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Global existence and decay for solutions of the Hele-Shaw flow with injection
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We examine the stability and decay of the free boundary perturbations in a Hele-Shaw cell under the
injection of fluid. In particular, we study the perturbations of spherical boundaries as time t — 400.
In the presence of positive surface tension, we examine both slow and fast injection rates. When fluid
is injected slowly, the perturbations decay back to an expanding sphere exponentially fast, while for
fast injection, the perturbation decays to an expanding sphere with an algebraic rate. In the absence
of surface tension, we study the case of a constant injection rate, and prove that perturbations of the
sphere decay like (1 + t)_l/z""e for € > 0 small.
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1. Introduction
1.1 The problem statement
We establish decay estimates for solutions of the Hele-Shaw equations both with and without surface

tension on the free-boundary, and with injection of fluid into the cell.

1.1.1  The case with surface tension. With the time-dependent fluid domain denoted by £2(¢), an
open subset of R? with boundary I"(¢), and for time ¢ € [0, T], the two-dimensional Hele-Shaw
equations are given by

Ap = —ué in (), (1a)
p=H on I'(t), (1b)

)
VW) =-5- o I(). (1c)

(© European Mathematical Society 2014


mailto:cchsiao@math.ncu.edu.tw
mailto:d.coutand@ma.hw.ac.uk
mailto:shkoller@maths.ox.ac.uk

298 C.H.A. CHENG, D. COUTAND AND S. SHKOLLER

2(00) =2, (1d)

where § is the Dirac delta function at the origin, p(x,t) denotes the fluid pressure, © = pu(z)
denotes the rate of injection of fluid if = 0 (or suction if & < 0), and H is the (mean) curvature
of the evolving free-boundary I"(¢). We use V(I"(¢)) to denote the normal velocity of the moving
free-boundary I"(¢), and we let n denote the outward-pointing unit normal on I"(¢).

When the area of the initial domain has is 7= and the injection rate u % 0, the volume of the
fluid domain |£2(¢)| can be computed as

t

20)] = 7 + /0 w(s)ds =: wp(t)2, @)

t
where p(t) = /1 + / &d s > 0 is the radius of a ball centered at the origin. Moreover, if the
0 T

initial domain £2 = By := B(0, 1), then the solution to (1) is given explicitly by £2(¢) = B(0, p(t)),
with pressure function

_ L _w@ X
p(x,t) = o0 2n log o)

We will show that under certain growth conditions on the injection rate j (), if
1. the initial domain £2 is sufficiently close to the unit ball B; in R? with |2| = |B1| = m;
2. the center-of-mass of §2 is sufficiently close to the origin (which is the point of injection),
then £2(t) converges to B, := B(0, p(¢)) as t — oo. The precise statement of our result is given
below in Theorem 1.1.

Of fundamental importance to our analysis is the conversion of the second-order Poisson
equation (1a) to a coupled system of first-order equations. Introducing the velocity vectoru = —V p,
equation (1) can be rewritten as

u+Vp=0 in (1), (3a)
divu = ué in (), (3b)
p=H on I'(t), (3¢)
V(Ir@) =u-n on I'(t), (3d)
220)=9. (3e)

1.1.2  The case with zero surface tension. We consider the annular region A = {x € R? : 1 <
r < ro} where r = |x| and ro > 1. Let £2(¢) be an open subset of R? enclosed by an inner
fixed boundary S! and an outer moving free-boundary I'(t). For 0 < t < T, the evolution of a
two-dimensional Hele-Shaw cell is given by

Ap =0 in £2(), (4a)
p=0 on I'(t), (4b)
p=1 on S!'x[0,7T), (4c)

d
V(I (1)) = —£ on (), (4d)

200) = 2, (de)



DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 299

where U(I7(¢)) again is used to denote the normal velocity of the moving free-boundary I"(¢), and
we let n denote the outward-pointing unit normal on I"(¢). Following the idea for the case with

surface tension, we let u = —V p and rewrite equation (4) as
u+Vp=0 in £2(), (5a)
divu =0 in £2(), (5b)
p=0 on I'(1), (5¢)
p=1 on S!'x(0,7), (5d)
V(r@)=u-n on I(), (5e)
220)=9. (5)

Suppose that we choose our annular region as the initial domain, so that £2 = A; in this case, the
solution to the Hele-Shaw equation (4) is radially symmetric, and the domain §2(¢) occupied by the
fluid continues as an annular region, bounded by r = 1 and r = p(t) for some p(¢) > 1, which we
specify later in (8). We prove that if we choose an initial domain §2 to be a small perturbation of the
annular region A in R?, with the constraint that [£2| = |A| = 7 (rZ — 1), then the distance between
the moving boundary I"(¢) and the surface B, = B(0, p) decays to zero.

The equation that the radius p(¢) must satisfy is derived as follows. Recall that p(¢) is the
radius of the expanding ball of the unperturbed solution (p, £2(¢)) corresponding to initial data
£2(t)|s=0 = A. This solution consists of a radially symmetric pressure function p and an annular
region §2(t) = B,\Bj. Since p’ is the rate-of-change of the radius, p(¢) must satisfy

i_ P
P = on

which states that the rate-of-change of the radius is the normal velocity of the moving surface I"(¢).
Nevertheless, since p is harmonic with p = 1 on S! and p = 0 on dB,,, we must have that

on 0dB,

_ log | x|
) =1-— B,\B;.
p(x.1) log p(1) p\B1
As a consequence,
ap 1
——(t = — on 0B 6
an( ) r=o(t)  p(t)logp(r) L ©)
which implies that
p(t)log p(t)p'(t) = 1. (7)

1 1
Since /xlogxdx = Exz logx — sz +C,

EPZ logp — sz =1+ Erg logro — ng;
thus letting Co = rg(2logro — 1), we find that p satisfies

p*(2logp — 1) = 4t + Cy. 8)
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While we cannot explicitly solve (8) for p, it suffices to find a lower and upper bound (in order to
understand the decay rate). First, for all @ > 0,

Coup>™ = 2p%logp = 4t + Cy
for some constant Cg; thus for some A4, > 0,
p(t) = Agrg(1 + 1)) v, )

On the other hand,
2 02
p?log L < p?log— = p*(2logp — 1) = 4t + Cy;
e e

thus for some Ag > 0,

o(t) < Ag+ Y% Vi>o. (10)

1.2 Some prior results

1.2.1 Surface tension on the free boundary. 1In the case that fluid is not being injected into the
Hele-Shaw cell (that is, © = 0), Constantin & Pugh [5] established the stability and exponential
decay of solutions of (1) using the methods of complex analysis. Friedman & Reitich [14] also
establish this stability result. In [1], Chen studied a two-phase Hele-Shaw problem with surface
tension, and established well-posedness using the energy method coupled with certain pointwise
estimates from the theory of harmonic functions; moreover, he proved that solutions exist for all
time if the initial interface is a sufficiently small perturbation of equilibrium. Classical short-time
solutions to related problems have been obtained by Escher and Simonett [11] in multiple space
dimensions. In any dimension greater than or equal to two, Escher and Simonett [13] established
global existence and stability near spherical shapes using center manifold theory.

In the case of a constant fluid injection-rate i« > 0, Prokert [17] and Vondenhoff [20] established
global existence results.

1.2.2  The case of zero surface tension. For the case of fluid injection with zero surface tension,
weak solutions were considered by Elliott & Janokowski [9] (see also Elliott & Ockendon [10]) and
Gustafsson [2], and Escher & Simonett [12] proved the existence of unique and smooth solutions
to the Hele-Shaw equations on a finite-time interval. For the case of fluid suction when p < 0,
cusp formation occurs [16]. When p > 0, global-in-time weak solutions and their regularity have
been studied in [9], [15] using variational inequalities and in [2], [3], and [4] for Lipschitz initial
boundaries using comparison function ideas. For convex initial boundaries, global existence of
regular solutions was established in [8].

1.3 Statement of our main results

We propose a simple methodology (equally applicable in three space dimensions) for establishing
global existence and decay to equilibrium for Hele-Shaw cells with positive fluid injection rates
(time-dependent in the case of positive surface tension on the free boundary). We use an Arbitrary
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Eulerian Lagrangian (ALE) formulation or harmonic coordinates to transform the free-boundary
problem (3) to a system of PDE on a fixed domain. This ALE transformation depends on the signed
height function h measuring the signed distance between the moving surface I"(¢) and the expanding
sphere 0B,(;). To be more precise, h : S! x (0, T) — R is given by

h(&,t) = sup {r >0 | ré e .Q(Z)} —p(t).

Moreover, when I"(¢) remains a graph over dB,, the sign distance function h can be written as

h( X l) _ —dist(x, aBp(,)) VxeI'(t)N By, an
x| ’ dist(x, E)Bp(,)) Vxe F(Z)\Bp(z).
The idea behind the proof is the construction of a (total) norm, denoted by || - |||, which consists

of anorm | - ||x associated to energy estimates in sufficiently high-regularity Sobolev spaces, and a
norm | - ||y associated to decay estimates in weaker topologies. The total norm is given by

ll-lllz = sup (Il lx +DOI - lly)

t€l0,T]
for some function 9 (t) — oo as t — co. We shall prove that h satisfies
Il < Ce + [Ihll7” (12)

for some integer p. The inequality (12) implies that if € (an upper bound for a norm of the initial data
h) is sufficiently small, then |||h||; stays small for all # € [0, T']; a standard continuation argument
shows provides global existence and the fact 9(¢) in front of the lower-order norm || - |y gives the
decay to equilibrium.

1.3.1 Notation. Foreacht = 0, we define the moment T () of £2(7) by

Mo =/Q(t)(X7J/)dA,

where dA denotes the infinitesimal area element, and (x, y) is the vector coordinate of a point in
£2(t). In particular, W o) is a vector containing the x-moment and y-moment.
We define the center-of-mass Cgo () by

Cow =
where [§2(¢)| denotes the area of £2(z).

1.3.2  The case of positive surface tension on the free boundary.

THEOREM 1.1 (Decay for slow injection) Let (p, £2(¢)) be the solution to (1), h denote the signed
distance between I"(t) = d§2(¢) and 0B, with p(¢) defined by (2), and the center-of-mass C () =
(0, 0). If the injection rate i = 0 is such that the corresponding radius p(t) satisfies

® @)1 + 1)k ! !
PPOOEDT k12 and sup—"D < oo forsomea <

-, 13
>0 p(?) >0 (1 +1)* 3 13
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then there exists an € > 0 sufficiently small, such that the solution to (1) exists for all # > 0 provided
that [[ho|| 76 (s1) < €. Moreover, the signed distance h decays to zero, and

Ih(t) | 5251y < Cp(t)2e P40 vi>0 (14)

' 6ds
p(s)*
THEOREM 1.2 (Decay for fast injection) Let (p, £2(¢)) denote the solution to (1), and let h denote

the signed distance between I"(t) = 0£2(t) and 0B, with p(¢) defined by (2). Suppose that u > 0
is such that the corresponding p(¢) satisfies

for some constant C > 0 and 8 € (0,7/8), where d(t) = /
0

p' ()1 +1)
t>0 p(1)

sup (L+07 < oo} > é (15)

and v = suplo -
p{ >0 p(0)

as well as one of the following conditions:

(1) p” <0 or

(2) log p’ has small enough total variation.

Then there exists an € > 0 sufficiently small, such that the solution to (1) exists for all # > 0
provided that ||ho || gx(s1) < € with

Moreover, the signed distance h decays to zero, and

JT+1

Th(D) 2561y <

for some constant C > 0.
In the following discussion, we define
0(1)2eP?® if (13) is satisfied,
o) = j% if (15) is satisfied. {4

Then (14) and (16) can be summarized as
DO @) 255y <C Vt>0 (18)
for some constant C > 0.

REMARK 1.3 In Theorem 1.2, the smallness condition |[ho|| zx 51y < € guarantees that the center-
of-mass Cg () cannot be too far from the point of injection (0, 0).

REMARK 1.4 Assumption (13) limits the injection rate of the fluid. In this case, Co o) = (0, 0) is
crucial for the stability result. On the other hand, when (15) is valid, the injection is fast enough so
that even Cg (o) is close to the origin, then the stability result holds.
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REMARK 1.5 Suppose that (15) is satisfied. By Gronwall’s inequality, the condition
o' (t) < Cp(t)(1+1)~'  for some constant C > 0,

implies that v < oco. Then for each 0 < ¢ < 1, there exists C; and C, such that

1 v—e 1 1 v+e 1
% <— and & > Vi>0
o(t) Ci o(t) C,
so that
Cil(l+1)" ¢ <pt) < Co(1 4+  Vi>0. (19)

Consequently, p(t)z_%% < C(t), where we use the notation v to denote v + ¢ whenever
0 < ¢ < 1. We will make crucial use of the integrability of certain functions of these bounds.

When u = 0, p(¢) = 1 so (13) holds. Theorem 1.1 implies that the distance from the moving
boundary I'(¢) to the boundary of the equilibrium state (wherein the boundary is the unit circle)
decays to zero exponentially, which is result that was obtained by [1], [5], [14], and [13], but with
more conditions on the data.

When 1 is a positive constant, we have p(t) = /1 + L. For this case, Vondenhoff [20]
provides a decay estimate for a rescaled function:

||g||H6(§1) <Cp™® Vae(0,1)andt >0,

but this, in fact, shows that ||h|| HoE!) ™~ 1(1=9/2 for large t > 0 and hence the perturbation may
actually grow in time.
In contrast, for the case of constant injection, our Theorem 1.2 shows that

which is the first result proving the decay rate of the actual height function of the perturbation of the
sphere. With the rescaled variable,

h
”;”H2~5(§1) < CP(Z)_Z Vt>0.

Moreover, our theorem applies to time-dependent injection rates, and thus generalizes the results
of [17] and [20].
1.3.3  The case of zero surface tension on the free boundary.

THEOREM 1.6 Let (p, £2(¢)) denote the solution to (4), let h : S! x (0,7) — R defined by (11)
denote the signed distance between I"(t) and B, with p(f) given as the solution to (8). Then
there exists an € > 0 sufficiently small, such that the solution to (4) exists for all # = 0 provided
that [[ho|| z73(s1) < €. Moreover, the signed distance h decays to zero, and

Ih@)llg3ey < Cp()™" ¥i>0 (20)

for some constant C > 0.
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1.4  Outline

We start our discussion for the case with surface tension. In Section 2, we derive the evolution
equation for the signed height function h and define the corresponding ALE map v (or harmonic
coordinate), which we use to pull-back the equations onto the fixed domain B;. The total norm |||-|||
and the basic bootstrapping assumption that we use to establish (12) are introduced in Section 3. In
Section 4, we derive some inequalities, fundamental for our subsequent analysis.

In Section 5, an estimate of the type

DO 2@y < C[IMolZ sy + IMIF + IIF]  vee.T] @D

is derived using the decay property of the linearized problem, where [0, T'] is the time interval of
the existence of the solution. We combine this with energy estimates for h in a higher-order Sobolev
space in Section 6, from which we obtain

T 3
| /0 IO st |+ sup [IOLasn + O VEOIOl16) |

p(t)? tefo,T
< CsM(||lholl gosy) + CslllF®@ ([Ih]17) + Slibllz  (22)

for some polynomial @, and then show how the decay estimate (21) together with our energy
estimate (22) leads to Theorem 1.1 and 1.2. Section 7 contributes to the proof of Theorem 1.6,
the case with zero surface tension.

2. Fixing the domain for the case of positive surface tension
2.1  The signed height function h

We let S = 9B, denote the boundary of the unit ball, and parametrize S' using the usual angular
variable . For each § € S, let h(#,t) denote the signed distance from I"(¢) to dB(0, p(t)), where
the sign of h is taken positive if for x(8,7) € I'(¢), |x(6, )| > p(t) and taken negative if |x(0, )| <
p(t). In other words, I"(¢) can be parametrized by the equation

x(6.1) = (x(6,1), y(6.1)) = (p(t) + h(6.H)N@) VO eS', 23)

where N(6) = (cos 8, sin 0) is the outward-pointing unit normal to Bj.
Let T(6) = (—sin 6, cos 6) be the tangent vector on S!. Then the outward-pointing unit normal
at the point (x(0,t), y(0,1)) is

n(0.1) = 37 0.0[ (o) + h(O.0)N() — hg(0.0T()]. (24)
where Ju(0,1) = +/(p(t) + h(0,1))2 + hy(6,1)2.

2.2 The mean curvature in terms of h
In addition, we note that with respect to the height function h, the mean curvature is given by
—(p 4+ h)hgg + (p +h)> + 2h3
(o + )2 + 1]
—(p + h)hgg + JZ + h3

= 8 on S!x(0,7). (25)
Jq

Hp(x) =




DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 305

2.3 A divergence-free velocity

When hy = 0 so that 2 = Bj, the solution to the Hele-Shaw equation (3) is given by £2(¢) =
B(0, p(2)),
i, 1 p@) |x|
px.1) = — ———log—,
pt) 2w p(t)
In order to have a divergence-free velocity field, we introduce the new variables u = u — u and
P = p — D, so that (3) is converted to

_ RO x
2 |x|?°

u(x,r)

u+Vp=0 in (), (26a)
divu =0 in  £2(1t), (26b)
p=H-p on I'(¢). (26¢)

2.4 The ALE formulation (harmonic coordinates)
Let ¥ (-,¢) denote the ALE mapping, taking B; to §2(¢), defined as the solution to the elliptic
equation
Ay =0 in By, (27a)
v=(@+hN on S!, (27b)
where the Laplacian has to be read component-wise on . For sufficiently small perturbations h,
elliptic estimates and the inverse function theorem show that (1) = (-, ¢) is a diffeomorphism,

and £2(¢) = ¥ (¢)(B1). By introducing the ALE variablesv =uo ¢, q=poV¥,q = po V¥, and
A = V¢~ !, we find that (26) can be rewritten on the fixed domain as

Vi + Aqu,j =0 in Bl, (283)
AV =0 in B, (28b)
q=Hy(x)—q on S (28¢)

where Hp(x) is given by (25). We are employing the Einstein summation convention, wherein
. . oF
repeated indices are summed from 1 to 2, and we write F,; to mean Fyt
k
2.5  The evolution equation of h

We determine the evolution equation for h in order to close the system. The boundary condition
(27b) implies that

Yron=(p +h)N-n) on S'. (29)
Since ¥, - n is the normal velocity of the free boundary I'(t) = ¥ (¢)(S'), we must have
Yr-n=(Uox)-n on S'.
Therefore, by defining
hy (0,1t 0,t
N@b,t) :=N(@O) — AT(@) G n(o,1), (30)

p(@) +h(.1) " p@t)+h(b.1)
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we obtain that

1 . w
A . . — . .
h; +p —N'n[v n+ (( o x) n)] v n+2n(p+h)
or equivalently,
ho=v-n- P o stx.7). 31
p+h

2.6 The vector JATN
LetJ = det(Vy). Since (6, 7) = (p(t) +h(6,7))N(6) on S', we find that
™ _ | e A [N [ v vl Ty ] _pay? aylyT
JAN_I:_I//.le I//.171 :||:N21|_|:_W1,1 _w1721||:T2}_|:8T’ 3T:|
2 1
[aale, —aale]T = [hg sin@ + (p + h) cos 8, —hg cos § + (p + h) sin Q]T
=(p+h)N—-hyT = (p + h)T(0). (32)

2.7  Linearization about the unperturbed state h = 0

When hy = 0, h = 0 forall 7 > 0, in which case, ¥ (x,t) = p(t)x and A = p~'Id. Therefore, we
may decompose (28a,b) into a linear term and a nonlinear remainder as

v+p'Vg=fi in By x(0.7), (33a)
divv = f, in B; x(0,7), (33b)
where
fi=7"'8 —ADa; and fo =8 —pA]V' ;.

In order to determine the linear operator associated to the boundary condition (28c), we multiply
both sides of (28¢) by p~2(p + h)~1J3, and find that

1 h2
=—|-hgg+p+h+——|—(y+Da-vrq. 34
q pz[ 00 +p p+h] (y+Da-vq (34)

where
Jh—p*(p+h)?
P2(p +h)[J} + p2(p + h)]
_ (p+)2(4p*h + 6p7h? + 4ph® + h*) 4+ 3(p + h)*h3 + 3(p + h)h§ + h§
p*(p +)[J; + p?(p + h)] '

y=p(p+h)7"J—1=

We remark that

y=_+gs
P
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for some function g of h and hy satisfying

gl gty < Co 2 Il g2yl gt sty

Since
1 h 1 h
p 2 p p 2 P
— _ 1 wuh —1 , o
a Taylor expansion in h/p < 1 shows that q ~ — — Img = p~ " — p'h; thus by writing q =
P np

1 _ o’h, where

:—%logo—f—g) % =—%|:10g<1+g)_g:|’

we may write (34) as

q+p

=21

1
q= —F[hgg +h]+ph—yq+8 on S'x(0,7), (33¢)
where & denotes an error-term given by
h3 - g
E=——"— —(y+Dq+yo’h—=5.
p*(p +h) P

2.8 A homogeneous version of (33)

We can now define a new velocity field which is divergence-free. Let f; = w + p~!Vr, where r is
the zero-average solution to the following elliptic equation

p YAr=divfi — f> in B, (35a)
Jar 1

= i N—-— d St. 35b

PN bl 7 Bl]& x  on (35b)

We remark that the solvability of (35) is guaranteed by the solvability condition

/Bl(divfl—fz)dxzfozn (fl-N—% fzdx)dé.

B

Letv = v—w, and ¢ = q —r. By (35a) we find that divw; = f,; thus (33) implies that

v+p Vg =0 in By x(0,7), (36a)
divo = 0 in By x(0,T), (36b)

h h
qz_g_p_zjup’h—yqjuG on S!'x(0,7T), (36¢)

where G = & — r. We note that on S!,

'h h -T

v-N=(wvV-—-w)-N=h+ P 4 ow-T)
p+h p+h

'h h -T 1

ph  how DL [ (37)

p+h p+h 27 JB,

(w-N)

=h, +
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3. The total norm for the case of positive surface tension

We first define the total norm || -|||7, used to establish (12), as follows:

1
2

LS|
Wity = [ [ s IO sy

+ sup (IO sy + pOVEOIDOx-161) + QOO 500 |- G8)
telo,

64v — 21

where K = 6 if (13) is satisfied or K = max {6, [7
16v—6

that 9(¢) is defined in (17) by

] + 1} if (15) is satisfied, and we recall

p(1)2eP4® if (13) is satisfied,
DO =1 p@r)?
VI+1

We remark that once the boundedness of ||| is established, |[h]| g2.5(1y decays to zero at the rate
(1)L, Throughout the rest of the paper, we assume that p satisfies the condition (13) or (15); that
is,

if (15) is satisfied.

® @)1 + 1)k ! !
apLoOUHDT 12, and sup LD < soforsomea <4 (13)
>0 p(1) >0 (1 +1)* 3
or
()1 +1 1+0° 3
M<oo and vssup{a sup( +0) <oo}>—. (15)
1~0 o(t) =0 p(t) 8

Moreover, we make the following basic assumption: for ¢ € [0, T'] and for sufficiently small positive
constants € and o to be made precise later,

Ih@) | gx ety + DOIEO) | g2s@y <o <1 and  [hollgxer < € < 1. (39)

(We will prove that (39) indeed holds whenever the initial data is sufficiently small.)

4. A priori estimates for the case of positive surface tension
4.1 Estimates of ¥, A and ]
Under assumption (39), elliptic estimates show that
VY — pld||Loo(B,) < CIIVY — pld||g1.55,) < Cllh| g2ty (40)

andfor0 < k < K- 1.5,

ID*Y gk, < Clbllgerisery. (41)
Estimate (40) implies that

oA —1d||Lo(B,) = [|(pld — VY)Al Lo,y < ClIAllLoo8)) Ml m2(s1)
< Cp™" oA —Wllzoeay) + 1l 2y
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thus under assumption (39),
lpA —Tdl|zoo(z,) < Co~" bl 21y 42)
We note that (42) further suggests that
1AllLoo(z,) < Cp~". 43)
Since DA = —AD?yA, (41) and (43) together imply that for 0 < k < K — 1.5,
IDAl x5,y < Co 2l gr+1.51), (44)
Furthermore, with J = det(V/), inequality (40) implies that
I3 = p* ooy < Cplhllg2t) (45)
and (42) and (44) together with (45) show that
103z s,y < Collbl st (46)
from which it follows that for 0 < k < K — 1.5,

IDOAY 78y < C Il gicsrsen): 7)

4.2 Estimates of q and q

= 2 h h = d d d . .
Recall that q = ——[log (1 + —) - —]. Letd = —y— + x— = — denote the differentiation
2r 0 P ox dy 096

in the tangential direction. Since | log(1 + x) — x| < x?if|x| < 0.5, and

- p'hdh
3g =" st,
p+h
we find that with the basic assumption (39), for 1 < k < K —2.5,
lallzx g1y < Co'p~ Il g2 sty Il i s1y,- (48)
Sinceq =q+ p~ ' — p’h,
lallzrx sty < CLp~ " (1 + Il g2y lhll gxgy) + oI gxgry]- (49)

4.3  Estimates of f1 and f>
By the definition of f; and f5, fork > 1,

I fillzecsyy < Co [l grrrsnyllallgrse,) + Ml gzenlal g, (50)

and

C:O_l[||h||Hk+1(Sl)||V||H1<5(Bl) + ”h”HZ(Sl)”V”Hk(Bl)] ifk > 1,

I 2l -8y < (51)

Co g2y IVIlg1 8y ifk =1.



310 C.H.A. CHENG, D. COUTAND AND S. SHKOLLER

4.4 Estimates of q
Before proceeding to the estimate of q, we remark that since

2

- 1
0 = /
= - +Dq+yph——g,
p2(p h) 1Y

by (48) we obtain that

1 o
€1l rx+o5s1y < C[p_3”h”H2(Sl)||h||Hk+1~5(Sl) + ;”h”HZ(Sl)||h||Hk+0~5(Sl)

/

1Y

Note that q satisfies

Aq = p[div fi — f2] in By x(0,7), (53a)
h h

q=—if——2+p'h—yq+8 on S!'x(0,7). (53b)
P2 p

Elliptic estimates together with (49)—(52) then show that

lallz2c8,) < C[P(||f1 sy + 1 2l2es) + o2 Il gasey+ o Ibll s
+ Iyallsen + 8115
< C[||h||H2(Sl)(||q”H2(Bl)+ IVl (syy) + o2 Ml 35ty + o'l st
+ [l g2ty hll sty + p_2||h||H2(Sl)”h”H2-5(Sl) + ||V(I||H1-5(Sl)]-
Since
IVl sy < 0 lallz2s,y + I fllai e,y < Cle~" + Ihllm2en)lalg2es,)-

Ivallm s < €l Ihlanse + o 20205 |lala s,
by assumption (39) we find that
lall 28,y < €25y + o'l seny ]
Similarly, elliptic estimates also show that for integers 1 <k < K—1,

lallgx+18,) < C[P_l||h||Hk+1(Sl)(||Q||H145(Bl) + IVllg1ss,))

+p! Il g2ty (lall ge+1 8,y + 1V Eka,))
+ P_2||h||Hk+2-5(sl) + o'l gr+osety + [l g2t Il gxer)

+ p 22 Il snsen | + Clydlgeoser.
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Since
IVl oy < o7 Il zrs1syy + 1 fi e o
< Cp [ lalls s,y + Il s Il @ |
and
Iyallassose < €Il ez @) + 1V leose lalm s, |
<C[( M Il @y + P2 M)l a1 3, (54)

+ o Bl oy + 02l Il s sy Il sn |
we conclude that
lall ze+1em,) < C[p_2||h||Hk+1(Sl)||q||H3(Bl) + o~ Il 3.5yl gt gty
+ 2| grt2.5ty + o' Il garos sty + [l g2 Bl ge e
+ 52 2 Il gy |
In particular, when k = 2, using our basic assumption (39), we obtain that
lallzrssy < €[~ Il son Bl a5y
+p 2l gasey + o' Ihlg2s@n + il
+ 52 bl 2 Il s |

and can hence be made small by (39). This, in turn, implies that

IVl g5 s,y + P_1||(I||Hk+l(131) < C[p_2||h||H4-5(Sl)”h”Hk‘H(Sl) + P_3||h||Hk+2~5(sl)
i

) _
+ S lgirosen + o7 Il Il s |
< Cp_1[||h||Hk+245(Sl) + ,O/||h||Hk+0.5(S1)]. (55)
Consequently,

I fillge s,y + 1 f2llmi—1s,) < Co [l gr+2s sty + oI grtoset)] (56)

for 1 < k < K — 2, where we have used the basic assumption ||h| z2.51) < 0.
On the other hand, we note that (27a) implies that (Vi/)v + Vq = 0; thus if k = 1, by (39) we
obtain that

IVallgis,y < VUVl
< LIV a0 Vs cany + 10V s 91

< C[oIVlm sy + ID*¥ s o IVl sy | < ColVIE 8, -
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Moreover, if 1 < k < K — 1, by the Sobolev embedding H* (B1) € L°°(B;) we obtain that

||VQ||Hk(Bl) <C _||V1/f||L°°(Bl)||V||Hk(Bl) + ||V1/f||Hk(Bl)||V||L°°(Bl)]
< C[ PVl + IV2¥ i1 ) 14T Valoeay) |
< C[pWVlaecay + o7 Il sos@n | Vallas s, |

< C[pWVlaecay + o7 Il IValgeca |

< C[pVlaxcay + 1 V4l )

thus since 0 < 1, [|VQ| gx(g,) < Cpllvllgrs,) for 1 < k < K — 1. As a consequence, for

1<k<K-1,
IVallgx s,y < CollVlaxa,)-

4.5  Estimates of r and w

Applying elliptic estimates to (35), using (56) we find that
Il gx+1(8y) < Cpl:”flqu(Bl) + ||f2||Hk*1(Bl):|
<Cp! ”h”HZ‘S(Sl)[||h||Hk+2-5(Sl) + p/||h||Hk+0~5(Sl)]‘
Since w = f; — p~ ! Vr, we also obtain that

IWllgrk g,y < I fillk s,y + 0 Il ez,

< C/O_ZHhHHZ‘S(Sl)|:||h||Hk+2~5(Sl) + p/||h||Hk+0~5(Sl):|'

4.6  Estimates of v and q in terms of h

Sincev=v—wandg =q—r,

llak sy + 0~ gl s+ sy
< Vllgx sy + IWllgx s,y + P_1||Q||Hk+l(131) + P_1||f||Hk+1(Bl)

< Co7 [ Il grszsen, + oIl s |

4.7  Elliptic estimates for the height function h

We may rewrite the boundary condition (36¢) as

—hgg + p*’p'h =h + p*[q+ yq—&].

(57)

(58)

(59)

(60)
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Elliptic estimates then imply that for 1 <k < K — 1,

”h”%{k+25(sl) + pzp/”h”%{k+15(sl)
< C”h”Z 4 4 ” 2 2 e 2 .
~ Hk+0A5(Sl) 1% q”Hk'H(Bl) + ||yq”Hk+0A6(Sl) + ” ||Hk+0A5(Sl) )
thus by (52), (54) and (57) together with the smallness of ||h| gk 1y, as well as the boundedness of
o’ /p, we find that
||h||,2v.1k+2.5(§1) + P2P/||h||§.1k+1.5(§1) < C[P6||V||zk(31) + ”h”§1k+045(§1) + P2PI2)||h||ilz(Sl)]‘

It then follows that for 1 <k <K -1,

P a5 ety < C[P7 IV g+ (072 + 07 ) M2 5 ey | ©1)

4.8  An elliptic estimate via the Hodge decomposition

Recall that = — y% + xai is the tangential differential operator. The following lemma is used
to recover the full regularity of a function given that all its tangential derivatives are estimated. In
the following, we let A, denote the annular region enclosed by 9B, and S'.

LEMMA 4.1 Let 2 = Bj or £2 = Ay, for some p = 2. Suppose that v € L?(£2) satisfies
divv = curlv = 0, and the tangential derivatives 9ty e L2 (£2) foralll = 1,2,...,k, for any
integer k = 1. Then v € H*(£2) and satisfies

k
vl g2y < C Z 10/ vl L2 (2 (62)
j=0
for some constant C independent of p.

Proof. We first prove (62) for the case £2 = B; or £2 = A;,. Using elliptic estimates which follow
from the Hodge decomposition (see, for example, §5.9 in [18]), we conclude that

vl fx 2y < C[||U||L2(.rz)+ [curlv|| gra—1 (@) + [|divo|| ga—1(o)+ (v 'N||Hk—0~5(8(2):|
< C[Ivllzag@)+ v Nllgi-osagy | < C[IvlL2@y+ 130 - N)llgs-1 500 |
< C[||U||L2(Q)+ l[0v ‘N gr—1.500)+ v 'T”Hk*LS(BQ)]
< C[||U||L2(Q)+ 1070 - Nl gre—2.5 a2y + 10V - Tl gr—2.5092) + 10w 'T)||Hk—25(arz)]
< C[Ivllz2g@+ 139 - Nl gz sy + 130 - Nl gi-25ay + 130 - Tllzez 50 |-

By an induction argument, we find that

k

_ N
[vla @) < €[l + Y- 1970 Nlg-osaey+ 180 Thg-osaey |- (63)
j=1
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On the other hand, the fact that divo = curlv = 0 suggests that

div(dv) = (—yv}C + xv;)x + (—yv)zc + xvi)y = —y(divv)x + x(divv), +curlv =0
and

curl(dv) = (—yv)zc + xvi)x - (—yv}C + xv;)y = x(curlv)y — y(curlv)x + dive = 0;

thus div(d” v) = curl(éf v) = O for all j = 0. The classical normal trace estimate asserts that if a
vector field v € L2(£2) and divv € L2(£2), then the trace of v - n € H~2 (352) and satisfies

[0+ Nllg-0sag) < C[ 102 + Idivoll 2]

See [19] for a proof. Similarly, we have that

I Tlg-ose) < C[ 102 + leurlvl 2 |-
From these inequalities, we see that for j = 0,

10/v - Nl g-o.530) + 107 v - Tl g-0530)
< C[”éjU”LZ(Q) + [|div(d’ V) L2e2) + [lcurl(97 U)||L2(9)] < C||5jv||L2(9)

which, combined with (63), gives (62).
Now suppose the annulus is given by £2 = A, where p = p() for some p = 2. Consider the
change of variables (r, 8) — (r', 0") given by

Fr=2(l-p Hor-1)+1, 6 =6.

Then
1 0 0 d

o’ 2(1—pYHor 090’ 96"
Ifv(r,0) = v(r',0'), then
gk, < CilPllarm,,, and 8%z, ) < Calldvlz2q, ) (64)
for some constant C; and C; independent of p if p > 2. As a consequence,
k k
10l oy ) < ClaE Gy < € D182y < € D10 L20ay )
=0 £=0

which concludes the lemma. O
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5. Decay estimates for ||h| z2.5(1) for positive surface tension
5.1  The Fourier representation of solutions

Letting G; = G + yq, we express h and G; in terms of their Fourier series:

1 —~ .
h(t.1) = —— Xmaww Gi(6.0) = —= > Gue(0)e'™.
keZ 27 keZ

Since ¢ is harmonic in B; with the Dirichlet boundary condition (36c), the Poisson integral formula
shows that

|k|? — N Ikl ,iko
q(r.0,t) = > 5 hk—i—phk—i—Gk k0 for r<1.
Y keZ[ ]
. . . dg _ dq
Taking the inner product of (36) with the vector T, by (37) and the fact that N = Pyl we find
rir=
that
'h 10 hoVgq-T ho(w-T 1
b4 PR 1o _heVe- Ty b)) L[
p+h porlr=1  p(p+h)lr=1 p+h lr=1 " 27 Jp
or
k|(|k|? —
Z[' s |3 + (K + 12 ]hke
kEZ k7é0
h 0 hg(w-T 'h?
P g _hewe D)) L[ e P 6s)
p(p+h) 00 lr=1 p+h Ir=1 27 Jp o(p+h)
Therefore, for k # 0, £1 we have
k|(|k|?
d—+[7' EE=D 4 g+ 2 e = R (66)
t o?

where /Iék is the Fourier coefficient of R which is defined as the right-hand side of (65). Note that
estimates (51) and (58) then suggest that

IR z2561) < CP_I[HG +vallgzsey + Ihllg2ssy gl a4,
,0/
+ Ilgasn lallaz sy + 0 azsen]
< Cp! bl 2 5o [ Bl s sy + 0/ Ihllssan | (©7)
5.2 The H??-decay estimate
Define

_ ["IkI(k]? = 1) Ck|(kP -1
Ik(t)_/0 [T+(|k|+1) ](z )dt' = ; Wdl + |k|log p(¢) .
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Then the use of I (¢) as the integrating factor in (66) implies that
t
hy (1) = e Tk Ohg; + / e~ kOISR, (5)ds
0
Since d(t) + 2logp(t) = I5(t) < I (¢) forall |k| = 2, and p(s) < p(¢) forall s < ¢, we find that
el < S
kS ——=
p(t)?

thus by Holder’s inequality,

t
[1Bocl + [ p(s2e I Relas]  vIkI=2
0

—2d(t)

0t

S+ KR < <

t
|:||h0||%{25(gl)+t/ p(s)482d(S)”R(s)”;12S(Sl)ds:l (68)
k50,£1 0

Since p’(t) is bounded, by (67) and interpolation we obtain that

t
| PO IRy
t
SC/O eZd(S)”h(s)”%{Z.S(gl)I:”h(s)”%{S.S(gl)_i_ P(S)ZP/(S)Z||h(s)||%{3.5(51)]d5- (69)

5.2.1 The case that p satisfies (13). In this case, by interpolation (69) implies that

t t
/O p($)* e O R($)IIFp.51)ds < € /O (O PN YO =R
t
€ [[ 00 6P I L 1y 1D 31 .
Since [h(0)ll oy + p(1)2eP4O (D) 5251y < bl we find that

t
RCI O R

L eC=RBEG)  yr(5)20C=F B
ol (= s )ds | Il
o N p(s)3/ p(s)34/

t 1 P () N\ -18pyacs) ;0 4
< C[/O <p(s)11/7 + p(s)13/7)e 7 d (s))a’s]|||h|||T,

thus by (13), we obtain that

t t
/ P(s)* TR r2.5e1yds < € / TR (5)ds
0 0
= _C e o < - pa

6 —
2—713 s=0

—
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) 16 7 . L
if 2 — - B>0o0rp < R Inequality (68) then implies that

—2d(t)

h, ¢ _16
§ (1 + k) he(t)* < CW[”hOHzZS(SI) + Cﬂte(z 7 ﬂ)d(t)lllh”lz;]
|k|=2
e—2,’3d(z) 5 \
— L Molrz sy + Callnlly ] (70)

where we conclude the last inequality from sup 1e™2Pd®/7 ~ o6 which is a direct consequence of
assumption (13) as well. >0

5.2.2 The case that p satisfies assumption (15). In this case,

S o0 1
dt=/—dssC/ — ds < oo Vit>0;
©= ] 2607 o A0

thus d is bounded. Since

1
(@) | e g1y + (0>~ W)l 251y < lIhll7.

by interpolation (69) implies that

2+2K 25

t t
4 2d 2
| o0 IR zsnyds < € [ INOIETE IO I ds
d 242K
+ [ pwroer ||h(s)||H25(S%; 1G53, ds
t
<[ [ (o0 F 55 4 pio) T B2 02 ) ds
0

64y —

21
Note that by the definition of K, K > Tev—6" ; thus by (15),

p(s) 75 RS54 p(s) 5 RS2 ()2 < Co(1+1)7°

for some 0 = o(v) > 1. Therefore,

l€_2d(t) t 2d Ct
OIR(s)2 ds / 14+16)7%ds < ;
o /0 AU IR(S) 251, ds (1)4 (1+077ds <~
and we then conclude from (68) that
p(t)* ~
o7 2 (KPR < C|Iholsn + I | (71)

k=2
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5.3 The mass and the moment of §2(t)

For x € £2(t), we write x = (x, y). Equation (2) shows that fg(t) = 7p(¢)?; hence,

1 1 2
p(t)? = 5 ¢(xdy — ydx) = 5/0 (p(t) + h(b, t))2d9.

As a consequence,

~ 1 1 ~ ~
ho(t) = ——h%o(t) = —— » hih
0= 2
11~ ~ ~ 1 o~
- _2_[|h0|2 + 2By | - 5 2. Wb (72)
p P kt—1.01

Moreover, by Green’s identity and the fact that / HndS = 0, we see that
@)

i/ (x. v)dA :/ (. 9)(u - n)dS :—/ )2 as
dt Jow e r@e n

:_/ a(X’y)pa’5+/ (x.y)Ap dx =—/ Hnd§ = 0.
@) on (1) @)

Therefore, the moment of §2(¢) does not change in time; thus
27 pp+h 1 (2~
Xo = / xdA = / / r?cos0drdf = - (o +h)3cosHdb
2@ o Jo 3Jo
and
21 pp+h 1 (27
Yo = / vdA = / / r?sinfdrdf = ~ (p + h)3sin 6d6.
20) o Jo 3Jo
Letting xo + iy = roe’%, we see that
2n 3 . .
/ (p(t) +h(8,1)) e 0d0 = 3roe*'%;
0

thus

p*hyy + ph? 4y + §h3i1 = 3rpeti%,
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In particular, since ﬁj = Z ?kgj_k, we find that

keZ
~ 3rgetfo ~ ~
h) = —5 __thhl k—— th hehy g
p ’OkeZ 3’0 L,kez

3rgei®o  r2hy 22y 2[hg 21~
= —[—°+ L2 | 2lho] |

1 Zil\() +il\1 +il\_1 ~ ~
02 P 3p2 3p2 —(=+ ) Z hich;—k

2
3p k#0,1

302 Z h; éﬁeﬁ—l—— Z Z hy—¢h¢hy_g. (73)

IZ 2|=2 k#0,1,2 [{—k|=2

|

By (70) and the Schwarz inequality,

C 2 |i1\k|
Y bhay gk < —|lhollg2sen + BT | Y ——5%
k#0,+£1 ‘9()[ ]kezl+|k|

C

< g ol + I | hll2 o) 4)

\./

On the other hand, since |EJ| < b2y,

he|[h_i |

¢ ,
hy,_¢hsh ; < ——||h , h —_—
> B < s hollmsen + WG] Y0 5 e

[£—2]=2 [£—2|=2
C 2 2
< oMol s + MG JIBIE ) (75)

<D

and similarly,

Z Z hi_¢h¢hy g

k#0,1,2 [{—k|>2

C |
< ——|lIholl? h||7
$(t)2 [” 0||H245(Sl) + ||| |||T] k; 2@§|>2 (1+ |k _€|2.5)(1 + |k|2.5)

c . )
< 0P [0, 5 cr, + I Il 22y o

Moreover, by assumption (39), [ho| < 270 < 1 and ||h|| 12s!) < V2mo < 1. As a consequence,
(73) together with (74), (75) and (76) implies that

Bul < 5[ Iholl 5o+ -+ Il ()
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A similar argument also suggests that |ﬁ_1| shares the same upper bound as |ﬁl |. Therefore, once
again using the inequality |hy| < 270 < 1, (72) together with (74) implies that

IRl < Cp~'[IBth-a| + = (IIholl 251y + INIIF ) Il |

&)(r)(

< oy Lol sony+ B + IwIE | 78)

Combining (70) (or (71)), (77) and (78), we conclude that

Bl = [I;Z(l ] < o ol UG-+ WA 79

Furthermore, since

dt < oo

/°° p()> + p(t) ' p'(1)?]
0 D(1)?

for O in both the slow and fast injection cases, (61) implies that

o0
| o0 IO sy

o0
<C /O PO 10O k-1 gy + C[ 025y + T+ [IIF]- (80)

6. Energy and bounds for the total norm for positive surface tension
6.1  Energy estimates

Recall that § = — y% + x% denotes the tangential derivative. Tangentially differentiating (28a)
£-times (£ = 0, 1,2, 3,4, 5) and then testing the resulting equation against J {T)Zv, we find that

{—1
_ . _, . ¢ _ . _,
/ |04y |2 dx + / JA! 3tq,; 3%V dx =_§:(k) / J3F Al 8k q,; 3V dx.
B B By

k=0

Writing the second integral on the left-hand side as
/ JA]3tq,; dtvidx = / JA! (3q),; a°vidx + / JA][ q.; —(0‘q).; Jov'dx,
B, B,

then integrating by parts in x; leads to

-1
_ o V4 _ S _, .
/B J|a‘v|2arx+/Sl JA] 9'qd'VIN;dS = =) (k)/g Ja* Al 8k q,; 8Vidx
1 1

k=0

+/ JAJ[[(afq),, q,]a‘vl+afq(afvl),,] @8
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Using the Kronecker delta symbol §o¢, which vanishes for all £ # 0, by (44), (45) and (57) together
with the continuous embedding H = (B1) = L?(B;) we find that

| / I/ [3a, (@, 13 + 3a[@),; =3V Jax]
B

< Cp*(1— SoIVllge-1 e IVl (B
aswellasfor0 <k <{£-2,
)/B 10°% Al 9k q.; 9V dx| < Co?(IDAl k-4 IVallwras IVIges,)
1
< Cplhllge—r+1 IV gr+osm ) IVIaes,)

andfork =€ —1,

| /B 107 A7 6 q.; 0V dx| < Co* DAl s) IV e ay) IV e oy

1
< Cp||h”H3(Sl)”V”HK*I(BI)”V”Hf(Bl)'

Therefore, (55) suggests that

/J|5@v|2dx+/ JA! 34qd*VIN;d S
By st

< /B TA] 85q0%Y' . dx + C(1 = 800)p* VIl gre—1 ¢,y IVl e 3,
1

+ C(1 = o) bl getr iy IVImesplIvlia 8- (82)

{—1

o 2\ - .

By (28b), A0V ;== (k) 9F AT RV thus for € > 1,
k=0

/B JatqA!d%v,; dx < Cp*(1 _806)[”Vq”H5*1(Bl)”DA”LE’O(Bl)”V”H@(B])
1

{2

+ Vgl o5z D 1D Al gi-r-osay Wiy |
k=0

<Cp(1 —506)[||h||H€+1 eHlVlmeap IVl @y+ hllgzenlIvlme ) ||V||H€(Bl)]-
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We now focus on the second integral of the left-hand side of (82). By identity (32) and the boundary
condition (28¢),

/1 JA! 34qdViN;dS = /l(p +h)(@*v-N)d‘qdS
S S
-1

= /Sl(p + 3= Y (lf)ékw i n]atqas

k=0

= / (p +h)d*(v- mé‘[ —Ji3[(o + h)hgg] + ,o/h]dS
sl

+ /Sl (p + h)d*(v- 1)d* [J;3(Jﬁ +h%)—p' + ﬁ]ds
=1/ o _
-y (k) /Sl (p +h)d*v-3FNdtqds.
k=0

By employing the H%>(S")-H ~0-5(S') duality pairing,

£—1
|3 [ o wiy- 3 niads] < (1 = gondo I¥l sl M2 1 alece
k=0

+ (1 —8o¢ — 81€)||5£_1V”H—0~5(Sl)”5eq||H0-5(Sl)||én||H1(Sl)
-2

+ (1= 8o = 816 = 800 Y 13Vl 0561 13l o 5o |3 Ml g1 oy |
k=1

< Co[ IVl IVl o [1 + o7 Ihllzres on]
+ ¥l =1 I¥ e [1+ 07 Bl graeny] |

and by (48),

| /S (p+ W (v-1)qdS| < Collv- Wil ge-os@n 1@l me+oseny

< CP'IV- Wl gre=osgn Il zr2en) Il gresosar)-
Moreover, since
2 2
Il = _ 2ph +h" +hy
h Jup(p + Jn)

and

20+h) 1 _[h(2p+h) +h} b +h3

Jn(p + Jn) a ; B Jn(o + Jn)? JhP(P-i-Jh)] '
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we find that

~ [ o+ Wit W - 5 as
sl

2h n h? + hg ]
Ju(p+Jn)  Jnp(p + Jn)
0°(v- )3°hdS + Cp 2 hllg2sen) Il e s 1Vl e sy

=/ (p+h)5‘(v-n)5‘[
sl

2(p+h)
= Jst In(p + Jn)

1 [ - = _
< 5/81 (V- M)hdS + Cp 2| g5y Il gers@n IV Wlge-osst)
+ CP_2||h||H2-5(§1)||h||H€+1<5(S1)||V||H€(Bl)-
Finally, because of the identity

(p+h? 1 (p+0)*Co+h+3(p+h)*hf +3(o + h)’hf + hf

J; p Jap[Ji + p(p + h)?]

by the evolution equation (31) we obtain that

/ (p +h)d(v- n)éf[— J:3(p + h)hgg + p’h]ds
Sl

= —/ I3 (0 + )28 (v- )3 2hds + / (p+h)p'3*(v-N)d*hds
sl sl

-1
12 - _ _
-3 (k> / (p+ W3 (V- M) *[I3 (0 + h)]* 'hds
k=0 s!
1 d al+1 2 1 —3 7 qal+1 2
= %E”a h”LZ(Sl) + 5:0 p ”a h”LZ(Sl)
h)p’d(v-N)d*hdS — Cp~*p’|[h||? h||?
e+ mplite 0/ 1012, 12 o,
= Clh|g2@hlv- n”HK*O-S(Sl)[P_2||h||H€+245(Sl) + P/||h||H€+0<5(Sl)]
= Cp7 V- Wlgge-osny | Bl 2y Il gresoseny + M2 gn Ileersn |
Since div(JAT$) = 0, by the normal trace theorem we find that
V-0 -5ty = (o + W) TIATY - N| 051
< C[H(P +h) ATV L2,y + IV (0 + h)_lJATV”L2(Bl)] < Cvllz2es))

and similarly, for0 < £ < K —1,

V-0l ge-osgry < C(1+ p Il ) IVl gees,)-
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Therefore, (82) and Young’s inequality imply that
_ d - _ _
P19Vl gp,) + 7107 Bl +2 /S pp"(p + )3 (V- )5*hd S

<2 / VTS + C(U=800) 0 IV -1 5,y F 80 IV )
S
+ C&P_IP/ZHthLS(Sl)||h||§1z+1(gl) + CSP_SHthLS(Sl)||h||ile+25(§1)
+CP_3P/||h||,2v.12(§1)||h||§1z(gl)- (83)

6.1.1 The case £ = 0. Using the H%>(S')-H~%3(S!) duality pairing,

[ oo obas|« | [ - Tonds| < o’ + DYz, o

< Cs (,0,0/2 + /0_3)||h”%{2.5(§1) + 5/)3”"”%2(31)'

Since

e8] 1 p/(S)2
+ ]ds <00,
/0 [p(S)3<9(S)2 p(s)D(s)*
choosing § > 0 small enough and integrating in time of (83) over the time interval (0, ), by (79)
we find that

t
1R 1721y + /0 P2 IV 2, ds

t
<C /0 p(5)0" ()2 I0GS) 32501y + C |02 5+ 1B+ 101 |
Define
N(Iboll sty [lll7) = o2+ 1R @ (1T (84)

for some polynomial function ®. If (13) is satisfied, due to the exponential decay of |[h|| g2.5( ., it
is easy to see that

t
[ 590062 1065 s < N Ul Il

Now suppose that (15) is satisfied. Then (19) and (79) imply that

) 00 1/v—
/o p($)p" () I0(s) 725 1yds < C [/ o

e ] (ol bl

vt
(1 +1)=
<c| /0 (T oy 4| N ol ey Ibllr) < CN ol bl )

thus in either case,

_ t
1RO 22 1) + /O P(5)* V() 225, ds < € N(lIholl zxan)- l1hl)- (85)



DECAY FOR SOLUTIONS OF HELE-SHAW WITH INJECTION 325

~ h2
6.1.2 Thecasel <{ <K-1. Deﬁneh=h+2—.Then
0

P p+h 2p 2p P
or equivalently,
h — 2 /I /h2
iv.n:ht_'_ih_’_p/_pz‘
P P 2p

Therefore, since V]| 155,y < Cp~! |:||h||H4(Sl) + p/||h||H2(Sl)] by (55), we find that

/ op' (o +h)dt(v-N)d*hd S
Sl

_ o 1 _ _
= /Sl op'(p +h)d(v-N)3hd S — 5 /Sl o' (p + ) (v- M) (h>)ds

-1
> / pp'3[(p + W)(v-M)]3hds — > (K) / op' 35 Fhok (v - N)athd S
Sl k Sl

k=0
— Cpp' 1] g2y ||h||H4+l(sl)||V||Hl(Bl)

> [ 2205 B+ LRI RAS = Cop™ ol 0 11 (36)
— 50 IV e 5, — Cp (IRl + o Il 1312 @)
Let us focus on the last term of (86) first. Since p/p”[|h] g5y < [[h]l7,
* al
/O [0/ I s + 2/ IS 2 [1B122 1) ds

o0
< / [P/ I scen + 2/ I r2en |12 1 ds

4 [T [ IO s + 0626 2 18 WO 5
 Ih(s)lrs + 0 OIMO ey 1
<[ /O s ds Il (87)

+ CN(|lho |l grx sty Ihlll7)

By interpolation,

K4 [ K—4
(@) [ 741 sC||h||;,2255(81)||h||;;£(§1) CO(t) &5 |n||7.

If (13) is satisfied, due to the exponential decay it is easy to see that

© ||h h
/ 10Nzt + P OO 2en o ey (88)
0

p(s)?
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Suppose that (15) is satisfied. Then
/°° W)l g4ty + p (S)Ilh(S)IIHZ(sl)d
0

p(s)?
o0 1 1
<c[[ (5 )il
p(s)2+@- =) (s 25) (1+5)p(s)*~ 2=
oo 1
<c ds|lih Cllh|llz-
[/0 (1 + 5)2 +@=HESS) S]"l = ikl

By the definition of K, the exponent of the integrand 2v™ + (2v™ — 1) (£5%) > 1if v~ > 3/8, 50
(88) is still valid if (15) holds. Therefore, (87) implies that

S -
/O [P0 s + 2/ OIS r2n [ 19012 1 ds

< CIhllF + C N(Ihollzx sy, lIllz) < Cs, N(llhollgrx sty lIhlllz) + 81 [II7-

Since
/ p'3 (h, + 22 h)3‘hds
1d 1
=3 dt[ 20/ B2 51, | + 018D 2 1) 570" 100 720
the combination of (83), (86), (87) and (88) suggests that
t t
13 2 g1y + 020 1612201, + /O P 18VI2 2 5, ds — / 2p" | 302, 1, ds
< ||5€h||iz(sl) + Cs.5, N(|[lho|| grx sty IRl 1)

t t
+Cs [0 Ve g + 8 [ 0PIV s + 1 I

for some constant 0 < ¢ < 1.
On the other hand, for 0 < £ < K — 1, assumption (39) and condition (13) or (15) imply that

P20 13D 1) < 2021 W)2 1) + 4—;2”52(112)”22@1)]
< 2070190721y + o'l 71 g1, 13°R11F 2 61,
<200/ (190721 + Collnl7
which, in turn, implies that
_ 1 _ t B ¢
I By + 5 070 10Ny + [ 0210V gy ds = [ 20 1Ry dom
< 130122 61y + Co.5 N(Iol ey Nl )

t t
+Cs /O PV 1 5,5 + 8 /O P21V ez, ds + 281 [INIIZ (89)
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if Co is chosen to be smaller than 24;.
If £ = 1, by (85) we find that

1 t _ t
18P12 1, + 5 02013012 2 + /O P 13VI125 5. s — / 2 2 o o1y

< Cs, N([holl ey Il ) + 8 /O P2 IV13e g,y s + 251 [0

which, combined with (62) and (85), implies that

1 t _ t
||h||H2(§l) + 3 /O p ”h”Hl(Sl) + C/ /03”8"”5.11(31)(15 _/ 2 /,”h”Hl(Sl)
< Cs, N(|holl gr<s1y. Il ) + 281 [Ih]I7

for some constant 0 < ¢ < 1. A similar argument shows that

1 t t
”h”HK(Sl) + = p 1Y ”h”HK I(Sl) + C/ p3||vl|%1K—I(Bl)dS _/ 2 /,”h”HK l(Sl)ds
< Cs, N(IIhol| g1y lIIbl7) + C1Ihl|7-

Finally, we look for an upper bound of [ p Lp2p” ||h |2 k-1 (Sl)d s to close the energy estimates. If (13)
is satisfied, by interpolation and the 1nequa11ty ||h|| o) < Clhllgesty,
p(s)?

4/7 10/7
I3 g1, B oy s

[ 00020 Oy < € [ 2

p(s)?7 _
< [ [ AL N ol oy Wblr) < €V ol Il

Now suppose that (15) is satisfied. If p” < 0, then

1 - t
”h(t)”%{K(Sl) + 5p(t)zp/(t)”h(t)”zK—l(Sl) + /0 P(S)3||V(S)||%1K—1(Bl)ds
< Cs, N(|hol| grxs1y. Ihll7) + CS1lhllF. (90)
If log p’ has small total variation, then for some §, < 1

" 1P ()
10022 |ps0y = | [y lis <

Since p/p [l g1 g1y < Il

o * 1p"(5) |
| /O 00RO sy ds| < [ [ L0 I < ol

thus we obtain (90) again with &; replaced by §; + 65.

REMARK 6.1 By the energy estimate (90), we see that the quantity ||ﬁ|| Hx—1(s1y decays at the rate
p«}F' This decay rate is slower than the decay of [|h|| g2.51) if p grows algebraically.
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6.2  Total norm bounds

Combining (79), (80) and (90), by choosing §; > 0 small enough we conclude that
lI£lI7 < € N(Iholl g sty Il )

or
IIBll7 < €[ ol + I + I 1)

for some p € N, provided that condition (13) or (15), as well as the assumption (39), are valid.
The constant o is chosen sufficiently small so as to absorb certain error terms on the right-hand
side of our energy estimates by the left-hand side energy terms. In other words, as long as all of
the constants we use in our elliptic estimates and the Sobolev embedding theorem are fixed, the
maximum of ¢ is a fixed computable number which can be chosen independent of [lho || g6 sty
Inequality (91) then implies that there exists € > 0 small enough such that if |lho[|gxs1) < €, by
the continuity (in time) of h,

lihllr < o. 92)

This suggests that as long as the solution exists, h has to satisfy the estimate (92), and this establishes
Theorem 1.1 and 1.2.

7. The case with zero surface tension
7.1 The ALE formulation
Leth: I (t) — R denote the signed height function defined by

hx, 1) = h<|;x|,t) Vxe Q).

Defineu = —Vp = (which is the solution for £2 = A in (5f)), as well asu = u — u and

x|2 log p
p = p — p. Then (u, p) satisfies
u+Vp=0 in (), (93a)
diva =0 in 20), (93b)
p=0 on S', (93¢)
log(1+ p~'h
log p

Now we rewrite (93) using the ALE coordinate. The ALE map ¥ : A;;, — £2(¢) is taken to be the
solution to

Ay =0 in Ay, (94a)

¥ = pe on 0By, (94b)

v=(p+he on S'x(0,7), (94c)
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where we recall that e denotes the identity map given by e(x) = x, and A, is the annular region
enclosed by dB1/, and S!. We also remark that unlike the case considered in the previous sections,
the domain of the ALE map now is time-dependent, but a priori known, because of (8). Following
the analysis of the Euler equations in [6], we define v =uo v, q = po ¥, and A = (Vi/)~!. Then

(v, q) satisfies

Vi —{-Aqu,j =0 in Al/p,
A{Vi,j =0 in Ay,
q=0 on 0By,
log(1 ~Th
log p

Since log(1 + x) = x + O(x?) if x < 1, (95d) implies that

h 8q

q= + on S!
plogp = p*logp

with 6q = pz[log(l +p"th) — p_lh] satisfying for k = 0,
l3all zx sty < Clihll g1y Bl et
7.1.1 The evolution equation of h.  Using (24), (29) and (32), we find that

hy

b +p' = (uoy)-[N-

By (1),

_IAJVIN; 1 1 JAIVN; h

h _ - _
' p+h  (p+h)logp plogp p+h  p(p+h)logp

which further implies that

h
plogp

(p +h)h, = JA/VIN; — =JAJVIN; — p'h
or equivalently,
(ph), = JA/V'N; + R,

where

h . h2
R=—hh; = ——JA/VN; + ———————.
p+h p(p +h)logp

pth]—v-[N—mT]+m.

(95a)

(95b)
(95¢)

(95d)

(95d")

(96)

o7

(98)
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7.2 The total norm and the bootstrap assumption

We now define the total norm |||-||| 7, used to establish (12), as follows:

T 1
1 2 2
ity = [ [ s WO sayde]” + w0 o0 sy,

t€l0,T]

We note that the definition of total norm implies that

1
Il 3ty < [l
P
Our estimates are founded upon the basic bootstrapping assumption that

7.3  Preliminaries

99)

(100)

(101)

7.3.1 Estimates of Dy, A andJ. Similar to the estimates established in Section 4.1, we have the
same estimates for ¥, A and J with the domain A, replacing the domain B;. We refer the reader

to Section 4.1 for those estimates.

7.3.2 Estimates of v and q in terms of h.
LEMMA 7.1 Let (v, q) be the solution to (95). Then for all k > 0,

-1

IVllzx, )+~ lalzi+ia, ) < m”hﬂmwﬁ(sl)
for some constant C > 0.
Proof. Note that q satisfies

A¥(A/qj)e =0 in Ay,

q=0 on 0By,
h ]
1 on S!x 0,7),

q= +
plogp = p*logp
or equivalently,
Aq = (558 — PPAFAD Qi +0°AFAY s Alq, i Ay,
q=0 on 0By,
h 8
q= e
plogp ~ p*logp
Elliptic estimates together with (41), (43), (42) and (96) then imply that

on S'x(0,7).

C
lalz2,,,) < Clhlgzgylalaza,,,) + M(l + Il 1)) 1Dl 15ty

(102)

(103a)
(103b)

(103c)
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thus the bootstrapping assumption (101) shows that

lallg2a, ) < Il ey (104)

plogp

Similarly, elliptic estimates imply that

s—1

¢ -t
lallgx+1a,,,) < Clhlg2gnllalge+ia,,,) + Cp’ Z | D (AA)D* +1(1||L2(A1/p)
=1

+Cp? }|AAAD2¢Dq||Hk_1(AW) + (14 Bl g1 ) Il ga+ossty:

plogp
thus

s—1

ldllgr+ia,,) < €2 Y [DYAND ™ q| o, + Co*|AAAD?YDA| iy,
=1

+ h ) .
logp [h| gr+osst)

By induction we conclude that

C
plogp

lall gr+ra,,,) < Il zric+o.5s1).-
As a consequence, (95a) further implies that

VIl Exa,,,) < CI:”DA||H/<*1(A1/p)”Dq”L‘X’(Al/p) + ||A||L°°(A1/p)||D(I||Hk(Al/p)]

C
< m”h”[{k+0.5(gl) (105)
which concludes proof of the lemma. O

7.3.3 Estimates ofh in terms of v. Having established (105), we next proof the reverse inequality
for the case 2 < k < 3.

LEMMA 7.2 For2 <k <3,

m|lh||Hk+O.SSl) < C”V”Hk(Al/p) (106)

for some constant C > 0.

Proof. Sinceu = u+ u and v = uo v, (5a) implies that

v+iaoy +ATV(poy)=0 in Ay (107)
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. 0 0 T; 0
By the chain rule, —

=N, — - -
0x; ]8r+ X

d : i i d(po T, d(p o
ATV(pOW)-%zA{(pow),j allé = AJ allé [NJ.M _JM]

or x| 98
Therefore, due to the fact that JATN L v on S!, we conclude from (5¢) that

3
ATV(pol//)-% =0 on Sl

ad
which, by taking the inner product of (107) with %, shows that

N 0

[v+7]._‘”=0 on S!x(0,7).
(p+h)logpd a6

As a consequence,

N 2y 0 N Y .
N Py dy . N 70y | 1
[v+(p+h)10gp] 96> aQ[VJF(/)Jrh)logp] 6 S (108)

. ¥ . L
Since — = hyN + (o + h)T, lettingE=v-N— —— (108) implies that
20 oN+ (p+h) g RTESIET (108) imp

1 h?
hgg = Ehgg +v-[(0 + )N —2hyT] —vg -9 + — —%— on S
plogp [ ] logp (p + h)?
We note that by (102), for 0.5 < k < 1.5, E satisfies
1 c
1Bl < C[I¥lars+056a,,) + i

Fiogs Mlaren ] € o Il
By elliptic estimates and (102), we obtain that

1
plogp||h||H3-5(sl) < C[(”E”HI-S(SI)||h||H3(sl) + IEll g1 sty Il 35 s1y)

1
+ P||V||H3(A1/p) + ”V”HZ-S(A]/D)”h”HZ-S(Sl) + m”h”m(sl)||h||H2-5(sl)]

< Cl gy (Il s Ilsen + il Illssen) + IV, )

thus, using the bootstrap assumption (101), we have that

h . < Cpllv .
log l ||H35(Sl) el ||H3(A1/p)
Similarly,

1
oy Ml < C[IElzr1 @y Il s + pIV I, ) + Tgpnhum(sl)||h||H1As(Sl)]

1
< C[m||h||H2(Sl)”h||H2'5(Sl) + P||V”H2(A1/o)]
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from which we conclude that
1

plogp
Estimate (106) then follows from linear interpolation. O

bl 2561y < Collvlaza, -

7.3.4 The estimate of R. Recall the evolution equation of h is given by
(ph), = JA/VIN; + R
: _ h JyiN -
with R = —mJAi V'N; +

__h
P Togp” By the normal trace theorem,

A/ VN [l r-05s1) < C['lJAV||L2(A1/p) + [JA] V', ||L2(A1/p)] < Cplvlirea, ) (109)

thus (102) implies that

C 2
IRl o5ty < Clhllgienlvil2,,,) + mﬂhﬂu(@)

S 02 logp”h”Hl(Sl)”hHHO.S(Sl).

Moreover,
IRy < Co™ [ IBllzr1 @y AV iacay ) + Bl sn 1AV 1561y )
Tgp”h”Hl(Sl)”h”H2-5(Sl) < m||h||H2(Sl)||h||H3~5(Sl)-

o
It then follows from interpolation that

[ Rl sty < 21 Bl g2y Bl gx+1 sy (110)

ogp

7.4  Energy estimates in the space of higher regularity

7.4.1 The L?-estimate. Taking the L? inner-produce of equation (95a) with Jv, we find that

/ I|v|?dx +/ JA!q,;vidx = 0.
Ayp

Ayp

Integrating by parts in x;, the boundary conditions (95¢) and (95d’) show that

/ J|V|2dx+/ JAJV'N;dS =—27/ JA]8qv'N;dS.
Atyp st plogp p*logp Jsi

By the evolution equation (98) and H %> (S!)-H ~%3(S") duality,

h
/ J|v|?dx —+—/ (ph),dS
Alyp st plogp

C C .
< h| zo. R g-o. +——|é JA!VIN; || gr—o. .
plogpll lrosenlIRIg-05e1) p21ogp” Al A VNj lg-05s1)
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2
From (45),] = %; hence (96), (109) and (110) imply that

P* 2 1 d 2 < ¢ 2
7||V||L2(A1/p) + mauphup@l) < m”hHHl(Sl)||h”H0~5(Sl)'

As a consequence, by (100) we obtain that

d
p10g oIV 2y, + 3o lMIE o1y < (LIS

310gp

thus integrating by parts in time over (0, ¢) give us
! 3
|t 108plVIE s, 5+ 0O IO 2y < Mol ey + CUBME (11D

where we have used (9) and (10) to conclude the uniform boundedness of the integral fo o gpa’s

uniformly inz > 0.

7.4.2 The estimate in the higher-order energy space. Let d=— y 326 +x 33 denote the tangential

derivative. Tangentially differentiating (95a) {-times (£ = 1,2, 3) and then computing the L? inner-
product of the resulting equation with J d%v, we find that

¢
/ J|o4v|dx +/ JA]0'q,; 0Vidx = =) (e)/ J(@* A (3 Fq,; )8V dx.
Ayp k Ayp

Aryp k=1

Since q = —(V)Tv, obtained by multiplying (95a) by (Vy)T,

/ JA{ [[E_)Zq,j —(E_)Zq),j ]E_)Zvi + 5eq[(5zvi),j —5evi,j ]]dx’
A1/o
< Colallgea,, ) IVlae,,,)
< ColpIVlare=1a ) + Il zrero sy IVzos a0 | I¥lrcca,

Hence, the Hodge elliptic estimate (62), (102) and Young’s inequality imply that
/ A 3q, AV dx = / IAJ3tqatviNGdSs — [ TAT3tqRN  dx
At/p st Al/p

— oIV 10,y — ColIZ o5 V132, ) = 8021813, )

. h S _, . o,
z/ JA{af[ + = 1 ]a‘v’N,-ds— JA3%qd%V'; dx
s1 plogp ~ p*logp Ao
-1
—Csp* Y [19%v]7 G2 2 —8p?19% |7
50 Z L2(Ay/p) p4(logp)2 H2(S!) H+0.5(s1) |4 L2(A1,,)"
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By the divergence-free condition (95b), A7 3V ,; = — Y5, (£)3* A/ 3 v'; . As a consequence,
it follows from (102) that

/ IA] 343"V dx < Cp?|lgllgevosqa, ¥
Al/p

X [IDANg05,, ) ¥ ea,) + Va1 5080, IDAT 111y )
C

<
plogp

||h||H€(sl)[||h||H2(§1)||V||H€(A1/p) + ||V||H1-5(A1/p)||h||Hé+0.5(sl)]

<———|h h h 4 .
,03(10g,0)2 | ||H2(sl)|| ||H€(§1)|| | zre+o 5(shH
Once again using the normal trace theorem, we find that
/ JA] 3690 VN;dS < C|38q]| gosn)IIVA] 3VIN; | g-o5s1)
sl
< C||h||Hl(sl)||h||H€+0-5(§1)[||JAT3£V||L2(A0) + IIA! 3%V, ||L2(A1/p)]
< C||h||H1(Sl)||h||H4+0~5(sl)[P||V||H4(A1/p) + il g2y IVlzea, )

¥l 50y I 05601 |

< h h|2 .
p2logp” a2 lhliz eros )

Moreover, by (44), (45) and (102),

4
14
-2 (k) / JEAD @ q, )0 dx < Cl Lo sy %
Ayp

k=1

x [ID Al | DGl ey 0+ IDALs ) 1Dl iy [ IVl a0
< Il 2@ Il e Il geros) -
,03(10g,0)2 s st shH

so that

- 1 L _ . C&
19 dx + / JA7 9 VIN;dS < ——2||Ih|| g2 1)1 o,
/Al/p plogp Jo1 7 03(log p)2 H2@EY) I Freto.5s1y

-1
+Cs0” D 10VIZ2a, ) + 807 00VIZ2 s,y (112)
k=0
By the evolution equation (98),

y4
JA]35VIN; = 3[IA] VNS ] Z( )ék(JATN)-é‘f—kv
k=1

J4
= 9%(ph), + 3R — Z (Ii) 9 (JATN) - 3¢ Ky,

k=1
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Therefore, by choosing § > 0 small enough, we obtain that

N L L N
2 L20) T 2p2logpdr 'F7 TILAEY
C
< h ) R|| g e—o. + ———lh h|?
TToap llaesosen I Rlmeosen + 5oy hllm2en G esos )
{—1
+Cp? Y110V 72s,
k=0
-1
<——|h h|? + Cp? kv
g Mz Il erosey + Co kgn 124,
or equivalently,
D F e LAy TN L
L2(A1yp) gt L2(sh)
{—1
ak
< Il Il eose) + Cotlogp Y 10VIIEag, o (113)
plogp s

Let £ = 1in (113). By (100), for 7 € (0, T),
t —_ -
|t togpliiviza,, s + 0130

t
1 3
< rglholzee + C/o [mlllhlllT + p*log plIvIZa,, ) |ds
< r3lholl1 61y + CliI7

which, combined with (62) and (111), further shows that
t
/ Pt log oIV, ds + pP RO o1y < CrdlholZ ey + ClIRIG.  (114)
0
Similarly, letting £ = 2 and £ = 3 in (113), by (62) we find that

t
|t 108V By s, + 007 IO s

t
1
2 2
S Cr0||h0||H3(Sl) + C/o [m

< Crdlhollyser, + ClIblT -

013 sy + % og oIV, Jds

Estimate (106) then provides us with the inequality

t

1

/ o M s ds + 0O IO ey < Crdlbolsy +CIIR.— (119)
0
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REMARK 7.3 We note that the solution p satisfies the Taylor sign condition thanks to the inequality
(6). Since we are considering only small perturbations of the linear solution, our nonlinear evolution
is also satisfying the Taylor sign condition. In future work, we shall examine the large-perturbation
regime wherein, the free-boundary can collide with itself as in [7].

7.5  The stability of the Hele-Shaw flow with injection

By the definition of the total norm and (115), we conclude that
Ih]I7 < Crglihollsry + Clinllz
which, by Young’s inequality, further suggests that
iz < Crollhollzz3 @y + ClihlI7 (116)

provided that condition (101) is valid. We then conclude Theorem 1.6 by the same argument used
in Section 6.2.
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