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Chapter 0O

Preliminary

0.1 Functions and Their Graphs
Definition 0.1: Real-Valued Functions of a Real Variable

Let X,Y < R be subsets of real numbers. A real-valued function f of a real variable

x from X to Y is a correspondence that assigns to each element x in X exactly one
number y in Y. Here X is called the domain of f and is usually denoted by Dom(f),
Y is called “the” co-domain of f, the number y is called the image of x under f and is
usually denoted by f(x), which is called the value of f at x. The range of f, denoted

by Ran(f), is a subset of Y consisting of all images of numbers in X. In other words,

Ran(f) = the range of f = {f(a:)‘a:eX}.

Remark 0.2. Given a way of assignment x — f(z) without specifying where x is chosen

from, we still treat f as a function and Dom(f) is considered as the collection of all x € R
2

such that f(z) is well-defined. For example, f(z) = = + 1 and g(z) = Z__

considered as functions with

1
. are both

Dom(f) =R  and Dom(g) = R\{1}.

Since Dom(f) # Dom(g), f and g are considered as different functions even though f(x) =
g(x) for all = # 1.

Terminologies:

1. Explicit form of a function: y = f(x);



2. Implicit form of a function: F(z,y) =0. (%3 # 5 )

Definition 0.3

A function f is a polynomial function if f takes the form
f(z) = apz™ 4+ ap_12" 7t + -+ ayz + ag,

where ag, a1, a9, -+ ,a, are real numbers, called coefficients of the polynomial, and
n is a non-negative integer. If a, # 0, then a, is called the leading coefficient, and
n is called the degree of the polynomial. A rational function is the quotient of two

polynomials.

Definition 0.4

The graph of the function y = f(x) consists of all points (z, f(x)), where z is in the
domain of f. In other words,

G(f) = the graph of f = {(a:,f(:c)) ’:1: € Dom(f)}.

Definition 0.5: Composite Functions

Let f and g be functions. The function f o g, read f circle g, is the function defined
by (fog)(z) = f(g(x)) The domain of f o g is the set of all z in the domain of ¢
such that g(z) is in the domain of f. In other words,

Dom(f o ) = {« € Dom(g) | g(x) € Dom(f)} .

0.2 Trigonometric Functions

Detfinition 0.6

An angle consists of an initial ray, a terminal ray and a vertex where two rays inter-
sects. An angle is in standard position when its initial ray coincides with the positive
x-axis and its vertex is at the origin. Positive angles are measured counterclockwise,
and negative angles are measured clockwise.

Let 6 be a central angle of a circle of radius 1. The radian measure of 8 is defined to
be the length of the arc of the sector.




Remark 0.7. Using radian measure of 8, the length s of a circular arc of radius r is given

by s = 6.
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Figure 1: The radian measure of the central angle A’C'B’ is the number u = s/r. For a unit
circle of radius r = 1, u is the length of arc AB that central angle AC'B cuts from the unit
circle.

Remark 0.8. For a point P on the plane with Cartesian coordinate (z,y), let r = /22 + y?
and 6 be the angle in standard position with ODP as the terminal ray. The ordered pair (r, )

is called the polar coordinate of the point P.
Pir,8)
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Figure 2: Polar coordinate

Definition 0.9

Let 6 be an angle in standard position, and the terminal ray intersects the circle
centered at the origin of radius r at point (x,y). The trigonometric functions sine,
cosine, tangent, cotangent, secant and cosecant, abbreviated as sin, cos, tan, cot, sec
and csc, respectively, of angle 6 are defined by
sinf = Q’ cosf = f, tanf = g, cotf = f’ secl=_ and csch = z,
r r x Y x Yy

provided that the quotients make sense.

Remark 0.10. Suppose that a point P has polar coordinate (r,0). Then the Cartesian

coordinate of P is (rcosf,rsin®).



Proposition 0.11: Properties of Trigonometric Functions

1. For all real numbers 6,

sinf 4+ cos?f =1, 1+tan’f =sec’d, 1+ cot?f = csc?f.

2. For all real numbers 6,

sin(—f#) = —sinf, cos(—0) = cosf, tan(—6f)= —tanb,
cot(—0) = —cot @, sec(—0)=sect, csc(—0)= —csch.

3. For all real numbers 6,
sin (¢9+ g) =cosf, cos (9+ g) = —sinf, tan («9+ g) = —cotf,

sin(f +7) = —sinf, cos(0+m)=—cosf, tan(fd+m)=tanb.

4. (Law of Cosines): Let a, b, ¢ be the length of sides of a triangle, and 6 be the
angle opposite to the side with length c¢. Then ¢ = a? + b* — 2abcos 6.

5. (Sum and Difference Formulas): Let 0, ¢ be real numbers. Then

sin(f + ¢) =sinfcos¢ £ singcosd, cos(f £ ¢) = cosfhcosd F sinfsing.

6. (Double-Angle Formulas): For all real numbers 6,

sin(20) = 2sinfcosd, cos(20) =2cos’f —1=1—2sin’6.

7. (Half-Angle Formulas): For all real numbers 6,

COSQQ_I—H:OSH Sigg_l—COSQ tang— sin #
2 2 7 2 2 7 2 l+cosf’

8. (Triple-Angle Formulas): For all real numbers 6,

cos(30) = 4cos® 0 — 3cosf, sin(30) = 3sinf — 4sin®0.

9. (Sum-to-Product Formulas): For all real numbers 6 and ¢,

sin«9+sinq5:2sin0+¢c030;¢, sin@—sinqS:Qsing;qbcose;(ﬁ,
cos@+cosgb:2cose—i2_¢cosgg¢, cos@—cos¢:2sin9;¢sin¢;9.




Theorem 0.12: de Moivre (§ % %)

For each real number # and natural number n,

(cosf + isinB)" = cos(nf) + isin(nb). (0.2.1)

Proof. Clearly (0.2.1) holds for n = 1. Suppose that (0.2.1) holds for n = k for some natural

number k. Then by the sum and difference formulas,

(cos @ +isinO)* = (cos@ + isinH)* - (cos O + isin )
= [cos(kf) + isin(k0)] - (cosd + isin )
= cos(kf) cos 0 — sin(k6) sin § + | sin(kf) cos § + cos(k6) sin 6]
= cos[(k + 1)8] + isin[(k + 1)6]

which shows that (0.2.1) holds for n = k + 1. By induction, we find that (0.2.1) holds for

all natural number n. O

Theorem 0.13

Let € be a real number and 0 < 6 < g Then

sinf < 0 < tan6. (0.2.2)

Proof. Inequality (0.2.2) follows from the following figure

sin|0

1

Figure 3: The area of the sector is larger than the area of the blue triangle
but is smaller than the green triangle

9<%tan9. O
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which shows 3 sinf < B
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