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Global existence and decay for solutions of the Hele-Shaw flow with injection
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We examine the stability and decay of the free boundary perturbations in a Hele-Shaw cell under the
injection of fluid. In particular, we study the perturbations of spherical boundaries as time t ! C1.
In the presence of positive surface tension, we examine both slow and fast injection rates. When fluid
is injected slowly, the perturbations decay back to an expanding sphere exponentially fast, while for
fast injection, the perturbation decays to an expanding sphere with an algebraic rate. In the absence
of surface tension, we study the case of a constant injection rate, and prove that perturbations of the
sphere decay like .1C t/�1=2C� for � > 0 small.
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1. Introduction

1.1 The problem statement

We establish decay estimates for solutions of the Hele-Shaw equations both with and without surface
tension on the free-boundary, and with injection of fluid into the cell.

1.1.1 The case with surface tension. With the time-dependent fluid domain denoted by˝.t/, an
open subset of R2 with boundary � .t/, and for time t 2 Œ0; T �, the two-dimensional Hele-Shaw
equations are given by

�p D ��ı in ˝.t/ ; (1a)
p D H on � .t/ ; (1b)

V.� .t// D �@p
@n

on � .t/ ; (1c)
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˝.0/ D ˝ ; (1d)

where ı is the Dirac delta function at the origin, p.x; t/ denotes the fluid pressure, � D �.t/

denotes the rate of injection of fluid if � > 0 (or suction if � 6 0), and H is the (mean) curvature
of the evolving free-boundary � .t/. We use V.� .t// to denote the normal velocity of the moving
free-boundary � .t/, and we let n denote the outward-pointing unit normal on � .t/.

When the area of the initial domain has is � and the injection rate � 6� 0, the volume of the
fluid domain j˝.t/j can be computed as

j˝.t/j D � C
Z t

0

�.s/ds DW ��.t/2; (2)

where �.t/ �
s
1C

Z t

0

�.s/

�
ds > 0 is the radius of a ball centered at the origin. Moreover, if the

initial domain˝ D B1 WD B.0; 1/, then the solution to (1) is given explicitly by˝.t/ D B.0; �.t//,
with pressure function

p.x; t/ D 1

�.t/
� �.t/

2�
log

jxj
�.t/

:

We will show that under certain growth conditions on the injection rate �.t/, if
1. the initial domain˝ is sufficiently close to the unit ball B1 in R2 with j˝j D jB1j D �;
2. the center-of-mass of ˝ is sufficiently close to the origin (which is the point of injection),
then ˝.t/ converges to B� WD B.0; �.t// as t ! 1. The precise statement of our result is given
below in Theorem 1.1.

Of fundamental importance to our analysis is the conversion of the second-order Poisson
equation (1a) to a coupled system of first-order equations. Introducing the velocity vector u D �rp,
equation (1) can be rewritten as

uC rp D 0 in ˝.t/ ; (3a)
divu D �ı in ˝.t/ ; (3b)
p D H on � .t/ ; (3c)

V
�
� .t/

� D u � n on � .t/ ; (3d)
˝.0/ D ˝ : (3e)

1.1.2 The case with zero surface tension. We consider the annular region A D fx 2 R2 W 1 <
r < r0g where r D jxj and r0 > 1. Let ˝.t/ be an open subset of R2 enclosed by an inner
fixed boundary S

1 and an outer moving free-boundary � .t/. For 0 6 t 6 T , the evolution of a
two-dimensional Hele-Shaw cell is given by

�p D 0 in ˝.t/ ; (4a)
p D 0 on � .t/ ; (4b)

p D 1 on S
1 � Œ0; T / ; (4c)

V
�
� .t/

� D �@p
@n

on � .t/ ; (4d)

˝.0/ D ˝ ; (4e)
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where V.� .t// again is used to denote the normal velocity of the moving free-boundary � .t/, and
we let n denote the outward-pointing unit normal on � .t/. Following the idea for the case with
surface tension, we let u D �rp and rewrite equation (4) as

uC rp D 0 in ˝.t/ ; (5a)
divu D 0 in ˝.t/ ; (5b)
p D 0 on � .t/ ; (5c)

p D 1 on S
1 � .0; T / ; (5d)

V
�
� .t/

� D u � n on � .t/ ; (5e)
˝.0/ D ˝ : (5f)

Suppose that we choose our annular region as the initial domain, so that ˝ D A; in this case, the
solution to the Hele-Shaw equation (4) is radially symmetric, and the domain˝.t/ occupied by the
fluid continues as an annular region, bounded by r D 1 and r D �.t/ for some �.t/ > 1, which we
specify later in (8). We prove that if we choose an initial domain˝ to be a small perturbation of the
annular region A in R2, with the constraint that j˝j D jAj D �.r2

0 � 1/, then the distance between
the moving boundary � .t/ and the surface B� � B.0; �/ decays to zero.

The equation that the radius �.t/ must satisfy is derived as follows. Recall that �.t/ is the
radius of the expanding ball of the unperturbed solution . Np;˝.t// corresponding to initial data
˝.t/jtD0 D A. This solution consists of a radially symmetric pressure function Np and an annular
region˝.t/ D B�nB1. Since � 0 is the rate-of-change of the radius, �.t/ must satisfy

� 0 D �@ Np
@n

on @B�

which states that the rate-of-change of the radius is the normal velocity of the moving surface � .t/.
Nevertheless, since Np is harmonic with Np D 1 on S1 and Np D 0 on @B�, we must have that

Np.x; t/ � 1 � log jxj
log �.t/

in B�nB1:

As a consequence,

�@ Np
@n
.t/
ˇ̌̌
rD�.t/

D 1

�.t/ log �.t/
on @B� (6)

which implies that

�.t/ log �.t/�0.t/ D 1: (7)

Since
Z
x logxdx D 1

2
x2 logx � 1

4
x2 C C ,

1

2
�2 log � � 1

4
�2 D t C 1

2
r2

0 log r0 � 1

4
r2

0 I

thus letting C0 � r2
0 .2 log r0 � 1/, we find that � satisfies

�2.2 log� � 1/ D 4t C C0: (8)
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While we cannot explicitly solve (8) for �, it suffices to find a lower and upper bound (in order to
understand the decay rate). First, for all ˛ > 0,

C˛�
2C˛ > 2�2 log � > 4t C C0

for some constant C˛; thus for some 	˛;r0
> 0,

�.t/ > 	˛;r0
.1C t/1=.2C˛/ 8 t > 0: (9)

On the other hand,

�2 log
r2

0

e
6 �2 log

�2

e
D �2.2 log� � 1/ D 4t C C0I

thus for some 
0 > 0,

�.t/ 6 
0.1C t/1=2 8 t > 0: (10)

1.2 Some prior results

1.2.1 Surface tension on the free boundary. In the case that fluid is not being injected into the
Hele-Shaw cell (that is, � D 0), Constantin & Pugh [5] established the stability and exponential
decay of solutions of (1) using the methods of complex analysis. Friedman & Reitich [14] also
establish this stability result. In [1], Chen studied a two-phase Hele-Shaw problem with surface
tension, and established well-posedness using the energy method coupled with certain pointwise
estimates from the theory of harmonic functions; moreover, he proved that solutions exist for all
time if the initial interface is a sufficiently small perturbation of equilibrium. Classical short-time
solutions to related problems have been obtained by Escher and Simonett [11] in multiple space
dimensions. In any dimension greater than or equal to two, Escher and Simonett [13] established
global existence and stability near spherical shapes using center manifold theory.

In the case of a constant fluid injection-rate� > 0, Prokert [17] and Vondenhoff [20] established
global existence results.

1.2.2 The case of zero surface tension. For the case of fluid injection with zero surface tension,
weak solutions were considered by Elliott & Janokowski [9] (see also Elliott & Ockendon [10]) and
Gustafsson [2], and Escher & Simonett [12] proved the existence of unique and smooth solutions
to the Hele-Shaw equations on a finite-time interval. For the case of fluid suction when p < 0,
cusp formation occurs [16]. When p > 0, global-in-time weak solutions and their regularity have
been studied in [9], [15] using variational inequalities and in [2], [3], and [4] for Lipschitz initial
boundaries using comparison function ideas. For convex initial boundaries, global existence of
regular solutions was established in [8].

1.3 Statement of our main results

We propose a simple methodology (equally applicable in three space dimensions) for establishing
global existence and decay to equilibrium for Hele-Shaw cells with positive fluid injection rates
(time-dependent in the case of positive surface tension on the free boundary). We use an Arbitrary
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Eulerian Lagrangian (ALE) formulation or harmonic coordinates to transform the free-boundary
problem (3) to a system of PDE on a fixed domain. This ALE transformation depends on the signed
height function h measuring the signed distance between the moving surface � .t/ and the expanding
sphere @B�.t/. To be more precise, h W S1 � .0; T / ! R is given by

h.�; t/ D sup
˚
r > 0

ˇ̌
r� 2 ˝.t/�� �.t/ :

Moreover, when � .t/ remains a graph over @B�, the sign distance function h can be written as

h
� x

jxj ; t
�

D
(

�dist.x; @B�.t// 8 x 2 � .t/ \ B�.t/;

dist.x; @B�.t// 8 x 2 � .t/nB�.t/:
(11)

The idea behind the proof is the construction of a (total) norm, denoted by jjj � jjjT , which consists
of a norm k � kX associated to energy estimates in sufficiently high-regularity Sobolev spaces, and a
norm k � kY associated to decay estimates in weaker topologies. The total norm is given by

jjj � jjjT D sup
t2Œ0;T �

.k � kX C D.t/k � kY /

for some function D.t/ ! 1 as t ! 1. We shall prove that h satisfies

jjjhjjjT 6 C� C jjjhjjj2p
T (12)

for some integerp. The inequality (12) implies that if � (an upper bound for a norm of the initial data
h) is sufficiently small, then jjjhjjjT stays small for all t 2 Œ0; T �; a standard continuation argument
shows provides global existence and the fact D.t/ in front of the lower-order norm k � kY gives the
decay to equilibrium.

1.3.1 Notation. For each t > 0, we define the moment M˝.t/ of ˝.t/ by

M˝.t/ D
Z

˝.t/

.x; y/dA ;

where dA denotes the infinitesimal area element, and .x; y/ is the vector coordinate of a point in
˝.t/. In particular, M˝.t/ is a vector containing the x-moment and y-moment.

We define the center-of-mass C˝.t/ by

C˝.t/ D M˝.t/

j˝.t/j ;

where j˝.t/j denotes the area of˝.t/.

1.3.2 The case of positive surface tension on the free boundary.

THEOREM 1.1 (Decay for slow injection) Let .p;˝.t// be the solution to (1), h denote the signed
distance between � .t/ D @˝.t/ and @B� with �.t/ defined by (2), and the center-of-mass C˝.t/ D
.0; 0/. If the injection rate � > 0 is such that the corresponding radius �.t/ satisfies

sup
t>0

�.k/.t/.1C t/k

�.t/
< 1 k D 1; 2; and sup

t>0

�.t/

.1C t/˛
< 1 for some ˛ 6 1

3
; (13)
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then there exists an � > 0 sufficiently small, such that the solution to (1) exists for all t > 0 provided
that kh0kH 6.S1/ 6 �. Moreover, the signed distance h decays to zero, and

kh.t/kH 2:5.S1/ 6 C�.t/�2e�ˇd.t/ 8 t > 0 (14)

for some constant C > 0 and ˇ 2 .0; 7=8/, where d.t/ D
Z t

0

6ds

�.s/3
.

THEOREM 1.2 (Decay for fast injection) Let .p;˝.t// denote the solution to (1), and let h denote
the signed distance between � .t/ D @˝.t/ and @B� with �.t/ defined by (2). Suppose that � > 0

is such that the corresponding �.t/ satisfies

sup
t>0

� 0.t/.1C t/

�.t/
< 1 and � � sup

(
˛
ˇ̌̌

sup
t>0

.1C t/˛

�.t/
< 1

)
>
3

8
(15)

as well as one of the following conditions:
(1) � 00 6 0 or
(2) log � 0 has small enough total variation.
Then there exists an � > 0 sufficiently small, such that the solution to (1) exists for all t > 0

provided that kh0kH K.S1/ 6 � with

K D max

(
6;

�
64� � 21

16� � 6
�

C 1

)
:

Moreover, the signed distance h decays to zero, and

kh.t/kH 2:5.S1/ 6 C

p
1C t

�.t/2
8 t > 0 (16)

for some constant C > 0.

In the following discussion, we define

D.t/ D

8̂<̂
:
�.t/2eˇd.t/ if (13) is satisfied;

�.t/2p
1C t

if (15) is satisfied:
(17)

Then (14) and (16) can be summarized as

D.t/kh.t/kH 2:5.S1/ 6 C 8 t > 0 (18)

for some constant C > 0.

REMARK 1.3 In Theorem 1.2, the smallness condition kh0kH K.S1/ 6 � guarantees that the center-
of-mass C˝.0/ cannot be too far from the point of injection .0; 0/.

REMARK 1.4 Assumption (13) limits the injection rate of the fluid. In this case, C˝.0/ D .0; 0/ is
crucial for the stability result. On the other hand, when (15) is valid, the injection is fast enough so
that even C˝.0/ is close to the origin, then the stability result holds.
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REMARK 1.5 Suppose that (15) is satisfied. By Gronwall’s inequality, the condition

�0.t/ 6 C�.t/.1C t/�1 for some constant C > 0;

implies that � < 1. Then for each 0 < " � 1, there exists C1 and C2 such that

.1C t/��"

�.t/
6 1

C1

and
.1C t/�C"

�.t/
> 1

C2

8 t > 0

so that

C1.1C t/��" 6 �.t/ 6 C2.1C t/�C" 8 t > 0: (19)

Consequently, �.t/2� 1
2�� 6 CD.t/, where we use the notation �˙ to denote � ˙ " whenever

0 < " � 1. We will make crucial use of the integrability of certain functions of these bounds.

When � D 0, �.t/ D 1 so (13) holds. Theorem 1.1 implies that the distance from the moving
boundary � .t/ to the boundary of the equilibrium state (wherein the boundary is the unit circle)
decays to zero exponentially, which is result that was obtained by [1], [5], [14], and [13], but with
more conditions on the data.

When � is a positive constant, we have �.t/ D p
1C �

� t . For this case, Vondenhoff [20]
provides a decay estimate for a rescaled function:		h

�

		
H 6.S1/

6 C��˛ 8 ˛ 2 .0; 1/ and t > 0 ;

but this, in fact, shows that
		h
		

H 6.S1/
� t .1�˛/=2 for large t > 0 and hence the perturbation may

actually grow in time.
In contrast, for the case of constant injection, our Theorem 1.2 shows that

kh.t/kH 2:5.S1/ 6 C�.t/�1 8 t > 0
which is the first result proving the decay rate of the actual height function of the perturbation of the
sphere. With the rescaled variable,		h

�

		
H 2:5.S1/

6 C�.t/�2 8 t > 0 :

Moreover, our theorem applies to time-dependent injection rates, and thus generalizes the results
of [17] and [20].

1.3.3 The case of zero surface tension on the free boundary.

THEOREM 1.6 Let .p;˝.t// denote the solution to (4), let h W S1 � .0; T / ! R defined by (11)
denote the signed distance between � .t/ and @B�.t/, with �.t/ given as the solution to (8). Then
there exists an � > 0 sufficiently small, such that the solution to (4) exists for all t > 0 provided
that kh0kH 3.S1/ 6 �. Moreover, the signed distance h decays to zero, and

kh.t/kH 3.S1/ 6 C�.t/�1 8 t > 0 (20)

for some constant C > 0.
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1.4 Outline

We start our discussion for the case with surface tension. In Section 2, we derive the evolution
equation for the signed height function h and define the corresponding ALE map  (or harmonic
coordinate), which we use to pull-back the equations onto the fixed domainB1. The total norm jjj�jjjT
and the basic bootstrapping assumption that we use to establish (12) are introduced in Section 3. In
Section 4, we derive some inequalities, fundamental for our subsequent analysis.

In Section 5, an estimate of the type

D.t/kh.t/kH 2:5.S1/ 6 C
h
kh0k2

H 2:5.S1/
C jjjhjjj2T C jjjhjjj8T

i
8 t 2 Œ0; T � (21)

is derived using the decay property of the linearized problem, where Œ0; T � is the time interval of
the existence of the solution. We combine this with energy estimates for h in a higher-order Sobolev
space in Section 6, from which we obtainh Z T

0

1

�.t/3
kh.t/k2

H KC1:5.S1/
dt
i 1

2 C sup
t2Œ0;T �

h
kh.t/kH K.S1/C �.t/

p
� 0.t/kh.t/kH K�1.S1/

i
6 CıM.kh0kH 6.S1//C Cı jjjhjjj2T P

�jjjhjjj2T
�C ıjjjhjjjT (22)

for some polynomial P , and then show how the decay estimate (21) together with our energy
estimate (22) leads to Theorem 1.1 and 1.2. Section 7 contributes to the proof of Theorem 1.6,
the case with zero surface tension.

2. Fixing the domain for the case of positive surface tension

2.1 The signed height function h

We let S1 D @B1 denote the boundary of the unit ball, and parametrize S1 using the usual angular
variable 
 . For each 
 2 S1, let h.
; t/ denote the signed distance from � .t/ to @B.0; �.t//, where
the sign of h is taken positive if for x.
; t/ 2 � .t/, jx.
; t/j > �.t/ and taken negative if jx.
; t/j <
�.t/. In other words, � .t/ can be parametrized by the equation

x.
; t/ D .x.
; t/; y.
; t// D �
�.t/C h.
; t/

�
N.
/ 8 
 2 S

1 ; (23)

where N.
/ D .cos 
; sin 
/ is the outward-pointing unit normal to B1.
Let T.
/ D .� sin 
; cos 
/ be the tangent vector on S1. Then the outward-pointing unit normal

at the point .x.
; t/; y.
; t// is

n.
; t/ D J�1
h .
; t/


�
�.t/C h.
; t/

�
N.
/� h� .
; t/T.
/

�
; (24)

where Jh.
; t/ D p
.�.t/C h.
; t//2 C h� .
; t/2.

2.2 The mean curvature in terms of h

In addition, we note that with respect to the height function h, the mean curvature is given by

Hh.x/ D �.�C h/h�� C .�C h/2 C 2h2
�


.�C h/2 C h2
�

�3=2

D �.�C h/h�� C J2
h C h2

�

J3
h

on S
1 � .0; T /: (25)
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2.3 A divergence-free velocity

When h0 D 0 so that ˝ D B1, the solution to the Hele-Shaw equation (3) is given by ˝.t/ D
B.0; �.t//,

Np.x; t/ D 1

�.t/
� �.t/

2�
log

jxj
�.t/

; Nu.x; t/ D �.t/

2�

x

jxj2 :

In order to have a divergence-free velocity field, we introduce the new variables u D u � Nu and
p D p � Np, so that (3) is converted to

u C rp D 0 in ˝.t/; (26a)
divu D 0 in ˝.t/; (26b)

p D H � Np on � .t/: (26c)

2.4 The ALE formulation (harmonic coordinates)

Let  .�; t/ denote the ALE mapping, taking B1 to ˝.t/, defined as the solution to the elliptic
equation

� D 0 in B1; (27a)

 D .� C h/N on S
1 ; (27b)

where the Laplacian has to be read component-wise on  . For sufficiently small perturbations h,
elliptic estimates and the inverse function theorem show that  .t/ D  .�; t/ is a diffeomorphism,
and ˝.t/ D  .t/.B1/. By introducing the ALE variables v D u ı  , q D p ı  , Nq D Np ı  , and
A D r �1, we find that (26) can be rewritten on the fixed domain as

vi C Aj
i q;j D 0 in B1; (28a)

Aj
i vi ;j D 0 in B1; (28b)

q D Hh.x/� Nq on S
1; (28c)

where Hh.x/ is given by (25). We are employing the Einstein summation convention, wherein

repeated indices are summed from 1 to 2, and we write F;k to mean
@F

@xk

.

2.5 The evolution equation of h

We determine the evolution equation for h in order to close the system. The boundary condition
(27b) implies that

 t � n D .� 0 C ht /.N � n/ on S
1 : (29)

Since  t � n is the normal velocity of the free boundary � .t/ D  .t/.S1/, we must have

 t � n D .u ı x/ � n on S
1 :

Therefore, by defining

N.
; t/ WD N.
/ � h� .
; t/

�.t/C h.
; t/
T.
/ D Jh.
; t/

�.t/C h.
; t/
n.
; t/ ; (30)
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we obtain that

ht C � 0 D 1

N � n
h
v � nC �

. Nu ı x/ � n�i D v � N C �

2�.�C h/

or equivalently,

ht D v � N � � 0h
� C h

on S
1 � .0; T / : (31)

2.6 The vector JATN

Let J D det.r /. Since  .
; t/ D �
�.t/C h.
; t/

�
N.
/ on S1, we find that

JATN D
�
 2;2 � 2;1

� 1;2  1;1

� �
N1

N2

�
D
�
 2;1  2;2

� 1;1 � 1;2

� �
T1

T2

�
D
h@ 2

@T
;�@ 

1

@T

iT

D
h@ 2

@

;�@ 

1

@


iT D 

h� sin 
 C .�C h/ cos 
;�h� cos 
 C .� C h/ sin 


�T

D .�C h/N � h� T D .� C h/N.
/: (32)

2.7 Linearization about the unperturbed state h � 0

When h0 D 0, h D 0 for all t > 0, in which case,  .x; t/ D �.t/x and A D ��1Id. Therefore, we
may decompose (28a,b) into a linear term and a nonlinear remainder as

v C ��1rq D f1 in B1 � .0; T /; (33a)
divv D f2 in B1 � .0; T /; (33b)

where

f i
1 D .��1ı

j
i � Aj

i /q;j and f2 D .ı
j
i � �Aj

i /v
i ;j :

In order to determine the linear operator associated to the boundary condition (28c), we multiply
both sides of (28c) by ��2.� C h/�1J3

h, and find that

q D 1

�2

h
� h�� C �C h C h2

�

�C h

i
� .� C 1/ Nq � �q; (34)

where

� D ��2.� C h/�1J3
h � 1 D J6

h � �4.�C h/2

�2.�C h/


J3

h C �2.�C h/
�

D .�C h/2.4�3h C 6�2h2 C 4�h3 C h4/C 3.�C h/4h2
�

C 3.�C h/2h4
�

C h6
�

�2.�C h/


J3

h C �2.�C h/
� :

We remark that

� D 2h
�

C g;
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for some function g of h and h� satisfying

kgkH k.S1/ 6 C��2khkH 2.S1/khkH kC1.S1/:

Since

Nq D 1

�
� �

2�
log

��C h
�

�
D 1

�
� �

2�
log

�
1C h

�

�
;

a Taylor expansion in h=� � 1 shows that Nq � 1

�
� �h
2��

D ��1 � � 0h; thus by writing Nq D
NNq C ��1 � � 0h, where

NNq D � �

2�
log

�
1C h

�

�
C �h
2��

D � �

2�

"
log

�
1C h

�

�
� h
�

#
;

we may write (34) as

q D � 1

�2



h�� C h

�C � 0h � �q C E on S
1 � .0; T /; .33c/

where E denotes an error-term given by

E D h2
�

�2.�C h/
� .� C 1/ NNq C �� 0h � g

�
:

2.8 A homogeneous version of (33)

We can now define a new velocity field which is divergence-free. Let f1 D w C ��1rr, where r is
the zero-average solution to the following elliptic equation

��1�r D divf1 � f2 in B1 ; (35a)

��1 @r
@N

D f1 � N � 1

2�

Z
B1

f2 dx on S
1 : (35b)

We remark that the solvability of (35) is guaranteed by the solvability conditionZ
B1

.divf1 � f2/ dx D
Z 2�

0

�
f1 � N � 1

2�

Z
B1

f2 dx
�
d
:

Let v D v � w, and q D q � r. By (35a) we find that divw1 D f2; thus (33) implies that

v C ��1rq D 0 in B1 � .0; T / ; (36a)
divv D 0 in B1 � .0; T / ; (36b)

q D �h��

�2
� h
�2

C � 0h � �q C G on S
1 � .0; T / ; (36c)

where G D E � r. We note that on S1,

v � N D .v � w/ � N D ht C � 0h
�C h

C h� .w � T/
�C h

� .w � N/

D ht C � 0h
�C h

C h� .w � T/
�C h

� 1

2�

Z
B1

f2 dx: (37)
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3. The total norm for the case of positive surface tension

We first define the total norm jjj � jjjT , used to establish (12), as follows:

jjjhjjjT �
h Z T

0

1

�.t/3
kh.t/k2

H KC1:5.S1/
dt
i 1

2

C sup
t2Œ0;T �

h
kh.t/kH K.S1/ C �.t/

p
� 0.t/kh.t/kH K�1.S1/ C D.t/kh.t/kH 2:5.S1/

i
; (38)

where K D 6 if (13) is satisfied or K D max
n
6;
h64� � 21
16� � 6

i
C 1

o
if (15) is satisfied, and we recall

that D.t/ is defined in (17) by

D.t/ D

8̂<̂
:
�.t/2eˇd.t/ if (13) is satisfied;

�.t/2p
1C t

if (15) is satisfied:

We remark that once the boundedness of jjjhjjjT is established, khkH 2:5.S1/ decays to zero at the rate
D.t/�1. Throughout the rest of the paper, we assume that � satisfies the condition (13) or (15); that
is,

sup
t>0

�.k/.t/.1C t/k

�.t/
< 1 k D 1; 2; and sup

t>0

�.t/

.1C t/˛
< 1 for some ˛ 6 1

3
.13/

or

sup
t>0

� 0.t/.1C t/

�.t/
< 1 and � � sup

n
˛
ˇ̌̌

sup
t>0

.1C t/˛

�.t/
< 1

o
>
3

8
: .15/

Moreover, we make the following basic assumption: for t 2 Œ0; T � and for sufficiently small positive
constants � and � to be made precise later,

kh.t/kH K.S1/ C D.t/kh.t/kH 2:5.S1/ 6 � � 1 and kh0kH K.S1/ 6 � � 1: (39)

(We will prove that (39) indeed holds whenever the initial data is sufficiently small.)

4. A priori estimates for the case of positive surface tension

4.1 Estimates of  , A and J

Under assumption (39), elliptic estimates show that

kr � �IdkL1.B1/ 6 Ckr � �IdkH 1:5.B1/ 6 CkhkH 2.S1/ (40)

and for 0 6 k 6 K � 1:5,

kD2 kH k .B1/ 6 CkhkH kC1:5.S1/: (41)

Estimate (40) implies that

k�A � IdkL1.B1/ D k.�Id � r /AkL1.B1/ 6 CkAkL1.B1/khkH 2.S1/

6 C��1
h
k�A � IdkL1.B1/ C 1

i
khkH 2.S1/I
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thus under assumption (39),

k�A � IdkL1.B1/ 6 C��1khkH 2.S1/: (42)

We note that (42) further suggests that

kAkL1.B1/ 6 C��1 : (43)

Since DA D �AD2 A, (41) and (43) together imply that for 0 6 k 6 K � 1:5,

kDAkH k.B1/ 6 C��2khkH kC1:5.S1/: (44)

Furthermore, with J � det.r /, inequality (40) implies that

kJ � �2kL1.B1/ 6 C�khkH 2.S1/ (45)

and (42) and (44) together with (45) show that

kDJkH k .B1/ 6 C�khkH kC1:5.S1/ ; (46)

from which it follows that for 0 6 k 6 K � 1:5,

kD.JA/kH k .B1/ 6 CkhkH kC1:5.S1/: (47)

4.2 Estimates of Nq and NNq
Recall that NNq D � �

2�

h
log

�
1C h

�

�
� h
�

i
. Let N@ D �y @

@x
C x

@

@y
D @

@

denote the differentiation

in the tangential direction. Since
ˇ̌
log.1C x/ � xˇ̌ 6 x2 if jxj < 0:5, and

N@ NNq D � 0hN@h
�C h

on S
1;

we find that with the basic assumption (39), for 1 6 k 6 K � 2:5,

kNNqkH k .S1/ 6 C� 0��1khkH 2.S1/khkH k .S1/: (48)

Since Nq D NNq C ��1 � � 0h,

kNqkH k.S1/ 6 C


��1

�
1C khkH 2.S1/khkH k .S1/

�C � 0khkH k.S1/

�
: (49)

4.3 Estimates of f1 and f2

By the definition of f1 and f2, for k > 1,

kf1kH k.B1/ 6 C��2

khkH kC1.S1/kqkH 1:5.B1/ C khkH 2.S1/kqkH kC1.B1/

�
(50)

and

kf2kH k�1.B1/ 6

8<: C��1
h
khkH kC1.S1/kvkH 1:5.B1/ C khkH 2.S1/kvkH k.B1/

i
if k > 1;

C��1khkH 2.S1/kvkH 1.B1/ if k D 1:

(51)
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4.4 Estimates of q

Before proceeding to the estimate of q, we remark that since

E D h2
�

�2.�C h/
� .� C 1/ NNq C �� 0h � 1

�
g ;

by (48) we obtain that

kEkH kC0:5.S1/ 6 C
h 1
�3

khkH 2.S1/khkH kC1:5.S1/ C �0

�
khkH 2.S1/khkH kC0:5.S1/

C �0

�2
khk2

H 2.S1/
khkH kC1:5.S1/

i
: (52)

Note that q satisfies

�q D �


divf1 � f2

�
in B1 � .0; T /; (53a)

q D �h��

�2
� h
�2

C � 0h � �q C E on S
1 � .0; T /: (53b)

Elliptic estimates together with (49)–(52) then show that

kqkH 2.B1/ 6 C
h
�
�kf1kH 1.B1/ C kf2kL2.B1/

�C ��2khkH 3:5.S1/C � 0khkH 1:5.S1/

C k�qkH 1:5.S1/ C kEkH 1:5.S1/

i
6 C

h
khkH 2.S1/

�kqkH 2.B1/C kvkH 1.B1/

�C ��2khkH 3:5.S1/ C � 0khkH 1:5.S1/

C khkH 2.S1/khkH 1:5.S1/ C ��2khkH 2.S1/khkH 2:5.S1/ C k�qkH 1:5.S1/

i
:

Since

kvkH 1.B1/ 6 ��1kqkH 2.B1/ C kf1kH 1.B1/ 6 C
�
��1 C khkH 2.S1/

�kqkH 2.B1/;

k�qkH 1:5.S1/ 6 C
h
��1khkH 1:5.S1/ C ��2khk2

H 2:5.S1/

i
kqkH 2.B1/;

by assumption (39) we find that

kqkH 2.B1/ 6 C
h
��2khkH 3:5.S1/ C � 0khkH 1:5.S1/

i
:

Similarly, elliptic estimates also show that for integers 1 6 k 6 K � 1,

kqkH kC1.B1/ 6 C
h
��1khkH kC1.S1/

�kqkH 1:5.B1/ C kvkH 1:5.B1/

�
C ��1khkH 2.S1/

�kqkH kC1.B1/ C kvkH k.B1/

�
C ��2khkH kC2:5.S1/ C � 0khkH kC0:5.S1/ C khkH 2.S1/khkH k .S1/

C ��2khkH 2.S1/khkH kC1:5.S1/

i
C Ck�qkH kC0:5.S1/:
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Since

kvkH k.B1/ 6 ��1kqkH kC1.B1/ C kf1kH k .B1/

6 C��1
h
kqkH kC1.B1/ C khkH 3:5.S1/khkH kC1.S1/

i
;

and

k�qkH kC0:5.S1/ 6 C
h
k�kH 1.S1/kqkH kC1.B1/ C k�kH kC0:5.S1/kqkH 1:5.B1/

i
6 C

h�
��1khkH 1.S1/ C ��2khk2

H 2.S1/

�kqkH kC1.B1/ (54)

C ��1khkH kC0:5.S1/ C ��2khkH 2.S1/khkH kC1:5.S1/khkH 3:5.S1/

i
;

we conclude that

kqkH kC1.B1/ 6 C
h
��2khkH kC1.S1/kqkH 3.B1/ C ��1khkH 3:5.S1/khkH kC1.S1/

C ��2khkH kC2:5.S1/ C � 0khkH kC0:5.S1/ C khkH 2.S1/khkH k .S1/

C ��2khkH 2.S1/khkH kC1:5.S1/

i
:

In particular, when k D 2, using our basic assumption (39), we obtain that

kqkH 3.B1/ 6 C
h
��1khkH 3:5.S1/khkH 3.S1/

C ��2khkH 4:5.S1/ C � 0khkH 2:5.S1/ C khk2
H 2.S1/

C ��2khkH 2.S1/khkH 3:5.S1/

i
and can hence be made small by (39). This, in turn, implies that

kvkH k.B1/ C ��1kqkH kC1.B1/ 6 C
h
��2khkH 4:5.S1/khkH kC1.S1/ C ��3khkH kC2:5.S1/

C � 0

�
khkH kC0:5.S1/ C ��3khkH 2.S1/khkH kC1:5.S1/

i
6 C��1

h
khkH kC2:5.S1/ C � 0khkH kC0:5.S1/

i
: (55)

Consequently,

kf1kH k .B1/ C kf2kH k�1.B1/ 6 C��2

khkH kC2:5.S1/ C � 0khkH kC0:5.S1/

�
(56)

for 1 6 k 6 K � 2, where we have used the basic assumption khkH 2:5.S1/ 6 � .
On the other hand, we note that (27a) implies that .r /v C rq D 0; thus if k D 1, by (39) we

obtain that

krqkH 1.B1/ 6 kr vkH 1.B1/

6 C
h
kr kL1.B1/kvkH 1.B1/ C kD kW 1;4.B1/kvkL4.B1/

i
6 C

h
�kvkH 1.B1/ C kD2 kL4.B1/kvkH 1.B1/

i
6 C�kvkH 1.B1/ :
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Moreover, if 1 < k 6 K � 1, by the Sobolev embeddingH k.B1/ 	 L1.B1/ we obtain that

krqkH k .B1/ 6 C
h
kr kL1.B1/kvkH k.B1/ C kr kH k .B1/kvkL1.B1/

i
6 C

h
�kvkH k.B1/ C kr2 kH k�1.B1/kATrqkL1.B1/

i
6 C

h
�kvkH k.B1/ C ��1khkH kC0:5.S1/krqkH k .B1/

i
6 C

h
�kvkH k.B1/ C ��1khkH K�0:5.S1/krqkH k .B1/

i
6 C

h
�kvkH k.B1/ C �krqkH k .B1/

i
I

thus since � � 1, krqkH k .B1/ 6 C�kvkH k.B1/ for 1 < k 6 K � 1. As a consequence, for
1 6 k 6 K � 1,

krqkH k .B1/ 6 C�kvkH k.B1/: (57)

4.5 Estimates of r and w

Applying elliptic estimates to (35), using (56) we find that

krkH kC1.B1/ 6 C�
h
kf1kH k.B1/ C kf2kH k�1.B1/

i
6 C��1khkH 2:5.S1/

h
khkH kC2:5.S1/ C � 0khkH kC0:5.S1/

i
: (58)

Since w D f1 � ��1rr, we also obtain that

kwkH k.B1/ 6 kf1kH k .B1/ C ��1krkH kC1.B1/

6 C��2khkH 2:5.S1/

h
khkH kC2:5.S1/ C � 0khkH kC0:5.S1/

i
: (59)

4.6 Estimates of v and q in terms of h

Since v D v � w and q D q � r,

kvkH k .B1/ C ��1kqkH kC1.B1/

6 kvkH k.B1/ C kwkH k .B1/ C ��1kqkH kC1.B1/ C ��1krkH kC1.B1/

6 C��1
h
khkH kC2:5.S1/ C � 0khkH kC0:5.S1/

i
: (60)

4.7 Elliptic estimates for the height function h

We may rewrite the boundary condition (36c) as

�h�� C �2� 0h D h C �2


q C �q � E

�
:
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Elliptic estimates then imply that for 1 6 k 6 K � 1,

khk2
H kC2:5.S1/

C �2� 0khk2
H kC1:5.S1/

6 Ckhk2
H kC0:5.S1/

C �4
h
kqk2

H kC1.B1/
C k�qk2

H kC0:6.S1/
C kEk2

H kC0:5.S1/

i
I

thus by (52), (54) and (57) together with the smallness of khkH K.S1/, as well as the boundedness of
� 0=�, we find that

khk2
H kC2:5.S1/

C �2� 0khk2
H kC1:5.S1/

6 C
h
�6kvk2

H k.B1/
C khk2

H kC0:5.S1/
C �2� 02/khk2

H 2.S1/

i
:

It then follows that for 1 6 k 6 K � 1,

��3khk2
H kC2:5.S1/

6 C
h
�3kvk2

H k.B1/
C �

��3 C ��1� 02�khk2
H 2:5.S1/

i
: (61)

4.8 An elliptic estimate via the Hodge decomposition

Recall that N@ D �y @
@x

C x @
@y

is the tangential differential operator. The following lemma is used
to recover the full regularity of a function given that all its tangential derivatives are estimated. In
the following, we let Ar denote the annular region enclosed by @Br and S1.

LEMMA 4.1 Let ˝ D B1 or ˝ D A1=� for some � > 2. Suppose that v 2 L2.˝/ satisfies
divv D curlv D 0, and the tangential derivatives N@`v 2 L2.˝/ for all l D 1; 2; : : : ; k, for any
integer k > 1. Then v 2 H k.˝/ and satisfies

kvkH k .˝/ 6 C

kX
j D0

kN@j vkL2.˝/ (62)

for some constant C independent of �.

Proof. We first prove (62) for the case˝ D B1 or˝ D A1=2. Using elliptic estimates which follow
from the Hodge decomposition (see, for example, �5.9 in [18]), we conclude that

kvkH k .˝/ 6 C
h
kvkL2.˝/C kcurlvkH k�1.˝/C kdivvkH k�1.˝/C kv � NkH k�0:5.@˝/

i
6 C

h
kvkL2.˝/C kv � NkH k�0:5.@˝/

i
6 C

h
kvkL2.˝/C kN@.v � N/kH k�1:5.@˝/

i
6 C

h
kvkL2.˝/C kN@v � NkH k�1:5.@˝/C kv � TkH k�1:5.@˝/

i
6 C

h
kvkL2.˝/C kN@2v � NkH k�2:5.@˝/C kN@v � TkH k�2:5.@˝/C kN@.v � T/kH k�2:5.@˝/

i
6 C

h
kvkL2.˝/C kN@v � NkH k�2:5.@˝/C kN@2v � NkH k�2:5.@˝/C kN@v � TkH k�2:5.@˝/

i
:

By an induction argument, we find that

kvkH k .˝/ 6 C
h
kvkL2.˝/C

kX
j D1

kN@j v � NkH �0:5.@˝/C kN@kv � TkH �0:5.@˝/

i
: (63)
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On the other hand, the fact that divv D curlv D 0 suggests that

div.N@v/ D .�yv1
x C xv1

y /x C .�yv2
x C xv2

y /y D �y.divv/x C x.divv/y C curlv D 0

and

curl.N@v/ D .�yv2
x C xv2

y/x � .�yv1
x C xv1

y/y D x.curlv/y � y.curlv/x C divv D 0 I

thus div.N@j v/ D curl.N@j v/ D 0 for all j > 0. The classical normal trace estimate asserts that if a
vector field v 2 L2.˝/ and div v 2 L2.˝/, then the trace of v � n 2 H� 1

2 .@˝/ and satisfies

kv � NkH �0:5.@˝/ 6 C
h
kvkL2.˝/ C kdivvkL2.˝/

i
:

See [19] for a proof. Similarly, we have that

kv � TkH �0:5.@˝/ 6 C
h
kvkL2.˝/ C kcurlvkL2.˝/

i
:

From these inequalities, we see that for j > 0,

kN@j v � NkH �0:5.@˝/ C kN@j v � TkH �0:5.@˝/

6 C
h
kN@j vkL2.˝/ C kdiv.N@j v/kL2.˝/ C kcurl.N@j v/kL2.˝/

i
6 CkN@j vkL2.˝/

which, combined with (63), gives (62).
Now suppose the annulus is given by ˝ D A1=� where � D �.t/ for some � > 2. Consider the

change of variables .r; 
/ ! .r 0; 
 0/ given by

r 0 D 2.1� ��1/.r � 1/C 1; 
 0 D 
:

Then
@

@r 0 D 1

2.1� ��1/

@

@r
;

@

@
 0 D @

@

:

Ifev.r; 
/ D v.r 0; 
 0/, then

kvkH k .A1=�/ 6 C1kevkH k.A1=2/ and kN@`evkL2.A1=2/ 6 C2kN@`vkL2.A1=�/ (64)

for some constant C1 and C2 independent of � if � > 2. As a consequence,

kvkH k .A1=�/ 6 CkevkH k .A1=2/ 6 C

kX
`D0

kN@`evkL2.A1=2/ 6 C

kX
`D0

kN@`vkL2.A1=�/

which concludes the lemma. �



DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 315

5. Decay estimates for khkH 2:5.S1/ for positive surface tension

5.1 The Fourier representation of solutions

Letting G1 D G C �q, we express h and G1 in terms of their Fourier series:

h.
; t/ D 1p
2�

X
k2Z

bhk.t/e
ik� ; G1.
; t/ D 1p

2�

X
k2Z

cG1k.t/e
ik� :

Since q is harmonic in B1 with the Dirichlet boundary condition (36c), the Poisson integral formula
shows that

q.r; 
; t/ D 1p
2�

X
k2Z

h jkj2 � 1
�2

bhk C � 0bhk C cG1k

i
r jkjeik� for r < 1 :

Taking the inner product of (36) with the vector N, by (37) and the fact that
@q

@N
D @q

@r

ˇ̌̌
rD1

, we find
that

ht C � 0h
�C h

C 1

�

@q

@r

ˇ̌̌
rD1

D h� rq � T
�.�C h/

ˇ̌̌
rD1

� h� .w � T/
�C h

ˇ̌̌
rD1

C 1

2�

Z
B1

f2 dx

or

ht C 1p
2�

X
k2Z

h jkj.jkj2 � 1/

�3
C .jkj C 1/

� 0

�

ibhke
ik� D � 1p

2��

X
k¤0

jkjcG1ke
ik�

C h�

�.�C h/
@q

@


ˇ̌̌
rD1

� h� .w � T/
�C h

ˇ̌̌
rD1

C 1

2�

Z
B1

f2 dx � � 0h2

�.�C h/
: (65)

Therefore, for k ¤ 0;˙1 we have

dbhk

dt
C
h jkj.jkj2 � 1/

�3
C .jkj C 1/

� 0

�

ibhk D bRk; (66)

where bRk is the Fourier coefficient of R which is defined as the right-hand side of (65). Note that
estimates (51) and (58) then suggest that

kRkH 2:5.S1/ 6 C��1
h
kG C �qkH 3:5.S1/ C khkH 2:5.S1/kqkH 4.B1/

C khkH 3:5.S1/kqkH 2:5.B1/ C � 0

�
kh2kH 2:5.S1/

i
6 C��1khkH 2:5.S1/

h
��1khkH 5:5.S1/ C � 0khkH 3:5.S1/

i
: (67)

5.2 The H 2:5-decay estimate

Define

Ik.t/ D
Z t

0

h jkj.jkj2 � 1/

�3
C .jkj C 1/

� 0

�

i
.t 0/dt 0 D

Z t

0

jkj.jkj2 � 1/

�.t 0/3
dt 0 C jkj log�.t/ :
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Then the use of Ik.t/ as the integrating factor in (66) implies that

bhk.t/ D e�Ik .t/bh0k C
Z t

0

e�Ik.t/CIk.s/bRk.s/ds

Since d.t/C 2 log�.t/ D I2.t/ 6 Ik.t/ for all jkj > 2, and �.s/ 6 �.t/ for all s 6 t , we find that
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�.t/2

h
jbh0k j C

Z t

0

�.s/2ed.s/jbRk.s/jds
i

8 jkj > 2I

thus by Hölder’s inequality,
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C t
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i
: (68)

Since � 0.t/ is bounded, by (67) and interpolation we obtain thatZ t

0

�.s/4e2d.s/kR.s/k2
H 2:5.S1/

ds

6 C

Z t

0
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h
kh.s/k2

H 5:5.S1/
C �.s/2� 0.s/2kh.s/k2

H 3:5.S1/

i
ds: (69)

5.2.1 The case that � satisfies (13). In this case, by interpolation (69) implies thatZ t

0

�.s/4e2d.s/kR.s/k2
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0
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0
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kh.s/k4=7
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thus by (13), we obtain thatZ t
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if 2 � 16

7
ˇ > 0 or ˇ <

7

8
. Inequality (68) then implies that

X
jkj>2

.1C jkj5/jbhk.t/j2 6 C
e�2d.t/
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h
kh0k2

H 2:5.S1/
C Cˇ te

.2� 16
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i
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h
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H 2:5.S1/
C Cˇ jjjhjjj4T

i
; (70)

where we conclude the last inequality from sup
t>0

te�2ˇd.t/=7 < 1 which is a direct consequence of
assumption (13) as well.

5.2.2 The case that � satisfies assumption (15). In this case,
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�.s/3
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Z 1

0

1

.1C t/3�� ds < 1 8 t > 0I

thus d is bounded. Since

kh.t/kH k .S1/ C �.t/2� 1
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by interpolation (69) implies that
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Note that by the definition of K, K >
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�.t/4
I

and we then conclude from (68) that
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X
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h
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i
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5.3 The mass and the moment of ˝.t/

For x 2 ˝.t/, we write x D .x; y/. Equation (2) shows that
R

˝.t/ D ��.t/2; hence,

��.t/2 D 1

2

I
.xdy � ydx/ D 1

2

Z 2�

0

�
�.t/C h.
; t/

�2
d
:

As a consequence,
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2�
bh2
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D � 1

2�

h
jbh0j2 C 2bh1

bh�1

i
� 1

2�

X
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bhk
bh�k : (72)

Moreover, by Green’s identity and the fact that
Z


 .t/

HndS D 0, we see that

d

dt

Z
˝.t/

.x; y/dA D
Z


 .t/

.x; y/.u � n/dS D �
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 .t/

.x; y/
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D �
Z


 .t/

@.x; y/

@n
p dS C

Z
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.x; y/�p dx D �
Z


 .t/

HndS D 0:

Therefore, the moment of ˝.t/ does not change in time; thus
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0
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3

Z 2�

0
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d
:

Letting x0 C iy0 D r0e
i�0 , we see that

Z 2�

0

�
�.t/C h.
; t/

�3
e˙i�d
 D 3r0e

˙i�0 I

thus

�2bh˙1 C �bh2˙1 C 1

3
bh3˙1 D 3r0e

˙i�0 :
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In particular, since cfgj D
X
k2Z

bf kbgj �k , we find that

bh1 D 3r0e
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� 1

�

X
k2Z

bhk
bh1�k � 1
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bh`
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X
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X
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By (70) and the Schwarz inequality,

X
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i
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On the other hand, since jbhj j 6 khkL2.S1/,
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h
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i X
j`�2j>2

jbh`jjbh�1j
1C j` � 2j2:5

6 C

D.t/

h
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and similarly,X
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h
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D.t/2

h
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Moreover, by assumption (39), jbh0j 6 2�� � 1 and khkL2.S1/ 6
p
2�� � 1. As a consequence,

(73) together with (74), (75) and (76) implies that

jbh1j 6 C

D.t/

h
kh0kH 2:5.S1/C jjjhjjj2T C jjjhjjj4T

i
: (77)
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A similar argument also suggests that jbh�1j shares the same upper bound as jbh1j. Therefore, once
again using the inequality jbh0j 6 2�� � 1, (72) together with (74) implies that

jbh0j 6 C��1
h
jbh1
bh�1j C 1

D.t/

�
kh0kH 2:5.S1/ C jjjhjjj2T

�
khkL2.S1/
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h
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C jjjhjjj2T C jjjhjjj8T

i
: (78)

Combining (70) (or (71)), (77) and (78), we conclude that
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Furthermore, since Z 1

0

�.t/�3 C �.t/�1� 0.t/2
�

D.t/2
dt < 1

for D in both the slow and fast injection cases, (61) implies thatZ 1
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6. Energy and bounds for the total norm for positive surface tension

6.1 Energy estimates

Recall that N@ D �y @
@x

C x @
@y

denotes the tangential derivative. Tangentially differentiating (28a)

`-times (` D 0; 1; 2; 3; 4; 5) and then testing the resulting equation against JN@`v, we find thatZ
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Writing the second integral on the left-hand side asZ
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then integrating by parts in xj leads to
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Using the Kronecker delta symbol ı0`, which vanishes for all ` ¤ 0, by (44), (45) and (57) together
with the continuous embeddingH

p
p�2 .B1/,!Lp.B1/ we find that
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Therefore, (55) suggests that
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We now focus on the second integral of the left-hand side of (82). By identity (32) and the boundary
condition (28c),Z
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we find that
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Therefore, (82) and Young’s inequality imply that
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L2.S1/
C 2

Z
S1

�� 0.� C h/N@`.v � N/N@`hdS

6 2

Z
S1

N@`.v � N/N@`hdS C C.1 � ı0`/�
3kvk2

H `�1.B1/
C ı�3kvk2

H `.B1/

C Cı�
�1� 0 2khk2

H 2:5.S1/
khk2

H `C1.S1/
C Cı�

�5khk2
H 2:5.S1/

khk2
H `C2:5.S1/

C C��3� 0khk2
H 2.S1/

khk2
H `.S1/

: (83)

6.1.1 The case ` D 0. Using the H 0:5.S1/-H�0:5.S1/ duality pairing,ˇ̌̌ Z
S1

.�� 0.� C h/.v � N/hdS
ˇ̌̌
C
ˇ̌̌ Z

S1

.v � N/hdS
ˇ̌̌
6 C.�2� 0 C 1/kvkL2.B1/khkH 0:5.S1/

6 Cı

�
�� 0 2 C ��3

�khk2
H 2:5.S1/

C ı�3kvk2
L2.B1/

:

Since Z 1

0

h 1

�.s/3D.s/2
C � 0.s/2

�.s/D.s/4

i
ds < 1 ;

choosing ı > 0 small enough and integrating in time of (83) over the time interval .0; t/, by (79)
we find that

kN@h.t/k2
L2.S1/

C
Z t

0

�.s/2kv.s/k2
L2.B1/

ds

6 C

Z t

0

�.s/� 0.s/2kh.s/k2
H 2:5.S1/

ds C C
h
kh0k2

H 2:5.S1/
C jjjhjjj4T C jjjhjjj16

T

i
:

Define

N.kh0kH K.S1/; jjjhjjjT / � kh0k2
H K.S1/

C jjjhjjj4T P
�jjjhjjj2T

�
(84)

for some polynomial function P . If (13) is satisfied, due to the exponential decay of khkH 2:5.S/ , it
is easy to see that Z t

0

�.s/� 0.s/2kh.s/k2
H 2:5.S1/

ds 6 CN.kh0kH K.S1/; jjjhjjjT /:

Now suppose that (15) is satisfied. Then (19) and (79) imply thatZ t

0

�.s/� 0.s/2kh.s/k2
H 2:5.S1/

ds 6 C
h Z 1

0

�.s/1=��

.1C s/2�.s/
ds
i
N.kh0kH K.S1/; jjjhjjjT /

6 C
h Z 1

0

.1C t/
�C

��

.1C t/2C�� ds
i
N.kh0kH K.S1/; jjjhjjjT / 6 CN.kh0kH K.S1/; jjjhjjjT /I

thus in either case,

kN@h.t/k2
L2.S1/

C
Z t

0

�.s/3kv.s/k2
L2.B1/

ds 6 CN.kh0kH K.S1/; jjjhjjjT /: (85)
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6.1.2 The case 1 6 ` 6 K � 1. Defineeh D h C h2

2�
. Then

�C h
�

h
v � N � � 0h

�C h

i
D


.�C h/2

�
t

2�
D


�2 C 2�eh�

t

2�
Deht C � 0

�
eh C � 0

or equivalently,
�C h
�

v � N Deht C 2� 0

�
eh C � 0 � � 0h2

2�2
:

Therefore, since kvkH 1:5.B1/ 6 C��1
h
khkH 4.S1/ C � 0khkH 2.S1/

i
by (55), we find thatZ

S1

�� 0.�C h/N@`.v � N/N@`hdS

D
Z
S1

�� 0.� C h/N@`.v � N/N@`ehdS � 1

2

Z
S1

� 0.�C h/N@`.v � N/N@`.h2/dS

>
Z
S1

�� 0 N@`


.�C h/.v � N/

�N@`ehdS �
`�1X
kD0

 
`

k

!Z
S1

�� 0 N@`�khN@k.v � N/N@`ehdS
� C�� 0khkH 2.S1/khkH `C1.S1/kvkH `.B1/

>
Z
S1

�2� 0 N@`
�eht C 2� 0

�
eh�N@`ehdS � Cı�

�1� 0 2khk2
H 2:5.S1/

khk2
H `C1.S1/

(86)

� ı�3kvk2
H `.B1/

� C� 0hkhkH 4.S1/ C � 0khkH 2.S1/

i
kN@`hk2

L2.S1/
:

Let us focus on the last term of (86) first. Since �
p
� 0khkH 5.S1/ 6 jjjhjjjT ,Z 1

0

h
� 0kh.s/kH 4.S1/ C � 0.s/2kh.s/kH 2.S1/

i
kN@`hk2

L2.S1/
ds

6
Z 1

0

h
� 0kh.s/kH 4.S1/ C � 0.s/2kh.s/kH 2.S1/

i
kN@`ehk2

L2.S1/
ds

C C

Z 1

0

1

�2

h
� 0kh.s/kH 4.S1/ C � 0.s/2kh.s/kH 2.S1/

i
kN@`.h2/k2

L2.S1/
ds

6 C
h Z 1

0

kh.s/kH 4.S1/ C � 0.s/kh.s/kH 2.S1/

�.s/2
ds
i
jjjhjjj2T (87)

C CN.kh0kH K.S1/; jjjhjjjT /
By interpolation,

kh.t/kH 4.S1/ 6 Ckhk K�4
K�2:5

H 2:5.S1/
khk 1:5

K�2:5

H K.S1/
6 CD.t/�. K�4

K�2:5
/jjjhjjjT :

If (13) is satisfied, due to the exponential decay it is easy to see thatZ 1

0

kh.s/kH 4.S1/ C � 0.s/kh.s/kH 2.S1/

�.s/2
ds 6 C jjjhjjjT : (88)



326 C.H.A. CHENG, D. COUTAND AND S. SHKOLLER

Suppose that (15) is satisfied. ThenZ 1

0

kh.s/kH 4.S1/ C � 0.s/kh.s/kH 2.S1/

�.s/2
ds

6 C
h Z 1

0

� 1

�.s/2C.2� 1
2�� /. K�4

K�2:5 /
C 1

.1C s/�.s/3� 1
2��

�
ds
i
jjjhjjjT

6 C
h Z 1

0

1

.1C s/2��C.2��� 1
2

/. K�4
K�2:5

/
ds
i
jjjhjjjT C C jjjhjjjT :

By the definition of K, the exponent of the integrand 2�� C �
2�� � 1

2

�� K�4
K�2:5

�
> 1 if �� > 3=8, so

(88) is still valid if (15) holds. Therefore, (87) implies thatZ 1

0

h
� 0kh.s/kH 4.S1/ C � 0.s/2kh.s/kH 2.S1/

i
kN@`hk2

L2.S1/
ds

6 C jjjhjjj3T C CN.kh0kH K.S1/; jjjhjjjT / 6 Cı1
N.kh0kH K.S1/; jjjhjjjT /C ı1jjjhjjj2T :

SinceZ
S1

�2� 0 N@`
�eht C 2� 0

�
eh� N@`ehdS

D 1

2

d

dt

h
�2� 0kN@`ehk2

L2.S1/

i
C �� 02kN@`ehk2

L2.S1/
� 1

2
�2� 00kN@`ehk2

L2.S1/
;

the combination of (83), (86), (87) and (88) suggests that

kN@`C1hk2
L2.S1/

C �2� 0kN@`ehk2
L2.S1/

C c

Z t

0

�3kN@`vk2
L2.B1/

ds �
Z t

0

�2� 00kN@`ehk2
L2.S1/

ds

6 kN@`hk2
L2.S1/

C Cı;ı1
N.kh0kH K.S1/; jjjhjjjT /

C Cı

Z t

0

�3kvk2
H `�1.B1/

ds C ı

Z t

0

�3kvk2
H `.B1/

ds C ı1jjjhjjj2T
for some constant 0 < c < 1.

On the other hand, for 0 6 ` 6 K � 1, assumption (39) and condition (13) or (15) imply that

�2� 0kN@`hk2
L2.S1/

6 2�2� 0
h
kN@`ehk2

L2.S1/
C 1

4�2
kN@`.h2/k2

L2.S1/

i
6 2�2� 0kN@`ehk2

L2.S1/
C C� 0khk2

H 1.S1/
kN@`hk2

L2.S1/

6 2�3� 0kN@`ehk2
L2.S1/

C C� jjjhjjj2T
which, in turn, implies that

kN@`C1hk2
L2.S1/

C 1

2
�2� 0kN@`hk2

L2.S1/
C
Z t

0

�3kN@`vk2
L2.B1/

ds �
Z t

0

�2� 00kN@`ehk2
L2.S1/

dsn

6 kN@`hk2
L2.S1/

C Cı;ı1
N.kh0kH K.S1/; jjjhjjjT /

C Cı

Z t

0

�3kvk2
H `�1.B1/

ds C ı

Z t

0

�3kvk2
H `.B1/

ds C 2ı1jjjhjjj2T (89)
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if C� is chosen to be smaller than 2ı1.
If ` D 1, by (85) we find that

kN@2hk2
L2.S1/

C 1

2
�2� 0kN@hk2

L2.S1/
C
Z t

0

�3kN@vk2
L2.B1/

ds �
Z t

0

�2� 00kN@ehk2
L2.S1/

ds

6 Cı1
N.kh0kH K.S1/; jjjhjjjT /C ı

Z t

0

�3kvk2
H `.B1/

ds C 2ı1jjjhjjj2T
which, combined with (62) and (85), implies that

khk2
H 2.S1/

C 1

2
�2� 0khk2

H 1.S1/
C c

Z t

0

�3kN@vk2
H 1.B1/

ds �
Z t

0

�2� 00kehk2
H 1.S1/

ds

6 Cı1
N.kh0kH K.S1/; jjjhjjjT /C 2ı1jjjhjjj2T

for some constant 0 < c < 1. A similar argument shows that

khk2
H K.S1/

C 1

2
�2� 0khk2

H K�1.S1/
C c

Z t

0

�3kvk2
H K�1.B1/

ds �
Z t

0

�2� 00kehk2
H K�1.S1/

ds

6 Cı1
N.kh0kH K.S1/; jjjhjjjT /C Cı1jjjhjjj2T :

Finally, we look for an upper bound of
R t

0
�2� 00kehk2

H K�1.S1/
ds to close the energy estimates. If (13)

is satisfied, by interpolation and the inequality kehkH 6.S1/ 6 CkhkH 6.S1/,ˇ̌̌ Z t

0

�.s/2� 0.s/keh.s/k2
H 5.S1/

ds
ˇ̌̌

6 C

Z 1

0

�.s/3

1C s
keh.s/k4=7

H 2:5.S1/
keh.s/k10=7

H 6.S1/
ds

6 C
hZ 1

0

�.s/13=7

1C s
e�4ˇd.s/=7ds

i
N.kh0kH K.S1/; jjjhjjjT /6 CN.kh0kH K.S1/; jjjhjjjT /:

Now suppose that (15) is satisfied. If � 00 6 0, then

kh.t/k2
H K.S1/

C 1

2
�.t/2� 0.t/keh.t/k2

H K�1.S1/
C
Z t

0

�.s/3kv.s/k2
H K�1.B1/

ds

6 Cı1
N.kh0kH K.S1/; jjjhjjjT /C Cı1jjjhjjj2T : (90)

If log � 0 has small total variation, then for some ı2 � 1,		.log � 0/ 0		
L1.0;1/

D
Z 1

0

ˇ̌̌� 00.s/
� 0.s/

ˇ̌̌
ds 6 ı2:

Since �
p
� 0 kehkH K�1.S1/ 6 jjjhjjjT ,ˇ̌̌ Z t

0

�.s/2� 0.s/keh.s/k2
H K�1.S1/

ds
ˇ̌̌

6
h Z 1

0

j� 00.s/j
� 0.s/

ds
i
jjjhjjj2T 6 ı2jjjhjjj2T I

thus we obtain (90) again with ı1 replaced by ı1 C ı2.

REMARK 6.1 By the energy estimate (90), we see that the quantity kehkH K�1.S1/ decays at the rate
1

�
p

� 0
. This decay rate is slower than the decay of khkH 2:5.S1/ if � grows algebraically.
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6.2 Total norm bounds

Combining (79), (80) and (90), by choosing ı1 > 0 small enough we conclude that

jjjhjjj2T 6 CN.kh0kH K.S1/; jjjhjjjT /
or

jjjhjjjT 6 C
h
kh0kH K.S1/ C jjjhjjj2T C jjjhjjj2p

T

i
(91)

for some p 2 N, provided that condition (13) or (15), as well as the assumption (39), are valid.
The constant � is chosen sufficiently small so as to absorb certain error terms on the right-hand
side of our energy estimates by the left-hand side energy terms. In other words, as long as all of
the constants we use in our elliptic estimates and the Sobolev embedding theorem are fixed, the
maximum of � is a fixed computable number which can be chosen independent of kh0kH 6.S1/.
Inequality (91) then implies that there exists � > 0 small enough such that if kh0kH K.S1/ 6 �, by
the continuity (in time) of h,

jjjhjjjT � �: (92)

This suggests that as long as the solution exists, h has to satisfy the estimate (92), and this establishes
Theorem 1.1 and 1.2.

7. The case with zero surface tension

7.1 The ALE formulation

Leteh W � .t/ ! R denote the signed height function defined by

eh.x; t/ D h
� x

jxj ; t
�

8 x 2 � .t/:

Define Nu D �r Np D x
jxj2 log �

(which is the solution for ˝ D A in (5f)), as well as u D u � Nu and

p D p � Np . Then (u, p) satisfies

u C rp D 0 in ˝.t/; (93a)
divu D 0 in ˝.t/; (93b)

p D 0 on S
1; (93c)

p D log.1C ��1eh/
log �

on � .t/: (93d)

Now we rewrite (93) using the ALE coordinate. The ALE map  W A1=� ! ˝.t/ is taken to be the
solution to

� D 0 in A1=�; (94a)
 D �e on @B1=�; (94b)

 D .�C h/e on S
1 � .0; T /; (94c)
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where we recall that e denotes the identity map given by e.x/ D x, and A1=� is the annular region
enclosed by @B1=� and S1. We also remark that unlike the case considered in the previous sections,
the domain of the ALE map now is time-dependent, but a priori known, because of (8). Following
the analysis of the Euler equations in [6], we define v D u ı , q D p ı , and A D .r /�1. Then
.v;q/ satisfies

vi C Aj
i q;j D 0 in A1=�; (95a)

Aj
i vi ;j D 0 in A1=�; (95b)

q D 0 on @B1=�; (95c)

q D log.1C ��1h/
log �

on S
1 � .0; T /: (95d)

Since log.1C x/ D x C O.x2/ if x � 1, (95d) implies that

q D h
� log �

C ıq
�2 log �

on S
1 (95d’)

with ıq D �2



log.1C ��1h/ � ��1h
�

satisfying for k > 0,

kıqkH k .S1/ 6 CkhkH 1.S1/khkH k.S1/: (96)

7.1.1 The evolution equation of h. Using (24), (29) and (32), we find that

ht C � 0 D .u ı  / �
h
N � h�

�C h
T
i

D v �
h
N � h�

�C h
T
i

C 1

.�C h/ log �
: (97)

By (7),

ht D JAj
i vi Nj

�C h
C 1

.�C h/ log �
� 1

� log �
D JAj

i vi Nj

�C h
� h
�.�C h/ log�

which further implies that

.� C h/ht D JAj
i vi Nj � h

� log �
D JAj

i vi Nj � � 0h

or equivalently,

.�h/t D JAj
i vi Nj CR; (98)

where

R D �hht D � h
�C h

JAj
i vi Nj C h2

�.� C h/ log �
:
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7.2 The total norm and the bootstrap assumption

We now define the total norm jjj�jjjT , used to establish (12), as follows:

jjjhjjjT �
h Z T

0

1

log �.t/
kh.t/k2

H 3:5.S1/
dt
i 1

2 C sup
t2Œ0;T �

�.t/kh.t/kH 3.S1/: (99)

We note that the definition of total norm implies that

khkH 3.S1/ 6 1

�
jjjhjjjT : (100)

Our estimates are founded upon the basic bootstrapping assumption that

khkH 3.S1/ 6 � � 1: (101)

7.3 Preliminaries

7.3.1 Estimates ofD , A and J. Similar to the estimates established in Section 4.1, we have the
same estimates for  , A and J with the domain A1=� replacing the domain B1. We refer the reader
to Section 4.1 for those estimates.

7.3.2 Estimates of v and q in terms of h.

LEMMA 7.1 Let .v;q/ be the solution to (95). Then for all k > 0,

kvkH k.A1=�/ C ��1kqkH kC1.A1=�/ 6 C

�2 log �
khkH kC0:5.S1/ (102)

for some constant C > 0.

Proof. Note that q satisfies

Ak
i .A

j
i q;j /;k D 0 in A1=�;

q D 0 on @B1=�;

q D h
� log�

C ıq
�2 log �

on S
1 � .0; T /;

or equivalently,

�q D .ık
i ı

j
i � �2Ak

i Aj
i /q;jk C�2Ak

i Aj
r 

r ;ks As
i q;j in A1=�; (103a)

q D 0 on @B1=�; (103b)

q D h
� log �

C ıq
�2 log �

on S
1 � .0; T /: (103c)

Elliptic estimates together with (41), (43), (42) and (96) then imply that

kqkH 2.A1=�/ 6 CkhkH 2.S1/kqkH 2.A1=�/ C C

� log �

�
1C khkH 1.S1/

�khkH 1:5.S1/I
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thus the bootstrapping assumption (101) shows that

kqkH 2.A1=�/ 6 C

� log �
khkH 1:5.S1/: (104)

Similarly, elliptic estimates imply that

kqkH kC1.A1=�/ 6 CkhkH 2.S1/kqkH kC1.A1=�/ C C�2

s�1X
`D1

		D`.AA/Ds�`C1q
		

L2.A1=�/

C C�2
		AAAD2 Dq

		
H k�1.A1=�/

C C

� log �

�
1C khkH 1.S1/

�khkH kC0:5.S1/I

thus

kqkH kC1.A1=�/ 6 C�2

s�1X
`D1

		D`.AA/Ds�`C1q
		

L2.A1=�/
C C�2

		AAAD2 Dq
		

H k�1.A1=�/

C C

� log �
khkH kC0:5.S1/:

By induction we conclude that

kqkH kC1.A1=�/ 6 C

� log �
khkH kC0:5.S1/:

As a consequence, (95a) further implies that

kvkH k.A1=�/ 6 C
h
kDAkH k�1.A1=�/kDqkL1.A1=�/ C kAkL1.A1=�/kDqkH k .A1=�/

i
6 C

�2 log �
khkH kC0:5.S1/ (105)

which concludes proof of the lemma. �

7.3.3 Estimates of h in terms of v. Having established (105), we next proof the reverse inequality
for the case 2 6 k 6 3.

LEMMA 7.2 For 2 6 k 6 3,

1

�2 log �
khkH kC0:5S1/ 6 CkvkH k.A1=�/ (106)

for some constant C > 0.

Proof. Since u D u C Nu and v D u ı  , (5a) implies that

v C Nu ı  C ATr.p ı  / D 0 in A1=�: (107)
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By the chain rule,
@

@xj

D Nj

@

@r
C Tj

jxj
@

@

; thus

ATr.p ı  / � @ 
@


D Aj
i .p ı  /;j @ 

i

@

D Aj

i

@ i

@


h
Nj

@.p ı  /
@r

C Tj

jxj
@.p ı /
@


i
:

Therefore, due to the fact that JATN ?  � on S1, we conclude from (5c) that

ATr.p ı  / � @ 
@


D 0 on S
1:

which, by taking the inner product of (107) with
@ 

@

, shows thath

v C N
.�C h/ log �

i
� @ 
@


D 0 on S
1 � .0; T /:

As a consequence,h
v C N

.�C h/ log �

i
� @

2 

@
2
D � @

@


h
v C N

.�C h/ log �

i
� @ 
@


on S
1: (108)

Since
@ 

@

D h� N C .�C h/T, letting E � v � N � h

�.�C h/ log �
, (108) implies that

1

� log �
h�� D Eh�� C v � 
.� C h/N � 2h� T

� � v� �  � C 1

log �
h2

�

.�C h/2
on S

1:

We note that by (102), for 0:5 6 k 6 1:5, E satisfies

kEkH k.S1/ 6 C
h
kvkH kC0:5.A1=�/ C 1

�2 log �
khkH k .S1/

i
6 C

�2 log �
khkH kC1.S1/:

By elliptic estimates and (102), we obtain that

1

� log �
khkH 3:5.S1/ 6 C

h�kEkH 1:5.S1/khkH 3.S1/ C kEkH 1.S1/khkH 3:5.S1/

�
C �kvkH 3.A1=�/ C kvkH 2:5.A1=�/khkH 2:5.S1/ C 1

�2 log�
khkH 2.S1/khkH 2:5.S1/

i
6 C

h 1

�2 log �

�khkH 2:5.S1/khkH 3.S1/ C khkH 2.S1/khkH 3:5.S1/
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thus, using the bootstrap assumption (101), we have that
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Similarly,
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from which we conclude that
1

� log �
khkH 2:5.S1/ 6 C�kvkH 2.A1=�/:

Estimate (106) then follows from linear interpolation. �

7.3.4 The estimate of R. Recall the evolution equation of h is given by

.�h/t D JAj
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�.�Ch/ log �
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thus (102) implies that
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Moreover,
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It then follows from interpolation that
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7.4 Energy estimates in the space of higher regularity

7.4.1 The L2-estimate. Taking the L2 inner-produce of equation (95a) with Jv, we find thatZ
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Z
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JAj
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From (45), J > �2
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; hence (96), (109) and (110) imply that
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As a consequence, by (100) we obtain that
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where we have used (9) and (10) to conclude the uniform boundedness of the integral
R t

0
1

�3 log �
ds

uniformly in t > 0.

7.4.2 The estimate in the higher-order energy space. Let N@ D �y @
@x

Cx @
@y

denote the tangential
derivative. Tangentially differentiating (95a) `-times (` D 1; 2; 3) and then computing the L2 inner-
product of the resulting equation with JN@`v, we find that
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Hence, the Hodge elliptic estimate (62), (102) and Young’s inequality imply thatZ
A1=�

JAj
i

N@`q;j N@`vidx >
Z
S1

JAj
i

N@`qN@`vi NjdS �
Z
A1=�

JAj
i

N@`qN@`vi ;j dx

� Cı�
2kvk2

H `�1.A1=�/
� Cıkhk2

H `C0:5.S1/
kvk2

H 2.A1=�/
� ı�2kvk2

H `.A1=�/

>
Z
S1

JAj
i

N@`
h h
� log �

C ıq
�2 log �

iN@`vi NjdS �
Z
A1=�

JAj
i

N@`qN@`vi ;j dx

� Cı�
2

`�1X
kD0

kN@kvk2
L2.A1=�/

� Cı

�4.log�/2
khk2

H 2.S1/
khk2

H `C0:5.S1/
� ı�2kN@`vk2

L2.A1=�/
:



DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 335

By the divergence-free condition (95b), Aj
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Once again using the normal trace theorem, we find thatZ
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Moreover, by (44), (45) and (102),
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By the evolution equation (98),
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Therefore, by choosing ı > 0 small enough, we obtain that
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which, combined with (62) and (111), further shows thatZ t
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Similarly, letting ` D 2 and ` D 3 in (113), by (62) we find thatZ t
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Estimate (106) then provides us with the inequalityZ t
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REMARK 7.3 We note that the solution Np satisfies the Taylor sign condition thanks to the inequality
(6). Since we are considering only small perturbations of the linear solution, our nonlinear evolution
is also satisfying the Taylor sign condition. In future work, we shall examine the large-perturbation
regime wherein, the free-boundary can collide with itself as in [7].

7.5 The stability of the Hele-Shaw flow with injection

By the definition of the total norm and (115), we conclude that

jjjhjjj2T 6 Cr2
0 kh0k2

H 3.S1/
C C jjjhjjj3T

which, by Young’s inequality, further suggests that

jjjhjjjT 6 Cr0kh0kH 3.S1/ C C jjjhjjj2T ; (116)

provided that condition (101) is valid. We then conclude Theorem 1.6 by the same argument used
in Section 6.2.
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