Practical Augmented Lagrangian Methods

EHBTEH Fehd @t FAT R x 37 Gl Ty
MEE X)) <0 REAPFTNEILFER N SELL
Boo PR A EN 2 N RE 00 NBRELGRAER
g0 PIEETF i€ T A
G(x) =0 Flt e A =0 /&P B h* &> 2 B pF F(x) =f(x) o i
B4 (45) 52 (46) B & 0 AT
min F(x) = min f(x).

xeR" x feasible
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§17.4 Practical Augmented Lagrangian Methods
NPT I ERF G - BT i 0 Sk F(-5 0K ) » 32

z

I BB R S8 g e Lagrange k3 B3 E Ao RiEfa

.~+14C?’;} 0?‘;’/;1'5’ VAV La.&:—-'ﬁ :

F(x; AK, = max{ Aici(x) = 5— 35 (A= A) }

(6 4 ) = max )= 35 uké (47)
iz iEN? PRS- HER NRPELD GITE N e
B354 - S ﬁ@‘—f‘rmﬁx'\ ILEDY 15'-5‘*#&*"?’)5 e ip 3t
Ak
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§17.4 Practical Augmented Lagrangian Methods
VT L F R S - BT et Sl F( K ) o 3

PAVEE

I BB R S8 g e Lagrange k3 B3 E Ao RiEfa
B AR F T MT L RAT
I’—:x;)\k7 :max{ Aici(x) —=— ) (A\i— )\ }
(¥ ) = e {09 = T v %621 (47)

\ ¢ r‘l’!ﬁ,\ [9"‘ IE é‘]‘ =* lF )\ _Erﬂﬁ;t 13|J ] f_EVA___ )\k ﬁﬂfg

$2%5 4e T - 11%4‘%{‘5] U B AT S A lﬁ'ra‘?is—ﬁi'é‘f’ 2Rl
Mo d 2 (47) 5 X PR U SR 2 R HATH xE
PHEBLE N IREREAE ) NPT UP R EAFR L LT
EAET A chi s

A= Af) = { ) 0 if _Ci().() + N5/ g < 0; (48)
NS — pkci(x) otherwise.
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§17.4 Practical Augmented Lagrangian Methods

W R BN (47) 0 AP IR
F(X)‘muk_f +Z\I]CI la/‘Lk)

i€

He = BHE $HhI B U TLE T
—at+gt2 ift—%go,
\Il(ta Uvu) = 1 2 .
——0 otherwise,
2

T o AT L EH x Bl PO ) kRS &
X I 250 (48) kEB~{ 740 Lagrange 3 3t E Ao
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§17.4 Practical Augmented Lagrangian Methods
W R BN (47) 0 AP IR
F(X)‘muk_f +Z\I]CI la/‘Lk)

i€

He = BHE $HhI B U TLE T
—at+gt2 ift—%go,
\Il(ta Uvu) = 1 2 .
——0 otherwise,
2

Flpb o AP 0 E S x E] T :E(X; MK ) KB ATeRE S
X o T * 3% (48) kEB~ { 70 Lagrange 3{(—3- B3t E AL
W iE Y Framework 173 i (7 fi » P w U5 3 FHE T La
ek SEARNE JREES ¥Rl gl S Lagrangian EITY R T
TR ARG PFRT o Ra o B R U e R A5 10 3
o BN T3 AE e R LR * chR 2 b T
BRBPTE ALERIE -
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§17.5 Perspectives and Software
ey it #: §ArUH R AR R R Y o h h

k-
i

o

= 7
_F"E?fg L - B A gy BT Q(p) B it S
ZhindF e P 35«: o EFREHRRTENET e A F a0 d 3 X
@ﬂé Ha & ';:mlﬁlb_;’ili”i ARG F o FPt by AR
AT S8 BEFEFL 7 U E G F TS AERARE X
i

Q‘E\L W |

i (%R Gould [141] ¢ Hndih ) -
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SERENFEF AN ERCFRY 8 AR T BT
TP PG W B i BT Q(gp) b A%
ZERMFRPE po FRBHERTESDET A T B o d 3D =
BT Bl BN IR R EAR G AR Y o F Y G AR
FHSAFEFHFL 7 NE S E ISR ERALE X
i (%R Gould [141] # #3343 ) -

:;:—g Framework 17.1 ¢ &= :’u’%fgﬂj"v ZrE gt Lyl
BH L - L ¥ E§17.3 f- §17.4 ¢ i B Lagrangian
F oo TR EATHTA S R - KT A R RERBEEAE 0 T 5l
FFHFFRCIFERAE p NEFLET FREfEREST
Mo JEm ¥ 7 + B AL ll conditioning o £X /@ 0 = = S 2

REEE L 2 ok 7z RF] (SQP) 22 ) &iFE pliteh

—é‘ﬂ —IL}&%]J 12 ‘Q["‘}\ TFB lé"-— §171 %}i‘:}}%f'] g‘j”’]?’Kﬂ}j’: .
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% 1980 # * Fletcher B ¥ 7 — f83d * eh (; HH)% - F|H &2 SQP
G- B Ea AL S SOQP %2 o {58 - i1

*ARRL]T B AT ) AR v 5 KNITRO [46] % # -
IWAF IR o B2 b §185 ¢ 7 3 -
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§17.5 Perspectives and Software
% 1980 # * Fletcher B ¥ 7 — f83d * eh (; HH)% - F|H &2 SQP
FEy o ErRagFgaRF S SHQP 3 E o LT 0 - A
ARG KA 0 EEE e 5 iF 5 KNITRO [46] & @ e
IAF IR o 2 B2 h §185 ¥ 7 HH -
Hk O R SR AT A PR o T S 3R
FIEL R AL > B4 '] 3 3% R AR# 0 constraint qualifications ¥ &
3 I 484 (complementarity constraints) r#c g 425 (MPCCs)
[274] o TG #-iE o B AL F LB M S F ap o P 3 L4HH
xE‘_f'r‘H: 1551}/} it i 'é’»—r:“’ ;bt/fh' ('&"—" SQP « A —év,z‘)fz‘t,@im
_‘ET,Q%K‘:\!#VJ’?I};V% _\E,lfb —%;zm[@ égf,)ﬁo%‘z\;}_‘[g]
active set ;= » % [16, 191] 7 f& MPCCs enp 2Lz - SNOPT i:

& SQP =iz ¥ léq*flrf%r‘“ = E0E “—félﬁ'—]‘ﬁuﬂxaj’l}‘f_ﬁ:

,Mlmxfﬂbz fE ko gﬂﬁ«};;i;t%_*m, 55, ¢
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5 & %> ¥R Lagrangian ;2 F]H f§ H (&4 § X EiDe MINOS v
LANCELOT % i* &3 A Lagrangian j# chd i ¥ 2 — o ¥ I* 3%
R AT A BRSP4 B AT - MINOS h# 14 *24] Lagrangian
(LCL) 4= LANCELOT & f #2524 Lagrangian (BCL) 2 £ 35 £
Jﬂ:’-ﬁi—.’ e Rm » A g H B 3 R %\m# L‘f\?ﬁ¢,.4_1
L R AR > v P B EF AR o MINOS G MR R R
R RIT R ], F % (% B ) quasi-Newton 1T i
% % ¥ Lagrangian =1 Hessian 4B o ]t > MINOS & p d & 45
B PR G 27 o ¥ - 35 0 5 U e PRt
P > LANCELOT % } »% o it 4- §17.4 %+ » LANCELOT # § &
Jacobian & A m/,,\ ﬁa{: RS A AT IO RN L s
Mo > TR IET L Hessian 4B 31T 1235 5 fr precond|t|oner o A&
>3 B Lagrangian ;# i PENNON % i [184] | & 7 u3F L T 4F
l‘iﬁ\lﬁ;ljﬁvfg_;gé, o

4|
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§17.5 Perspectives and Software
B4 e & % X Lagrangian > 2 - B ELE U P A

La(x, A\; ) = f(x 2/\ ci(x géc?(x) (38)

BT S A R LRI R EA N R Bh A

Lagrangian 4 it § ¥ (T i B o
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§17.5 Perspectives and Software
B4 e & % X Lagrangian > 2 - B ELE U P A

La(x, A\; ) = f(x 2/\ ci(x ggc,?(x) (38)

PRI Gh R AR EFAFE S Ry L ER G HA
Lagrangian 4 it # ¥ 7L B o 4p & » LCL e9755%

min Fy(x) (42a)
subject to
c(xk) + Ax(x—xx) =0, < x< u. (42b)

e
~

L4 & L) AT A e R g > AT D FT
SAEH LR o E AL BEEREM o L G AT N

4% > MINOS +* LANCELOT & 5 @4t -

pu

{
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§17.5 Perspectives and Software
F8L7.3 3 A Lagrangian @ ¥ r & T i exact )
B LA Sl R AT R S
o A ;T\“ KQ#'J R %E”{;Tx \;’J/'J:llgt'lir‘_r 5

,u
6 (x5 1) = F(x) = A0 ) + 5 Y ci(x)
165
H ¢ Lagrange FF B E A(x) € x chdn ¥ ? W iEE ] T2
FER &G HiptiEs

= i

o |42 3% 3| Fletcher

3R

AX) = [AAX)T] A VF(X). (49)
Sl ¢ T T

I exact v i F ¥ & exactness {25 threshold value
 TA TSk ,ﬁ*mél f#f 5% EA S ;}F o ¢ D \mﬁzm
RS B (49) B A) P E R4 (2 *éAu

J%ﬁﬁfﬁ")\()i"%“&*’{%’.‘l5$A(),éf‘ HB PN

2l =1
[CA A S S
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