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Solution. 1. Let CU denote the controlled-U gate given in the problem. Then

U (0]00) + c01[01) + av10|10) + av11]11))
= CUJ0) ® (00|0) + ap1]1)) + CU[1) ® (10[0) + a1|1))
=0)® (a00]0> + a01]1>) +|D® U(a10]0> + a11\1>)
= apo|00) + ap1/01) + [1) ® [(Oéloun + 0411“12) 10) + (Oélouzl + 0411U22)‘1>)]
= ago|00) + a1|01) + (arourr + an1u12)[10) + (engugr + oa1ug)[11).

If [CU] is the matrix representation of CU w.r.t. to the computational basis |00y, [01), |10),

|11), then
Qoo Qoo
Q1 Q1
[CU] =
Qo Q1oU11 + Qp1Usa
11 Q1pUo1 + Qi11U22

for all Qoo, (o1, O10, 11 € C. Therefore,

[CU] =

U1 U2

o O O
o O = O

U21 U222



2. Let OCU denote the 2-qubit gate given in the problem. Then

OCU (0] 00) + ct01]01) + c10[10) + cvy1[11))
= OCU|[0) ® (v00|0) + c1]1)) + OCU|1) ® (c10/0) + v11|1))
= 10) ® U (w0|0) + ao1]1)) + [1) ® (10]0) + au1|1))
=0)® [(a00u11 + 0401“12) 0) + (0400U21 + 0401U22)‘1>] + a10/10) + CY11’11>)
= (ot + ap1u12)[00) + (agouzr + aortiss) [01) + aol10) + avg1]11))

If [OCU] is the matrix representation of CU w.r.t. to the computational basis [00), |01), |10,
|11), then

Qo0 QooU11 + Qo112
[OCU] Qo1 | _ | QooU21 + Qo1U22
Q10 10
11 11
for all Qpo, (o1, O10, 11 € C. Therefore,
up;p w2 00
U211 U2 0 0
[CU] 10 0O 1 0
0 0 0 1

3. Let UC and UOC denote the first and the second 2-qubit gate given in the problem, respectively.
Then

UC(r0]00) + aig1|01) + a10]10) + aq1|11))
= UC(a0|0) + a10/1)) @ [0y + UC (a1 |0) + a11[1)) @ [1)
= (00|0) + 10[1)) @ 10) + [(orur1 + a11ug)|0) + (orusr + aryuiz)[1)] @ |1)
= o[ 00) + v10]10) + (orurr + a11ug)|01) + (@oruzr + arruiz)|11)

and

UOC (aigo|00) + 1|01 + a10]10) + g1 11))
= UOC (vo|0) + av10]1)) ®10) + UOC (1 |0) + 1| 1)) ® 1)
= U(ao|0) 4+ a10]1)) @ [0) + (a01]0) + ani|1)) @ |1)
= [(aoour1 + a10u12)]0) + (cootiar + crousz) [1)] ® |0) + a10/10) + aq1|11))
= (aooun + a10U12) 100) + (04001621 + 0410U22) 110> + av10/10) + 0611|11>) .

If [UC] and [UOC] denote the matrix representation of UC and UOC w.r.t. the computational
basis [00), |01), [10), |11), respectively, then

(&%) Q0
o1 Q10
[UC] =
Q10 Qp1U11 + Q1U12
| (11 | | o1U21 + Qi1 U2 |
and L ~ _
Q0 QoU11 + QpU12
Qo1 QoU21 + Qi1plUoz
[UOC] =
10 Q10
| (V11 | L (0551 ]



4.

Therefore,

1 0 0 O up 0w 0

. 0 U111 0 U112 . 0 1 0 0
[UC] = 00 1 0 and [UOC] = wor 0 Uy O
0 wupr 0 wg 0 0 0 1

(a) Given the input state [t)) = ao|00) + a1|01) + a19[10) + a41|11), by the computation of

OCU above we find that

OCU|¢y = OCU (arp|00) + 11|01) 4 a10]10) + a1 [11))
= (a00u11 + a01u12) ‘00> + (Oé()()UQl + Oé()l’LLQQ) |01> + O{10|1O> + Oé11|11>) .

On the other hand, by the linearity of X ® I,

(X@D)|¢) = (X®TI)(coo|00) + g1 [01) + ar10]10) + cq1|11))
= (X ®1)[00) + ag (X Q@ 1)[01) + a10(X @ 1)|10) + (X @ Dayy|11)
= o|10) + ap1|11) + a19]00) 4+ 11]01)
= a19]00) + 11|01 + apo|10) + ap|11), (0.1)

so that by the computation of CU above,

CUX®I)[¢)
= 0410’00> + 0411’01> + (a00u11 -+ a01u12) |10> -+ (OéooUgl —+ 0401U22) ’11> .

Passing the quantum state above through the gate X ® I, we find that

X@DCUXQD[Y)
= (X®1I)[a10]00) + a11]01) + (apourr + corr2) [10) + (cgouar + cvortss) [11)]
= a1p(XQ1)|00) + 11 (X Q@ I)|01) + (cwour1 + i) (X @ I1)[10)
+ (oouz1 + apruge) (X QT)[11)
= ay0|10) + aq1|11) + (czooun + Oéo1u12) |00) + (Oéoouzl + 0601U22) 01)
= (Oéooun + 04011612) 100) + (0400U21 + 0601U22) |01) 4+ 10[10) + a1 |11).

Therefore, for any given 2-qubit state |¢)), we have
OCUlyp) = (X®D)CUX®I)[¢)

so we conclude that OCU = (X ®I)CU(X®I).

First we find the matrix representation of X®I. If [X®I] denotes the matrix representation
of X®1I w.r.t. the computational basis, using (@) we obtain that

Qoo 10

Qo1 | |01
X®I] =

[511) Qoo

a1 Qo1



so we have

1
0

o= O O
_— o O O
O O = O

0

Having obtained the matrix representation of X ® I w.r.t. the computational basis, to-
gether with part 1 we find that the matrix representation of (X ® I)CU(X ®I) w.r.t. the

computational basis is given by

(X@DCUX®I)] = X®I[CUIX®I]
[0 01 0]t 0 0o o0]foo010
100 0 101 0 O 00 01
o 1 0 00 0 0 U11 U122 1 0 00
_0 1 0 O 0 0 U21 u22_ 01 0O
-0 0 1 O [ 0 1 0 U1 U122 0 0
. 0 0 01 0 0 01 | U21 Uag 00
N 1 0 0O uUipr U2 0 0 o 0 0 1 0
_O 10 O _U21 U922 0 0 0 0 0 1

which is the same as the matrix representation of OCU (from part 2). o



