Vector Analysis MA2014-* Midterm Exam 1
National Central University, Nov. 3 2015
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Problem 1. Let ¢(x,y, 2) = (z cosysin z, x sinysin z, z cos z).
1. (9%) Compute the Jacobian matrix of 1.
2. (9%) Find the adjoint matrix of the Jacobian matrix of .
3. (12%) Verify the Piola identity for the map .

Solution: Since
cosysinz —xsinysinz xcosycosz

[DY](x,y,z) = |sinysinz xcosysinz xsinycosz| ,
COoS 2 0 —xsin z
we have
—x? cosysin® z —2?sinysin®z  —2%sinzcos 2
Adj([DY))(x,y, 2) = xsiny —x CosY 0
—xcosysinzcosz —xsinysinzcosz xsin? 2

The Piola identity says that each column of the adjoint matrix of [V] is divergence-free. To check

this, we note that

a%(—a:Q cosy sin? z) + ;y(x siny) + %(—x cos y sin z cos z)
= —2xcosysin® z + x cosy — x cosy(cos® z — sin? 2)
= —xcosysin® z + T cosy — T cos Y cos” z
= —xcosy(sin® z + cos® 2) + xcosy =0,

i(—xz siny sin? ) + i(—91: cosy) + i(—ac sin y sin z cos z)

or oy 0z
= —2wcosysin® z + xsiny — wsin y(cos? z — sin? 2)
= —zcosysin®z + zsiny — rsiny cos? 2
= —zcosy(sin® z + cos? z) + xsiny =0,
a%(—:UQ sin z cos z) + ;y() + ;—Z(:Usin2 ) = —2xsinzcosz + 2xsinzcosz = 0.



Problem 2. Let f : R? — R be given by

3

fla,y)={ = +v°
0 if (z,y) = (0,0).

if (x,y) # (0,0),

1. (10%) Justify whether f is continuous at (0,0) or not.

2. (10%) Let v = (cosf,sinf) be a unit vector. Compute the the directional derivative of f at
(0,0) in the direction v.

Solution:

1. Using the polar coordinate:

x3 r3cos’ @

lim ———— =lim =limrcos®’d =0;
(€y)—=00) 22 +y2  r—0 72 r—0

thus ( l)m% )f(x, y) = f(0,0) which shows that f is continuous at (0,0).
z,y)—(0,0

2. The directional derivative of f at (0,0) in the direction v = (cosf,sin 0) is
F(O+tcosh,0+tsind) — £(0,0) Loos’d

lim = lim = lim cos® f = cos® 6.
t—0 t t—0 t t—0




Problem 3. (15%) Suppose that f,g : R — R™ are differentiable at a and there is a § > 0 such
that g(z) # 0 for all 0 < |z —a| < §. If f(a) = g(a) = 0 and [Dg(a)] # 0, show that

If @) _ [IDF()]]

219~ IDg(@]l

Proof. Since f and g are differentiable at a, by the definition of the differentiability,

|f () — £(a) — [Df(a)](z — a)|

glclglz |z — al =0
and
lim g(x) — g(a)‘ —_[Ds‘l(a)](x —a)| _ 0

which implies that
oy, £ = £(a) = [DF@)@ —a) _

r—a xr—a T—a r —a

Therefore, by the fact that f(a) = g(a) = 0,

U@ 1)~ fla) - [DF @)@ — o) + [Df @) — o)
aa |[g(z)|  e=alg(z) — g(a) — [Dgla)l(z — a) + [Dg(a)l(x — a)|
| |fmteibtelen 4 ()| pga)
a—a | g(m)*g(a);[iy(a)](r*a) +[Dg(a)]| IDg(@)]]”




Problem 4. (15%) Prove that if a > %, then

| |wy*log(a® +y?) if (x,y) # (0,0)
Jwy) = { 0 if (z,y) = (0,0)

is differentiable at (0, 0).

Proof. First we compute ﬁ(O, 0) and ﬁ(0, 0). By definition,

ox oy
7 (0,0) = lim 1O =TSO0 _ ), 020 _
ox h—0 h h—0
of . f0k)—F(0,0) .. 0-0
5y (00) = lim K == =0
As a consequence,
£ )~ 70,0~ 0,0] ||
. ) ) R Ikl log(h 4+ k)
(h k) =(0,0) Vh? + k2 (k)= (0,0) VhZ 4 k2 ’

thus letting (h, k) = (rcosf,rsinf), we find that

—or2a logr

h
0 = 0,00~ 0.0 [}]
li =
(hzk)lz’l%o’o) V h2 + k;2 r—0t

= —2| cos f sin H|* hm+ r?*ogr=0.
r—0

| cos 0]%| sin 0|



Problem 5. (15%) Let u: R — [0, 00) be differentiable. Prove that for each (z,y,2) # (0,0,0), the

function
F(z,y,2) = u(\/2% + y*> + 2?)
satisfies )
() + (@) +(Z)) =lovee)].
Proof. Let F,, F,, F, deno’ceaa (ZF nd 8&F respectively. By the chain rule,

s T 5 T 0 55 3 S ST
Fz(ZE,y,Z):U/( l’2+y +Z>a Z‘2+y +22:U’,< $2+y2+22) /x2+xy2+227

and similarly,

Fz,y,2) =u' (Va2 + 2 +22)——2  and Fz,y,z2)=uv(a2+yP2+22)——u

Therefore,

2 2 2
(F2 4+ F2 4 F2)(2,y,2) =/ (Va? + 2 + 2P L2 — (Va4 2 4 22)?

2+ y2 + 22

which conclude the desired identity. O



Problem 6. (15%) Find conditions on a point (xg, Yo, ug, Vo) such that there exists real-valued

functions u(z, y), v(x,y) which are continuously differentiable near (z¢,yo) and satisfy the equations

s +yviFay =9,
v+ yu —ay =7.

1
Prove that the solution satisfy u? + v? = 16
rT+y

Proof. Let F(x,y,u,v) = zu? 4+ yv? + 2y — 9 and G(z,y,u,v) = zv* + yu? — 2y — 7. Applying the

implicit function theorem: we need
1. F(x07y07u07 UO) = G<x07y07 u(]?UO) - 07 and

Fu(m07y07u0a1}0) Fv(anyﬂvlLOyUO)

2. the matrix
|:Gu($07y0au077]0) G0, Yo, o, Vo)

1 is invertible.

F, F
Computing the matrix [ G“ GU] , we find that the invertibility of this matrix is equivalent to that

2!130U0 2yQUO

0# 2youo  2x0vUg

= 4(1’(2)U0U0 — ygUO'UO) = 4u0U0(CL’(2) - y(2)> .

The implicit function theorem implies that in a neighborhood of (z,yo), there exist u(z,y) and

v(x,y) such that u(xo, yo) = wo, v(xo, yo) = vo, and

(z,y)* + yo(z,y)> + 2y —9=0,

I
8
e

F(x,y,u(z,y),v(r,y))

G(.ﬁﬂ,y,U(l’,y),U(.ﬁE,y)) U(l‘,y)Q + yU(iﬂ,y)Q — Ty — 7=0.

I
8

Therefore,

0= F(z,y,u(z,y),v(x,y)) + Gla,y, ulz,y),v(z,y)) = (x +y) (u(z,y)* + v(z,y)*) — 16

which implies that the solutions u, v satisfies
16
T4y

u2+02:



