Vector Analysis MA2014-* Midterm Exam 2
National Central University, Dec. 1 2015
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Problem 1. (20%) Evaluate the integral J [J <J dz)dy} dz. (Hint: Change of order
0 0 Y

of integration to dxdydz)

Solution: Let R denote the region of integration:
R={(z,y,2)eR*|0<2<1,0<y<l-my<z<l}.
Then R can also be expressed as
R={(z,y,2) e R*|[0<2<1,0<y<z0<z<1-y}.

Therefore,

-z I-y 1_
f J f Sinmz) 4 dydx—J J J sin(m d dydz = J f ) sin(m )dydz
2—2 2—2)

1 1 z=1 1
= L (2 Z(z)jlj)(ﬂz)dz = §L sin(mz)dz = ~5- cos(mz) o=




Problem 2. (15%) Evaluate the integral f "V d(z,y), where R is the region {(z,y) | |z|+|y| < a}.
R
Solution 1: Since the region R is the disjoint union of the two regions R; and R, given by

Rlz{( ER2}0 r<a,r—a<y< a—:c},

Ry = {(z,y) 6R2}—a<x<0, —r—a<y<z-+a},

the desired integral can be computed by

a ra—=x r+a
J e d(z,y) = J e d(z,y) + J e"d(z,y) = J f "t dydz + J J ™t dydx
R R1 Ro 0 Jz—a —z—a

a y=a—=x 0 y=z+a 2 0 9
= e”y’ dr + ety rTa dx + (e ra _ 6_“) dx
0 y=r—a —a —a

y=—x—a

1
- + (§e2x+a — re a>|

=ae’ ——e'+ e "+ e ——e P —ae *=ale"—e 7).

r=—a

Solution 2: Let u = z +y and v = z —y. Then R = {(u,v) € R?||u| < a,|v] < a}. Since
o(z,y) _ d(wv)' 1
dwe) w2 we find that

L T d(z, y) = J_ f_ e“%d(u, S




Problem 3. Let 7' be the triangle with vertices (0,0), (1,0) and (0,1). Evaluate the integral
f =)/ ) (7. 1)
T

1. (15%) by transforming to polar coordinates, and

2. (10%) by using the transformation u =y — z and v = y + x.

Solution:
1. Let x = rcosf and y = rsinf. Since the line x +y = 1 in polar coordinate is r = ,;,
sin 6 + cos 0
we find that .
™
T:{ .0 ‘Oé <.—,0<9<—}7-
(r,9) " sin 6 + cos 0 2
Therefore,
2 01 0 1 2 1
sin 0+cos sin §—cos sin §—cos
f (ID/ ) () — J f B drdg — J oSt )
T o Jo 2 Jo (cos@ +sin )
Letting u = w, we find that
cos @ + sin @
du:(COS@+Sin9>2+('COSQ—SiIl@)Qde: 2 . "
(cos @ + sin 0)? (cos @ + sin )2
thus




Problem 4. (20%) Find J xd(x,y,z) and j zd(x,y, z), where R is the region given by
R R

2 2
R:{<$7y72)ERS}x>an2070<Z<hX (1—m>}

a

Solution: Consider the change of variable: z = rcosf, y = rsinf and z = hz’. Then
™ T
R:{(r,@,z’)’Oéréa,OgeéEand()éz'gl—a}.

cosf —rsinf 0

Moreover, .9, 2) = [sinf rcosf 0| = hr. Therefore,
(r,0,2")
0 0 h
f xd(x,y,z f J f rcos@hrdz drdf = h J f J 2 cos Odz' drdf
7" r=a
=h — —)dr =h(— — — =
fo r’ a) " (3 4a> 0 12
and
EN / / hr [ e / /
zd(z,y,2) = hz'hrdz'drdd = — Z'rdZ dr
R o Jo Jo 2 Jo Jo
hr (¢ r\2 2w 2 2rd ot = h2d’n
4L( D= Gt LT



Problem 5. (15%) Find the volume of the region under the surface z = x?sin(y*) and above the

triangle in the wy-plane with vertices (0,0), (0, 7%/4) and (7'/4 7'/4).

Solution: Let T denote the triangle with vertices (0,0), (0,7'/4) and (7'/4, 7'/4). Then the volume

under consideration is J r?sin(y*) d(z,y).
T

Solution 1: Since T' = {(z,y) e R? |0 <y < 7'/4, }, we have

/4 Ly 1 l/4 1 y=nl/4
J 22 sin(y?) d(z, y) = f f z?sin(y?) dedy = f y® sin(y*) dy = —— cos(y*)
T 0 0 3 Jo 12 y=0
1
= —E(COSW —cos0) = i
Solution 2: Making change of variable © = z? and v = y*, since
O(z,y) _dwv)™" 2z 0] _ 1 1
o(u,v)  d(z,y) 0 4y° 8xy? ey =(vu, ¥)  8\/uvt

and T = {(u,v) |0 < v < 7,0 < u < \/v}, we find that

(™Y 1 s 1 (" 1
fx2sin(y4)d(x,y):—J J TER sinvdudv:—f sinvdv = = .
T 8Jo Jo 12 Jo 6



Problem 6. (15%) Find the volume of the region lying inside all three of the circular cylinders

2?2 +y?=d? 22+ 2% = a® and y? + 2% = d°.
Solution: Let R denote the region
R={(z,y) ER2’x2+y2 <ad’,0<y<uz}.

By symmetry, the desired volume can be computed by 16f va? — x2d(z,y). Using the polar coor-
R
dinates, we find that

T2 (a2 —r2cos?f)s

16J va? —z2d(z,y) = 16J4 J va? —r?cos? 0 rdrdf = 16f =
R 0 0 0 3 —2cos26
16 1 a%(1 — sin® 0) 16a® JZ <se029 _ sinfd(1 — cos® 0>)d9
0

do =

3 ) cos? 6 3 cos? 6
16a® (%
— 6; J4 (sec? @ — secd tan 6 + sin ) df
0
16a3 g=7 1643
:%(tanﬁ—se(ﬂ—cose)‘e 4:%[1—\f—\f—(0—1—1)]
=0

= 8a*(2 — 2).



