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We study the asymptotic limit as the density ratio p~/pt — 0, where p* and p~ are
the densities of two perfect incompressible 2-D/3-D fluids, separated by a surface of
discontinuity along which the pressure jump is proportional to the mean curvature
of the moving surface. Mathematically, the fluid motion is governed by the two-phase
incompressible Euler equations with vortex sheet data. By rescaling, we assume
the density p* of the inner fluid is fixed, while the density p~ of the outer fluid is
set to €. We prove that solutions of the free-boundary Euler equations in vacuum
are obtained in the limit as € — 0.

Keywords Euler equations; Surface tension; Two-phase flow; Vortex sheets;
Water waves; Zero density limit.

Mathematics Subject Classification 35Q35; 35R35; 35B40; 76B03; 76T99.

1. Introduction
1.1. The Water Wave Problem

A number of articles have recently appeared that focus on the analysis of the
one-phase free-boundary incompressible Euler equations, in either irrotational form
or with vorticity, in both 2-D and 3-D, and with or without surface tension
effects on the free surface. See [6, 7, 10-14, 18, 19, 21] and the references therein.
In irrotational form, the one-phase incompressible Euler equations with free-surface
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are often referred to as the water wave equations for the motion of the interface,
since irrotationality decouples the motion of the liquid from that of the free-surface
wave motion. The water wave equations typically model the motion of a liquid drop
inside of air, or the waves on the surface of the ocean underneath the atmosphere
(of course, air can be replaced with any other incompressible liquid with very small
relative density). In particular, suppose that the density of the liquid is denoted
by pt while the density of air (or the lighter liquid) by p~. Even when p~ « p™,
the motion of the liquid-air system is more accurately modeled by the two-phase
Euler equations, which in irrotational form lead to the equation of motion for vortex
sheets.

The jump discontinuity in the tangential component of velocity across the
material interface, which appears in the two-phase Euler model, is responsible for
the ill-posedness of this system of PDE when surface tension effects are ignored
(see [9, 20]). On the other hand, in the presence of surface tension, the two-phase
system is well-posed. See [4] for existence and uniqueness of solutions to two-phase
(rotational) Euler equations, and see [1-3] for the proof of well-posedness for the
irrotational problem. Also, see [15] for an infinite-dimensional geometric approach
to a priori estimates of the general problem. With surface tension included, the
pressure experiences a jump discontinuity proportional to the mean curvature of
the vortex sheet as we describe below. The two-phase system is a great deal more
difficult to simulate computationally or study analytically, so it is of significant
interest to rigorously establish the convergence of solutions to the two-phase
equations (vortex sheets) to those of the one-phase model (water waves) in the limit
as p~/pT — 0. The purpose of this paper is to prove this asymptotic result, without
any irrotationality assumptions on the fluids. We state our results for the case that
the space dimension is either 2 or 3, but we note that with additional regularity
assumptions on the data, our results are valid for any space dimension great than 1.

1.2. The Two-Phase Euler Equations in Eulerian Variables

For n =2 or 3, let & C R" denote an open, bounded set, which comprises the
volume occupied by two incompressible and inviscid fluids with different densities.
At the initial time ¢ = 0, we let Q1 denote the volume occupied by the inner fluid
with density p™ and we let 1~ denote the volume occupied by the outer fluid with
density p~. Mathematically, the sets Q1 and )~ denote two disjoint open bounded
subsets of & such that ¥ = Q+ U Q- and Q* N Q~ = @. The material interface at
time t = 0 is given by I':= Q* N Q-, and 0% = 6Q~ —T..

Let Q*(r) and Q(¢) denote the time-dependent volumes of the inner and outer
fluids, respectively, separated by the moving material interface I'(r). Let u* and
p* denote the velocity field and pressure function, respectively, in Q*(¢). Then the
so-called vortex sheet problem, given by the solution of the incompressible Euler
equations for the motion of two fluids separated by a moving surface of discontinuity,
can be written as

pE(uf + u* - Du*) + Dp* =0 in Q*(1), (1.1a)
divit =0 in Q*(r), (1.1b)
[pl. = oH on (1), (1.1c)

[u-n]. =0 onT(), (1.1d)
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u -n=0 on 09, (1.1e)
u(0) =u, on {t =0} x P, (1.1f)
V(I(1)) = u™ (1) - n(2), (1.1g)

where /' (I'(r)) denotes the speed of the moving interface I'(f) in the normal
direction, and n(r) denotes the outward-pointing unit normal to 0Q* (r); thus, (1.1g)
indicates that the vortex sheet I'(f) moves with the normal component of the fluid
velocity. p* and p~ are the densities of the two fluids occupying Q*(r) and Q™ (7),
respectively, H(t) is twice the mean curvature of I'(¢), and ¢ > 0 is the surface
tension parameter which we will henceforth set to one.

In [4], we proved the existence and uniqueness of the solutions to (1.1). See
also [1-3] for the proof of well-posedness for the irrotational problem, and [15]
for an infinite-dimensional geometric approach to a priori estimates of the general
problem.

By rescaling, if necessary, we may assume that

pt =1and that p~ = e « 1.

Letting u* denote the solutions of (1.1), the main objective of this article is to study
the asymptotic behavior of the solutions u* as € — 0.

1.3. Notation

1.3.1. Sobolev Norms on QF and T. Let H*(Q") denote H*(Q*;R) for scalar
functions or H*(Q"; IR") for vector fields, and let H*(Q)~) denote H*(Q2~; R)/R for
a scalar function with zero average or H*(Q)~; IR") for vector fields. We denote the
H*(Q*)-norms by

™l = Tw e and Jw - = w @)
The H*(I)- and H*(0%)-norms are denoted by

’l

], = [lw

wmys (W= w gy, and w5 = [[wllgs@g)-

For simplicity, we also use [[w]}, and |w|}, to denote |w"|?, + [w™|;_ and
|w* | + |w™|?, respectively, that is,

2

5=

lwl? e = lw*II7 4 + [l
wli e = [w* [} + [
We also use (-, )iy, (- )m@-y and (-, -)yosq to denote the duality pairing

between H'(Q*) and H'(Q7), the duality pairing between H'(2~) and H'(Q~),
and the duality paring between H®(I') and H~%3(I), respectively.

1.3.2. Einstein Summation Convention. Repeated Latin indices are summed from
1 to n, while repeated Greek indices are summed from 1 to n — 1. For example,

n—1

g, = f'g, and f'g,:=) f'g.
i=1

a=1
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1.3.3.  The Tangential Derivative. Let {U,}X_, denote an open covering of I, such
that for each ¢ € {1, 2, ..., K}, with
V, = B(0, r,), denoting the open ball of radius r, centered at the origin and,
vi=vV,n{x, >0},
V, =V,Nn{x, <0},

there exist for s > 3, H*-class charts 0, which satisfy

0,:V, — U, is an H’ diffeomorphism,
HZ(V;) =U,NnQa",
0,(V,n{x,=0}) = U,NT.

Next, for L > K, let {U,}{_,,, denote a family of open balls of radius r, contained
in Q such that {U,}-_, is an open cover of Q, and let

{&,}5_, denote a ‘€™ partition of unity subordinate to this covering of €.

We use 0 to denote the tangential derivative in U, N Q. For a differentiable function
f on , the ath component of the tangential derivative of f is given by

0 00
" [fol,]o00;' = |:(Dfo(9£) “} 00"

0x,

We use f; to denote the ith component of Df, where Df is the gradient of f, or

fi= s_f
X

1.3.4. The Identity Map e. The identity map on IR” is denoted by e so that e(x) = x.

For « = 1,2, we use the notation e, to denote the two tangent vectors to the

reference material interface I'; more specifically, in any local coordinate chart V,, e

denotes the tangent vectors % Note that

X,

o

[(Df)o0,]-e,=Ff,00, or (f;o Oz)e‘,jy, =f,00,
1.3.5. H* Norm of I. We defined the H*-norm of I to be
K n—1
PE= Y [ ok, 0Pdx, - dx, .
=1"R

The H*-norm for any real s > 0 is defined by interpolation. We say that I' is of class
H* (or I € H*) whenever |I'|; < co. The H*-norm of 0% is defined similarly.
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1.3.6. Inner Products and Contractions. Given two vector v and w in IR", the inner
product of v and w is denoted by v - w, which in component is defined as

vow=vw, = iviwi.
i=1
For two matrices A and B, the contraction between A and B, denoted by A :B, is
the trace of the product of A and B, which in component is defined as
A:B =Tr(AB) = A/B, = Z ALB].
i, j=1
1.3.7. The Transpose of Matrices. Given any matrix s¢, we use {7 to denote its

transpose.

1.4. The Arbitrary Lagrangian—Eulerian (ALE) Formulation

Let #* denote the Lagrangian flow map of ™ in Q, that is,

nfa ) =ut(nt(x, 1), 1) Yxe Q' 1>0, (1.2a)
nt(x,0) =x VxeQt, (1.2b)

By a theorem of Dacorogna and Moser [8], we can choose a volume preserving
diffeomorphism ¢ on )~ such that

det(Dy) =1 Vxe Q,
Y=nt VxeTl,
V=e VxeidP.

Furthermore, the following elliptic estimate holds:
||$||4.5,— < C[|’7+|4 + |595|4]‘
We then define

nt(x, 1) xeQ+,
Y(x,t) =1— _
Y(x, 1) xeQ,

Remark 1. We emphasize that i, does not equal v~ in 17; on the other hand,

Y, =vt on Q.

Set v=uoy, g=poy, and let A= (Dy)"'. Using the ALE variables,
equations (1.1) are written as

v+ Afgi =0 in (0,7) x QF, (1.3a)
e, +ewv + Afg, =0 in (0,7) x O, (1.3b)
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Al =0 in (0,7) x QF, (1.3¢)

g —q =—Am-n on (0,7) xT, (1.3d)
vien=v -n on (0,7) xT, (1.3e)
v -N=0 on {9, (1.3f)

(1), v(1), Q5(1) o = (e, ug, OF), (1.3g)

where e(x) = x denotes the identity map on &, w = A(v™ — ), and n(t) := n(y(1))
denotes the outward-point unit normal to 0Q*(¢) and evaluated at the point (¢).
With N denoting the outward-point unit normal to Q" at + =0, we have the
identity

n((1) = %

1.5. The Higher-Order Energy Function

With &(t) denoting the surface area of the vortex sheet I(¢), the physical energy
function is given by ||.u+.||iz(m¥l)) +€llu” ||i2(ﬂ,(t)) + 20(t). While the physical energy
is exactly conserved, it is much too weak to provide the necessary a priori control to

pass to the limit as € — 0. As such, we define the higher-order energy function €
€)= |on" - N+ I3+ v ls.o + Il I, + el 15—

Note that only e||v,’,||§‘_ has the asymptotic scaling parameter €.

1.6. The Regularity of the Solution to (1.1)
With € = p~/p™, the following theorem is the main result in [4].

Theorem (Well-posedness of (1.1)). Suppose that ¢ > 0, and that T := 1(0) is of class
H*, 09 is of class H®, and uf € H*(QF). Then, for all € > 0, there exists T, >0,
and a solution (u™(t), p*(1), (1)) of (1.1) with u* € L=(0, T; H*(Q*(1)), p* €
L>(0, T; H*>(Q*(1)), and (1) € H*. The solution is unique if ui € H*>(Q*) and
e H>,

Note that the time of existence 7. depends crucially upon €, and that a priori
T. may approach zero as € — 0.

1.7. Main Result

Let Q(r) = Q" (¢), and let U denote the solution of the one-phase free-surface
incompressible Euler equations in vacuum, satisfying

U+U-DU+DP=0 in Q(1), (1.4a)
divU =0 in Q(7), (1.4b)
P=H onlI(s), (1.4¢)

U-n=0 onT(y), (1.4d)
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u(0) =u, on {t=0}xQ, (1.4e)
V([T(2)) = U(t) - n(z). (1.4f)

Theorem 1.1 (Main Theorem). Let € = p~/p*t, and for € >0, let ul denote the
sequence of the solution to (1.1) in the inner phase Q7 (t). Suppose that uj = ug|o: €
H3(QY) and uy = uy|q- € H*(Q7) satisfying ug - N = uy - N on T, where T is of class
H*> and 0% is smooth. Then there exists T > 0, independent of €, such that the solution
ufon, to (1.1) converges weakly to Uon in L*(0, T; H*(Q%)) as € — 0, where n, and
n are flows of ut and U, respectively.

Remark 2. Note that u, a priori only exists on the e-dependent time interval (0, T,);
however, the main theorem shows that T, is in fact independent of €, and that u,
exists on an e-independent interval (0, T) for all € > 0.

1.8. The Structure of the Proof and Outline of the Paper

The proof of Theorem 1.1 consists of several steps that we describe as follows.
In Section 2, we review some well-known inequalities that we use throughout our
analysis. In Section 3, we establish estimates for the time derivatives of velocity
and pressure, evaluated at time r = 0. Section 4 is devoted to the derivation of e-
independent estimates for our two-phase system. The fundamental difficulty resides
in the estimates for the normal and tangential components of v;,, which are founded
on improved elliptic estimates (with respect to our estimates in [4]) for the pressure
functions. Finally, in Section 5, we pass to the limit as € — 0 and establish our main
result.

2. Preliminary Results

2.1. The Trace of the Normal Component of a Vector Field

A vector u € L*(@) with divu € H' (@) has a normal trace u - N € H™"3(00), where
N is the unit normal to the surface 0@, with the estimate

e - N”i]—O,S(ﬁ@) = C[”””iz(@) + [ div ””?-ﬂ(@)f]’ (2.1)

where C depends on |T'|, for all s > % (see, for example, [17]).

By the Piola identity, A}, = 0 (since det Dyy = 1), and the identity A" N = ,/gn,
letting w/ = Alw' in (2.1) yields the Lagrangian normal trace estimate

w- n”?{—f)ﬁ(a@) = C[”w”il(@:) + ”Az]'wfj”iﬂ(@)f] > (2.2)

where @ is either Q' or Q.

2.2. The Hodge Decomposition Elliptic Estimate

Proposition 2.1. For r > 2.5, let @ be H" domain, that is, 00 is of class H™5, If
w e L2(@; R?) with curlw € H~'(0), divw € H~1(0), and éw - N € H~'3(00), then
there exists a constant C depending on |00)|,_ s such that

1wllrey = €161, o [l 26 + lleurlw]

Hr—l(@) + ||diV w| Hr—l(@:)

+ 16w - Nl 1506 ]- (2.3)
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This estimate is well-known and follows from the identity —AF = curlcurl F —
Ddiv F; a convenient reference is Taylor [16].

2.3. The Curl and Divergence Estimates of n, v and v,

Exactly following Section 10 in [6], we have the following

Lemma 2.1. The quantities Ddivy™, divv*, divvF and Dcurly®, curlv®, curlvF
satisfy the following estimates:

Idiv v [5s.4 + leurl v |55 . + lldivo=[l3 .

+ [[eurlv* |3 , + [|Ddivy*|3s . + | Deurlnt |35,

< Cysly + C(;Tgﬁ( sup %(t)) + 0 sup €(r), (2.4)

t€[0,7] t€[0,7]

where O > 0 is taken sufficiently small, and P denotes a polynomial function of its
argument.

2.4. A Polynomial-Type Inequality

For a constant M > 0, suppose that f(¢) > 0, t — f(¢) is continuous, and
f(t) < M + CtP(f(1)), (2.5)

where P denotes a polynomial function, and C is a generic constant. Then for ¢
taken sufficiently small, we have the bound

f(r) <2M.

This type of inequality, which we introduced in [5], can be viewed as a generalization
of standard nonlinear Gronwall inequalities.

2.5. Differentiating the Matrix A

In this subsection we list a very useful identity here concerning the differentiation
of the cofactor matrix A for reference. Let o be a differential operator such as d,, 0
or D, then

SAl = —AISy’ Al (2.6)
For example, when 6 = 0,,

(A'if)[ = _A{ 15 A7

t,s 1"
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3. Estimates for Velocity, Pressure, and their Time
Derivatives at Time ¢ = (

3.1. Estimates for the Initial Data

We require estimates for the time derivatives of the velocity and pressure at
t=0. As in [4], we use w;, w,, g, and ¢, to denote v,(0), v,(0), ¢(0) and ¢,(0),
respectively. Following [4], estimates for g, can be obtained by analyzing certain
elliptic equations, and estimates for w; are obtained by letting r = 0 in (1.3a) and
(1.3b). The estimates obtained in [4] are density dependent. In particular, w; and g;
satisfy

- Lo
i1+ llag 15+ ellwr 15 + —llgg I - = CP(usll5 2, T3 5) G.D

and
_ |
lwd 115, + ellwy 15— + llg I - + “lla IF - < C2llugll3 <. IT[35), (3.2)
where 2 is some polynomial of its variables.
However, in order to obtain e-independent estimates, we require e-independent
bounds for g; and w; . Indeed, we have the following

Proposition 3.1. Given uf € H*(Q"), uy € H*(Q7), and I € H*, then

w122 + lwallo . + g 15+ + 71T

Lo _
+ g 15+ lar 5.1 = € (o3 o IT1E 5)- (3.3)

Proof. We note that the estimates for w;"” and g¢;" follow from (3.1) and (3.2), so it
suffices to obtain estimates for w; and g;. We estimate g, first.

Taking the Lagrangian divergence of (1.3b), by the Lagrangian divergence-free
condition A{ v"j" = 0, we obtain

e[—A{,v;i - A{’lv;iwz + A{W,Zjv’}i] + A{(qu;(),j =0.

Using (2.6) and w = A(v~ — ¥,) in the equality above at 1 = 0, as well as restricting
(1.3b) on 00~ in the normal direction at r = 0, we find that g; satisfies

Agy = —e(Dua)T : (Duy) in Q7, (3.4a)
Py
aq_]{)’ =—ew; -N —€(W,-Duy)-N onl, (3.4b)
0qy _
# = —€(Wy - Duy)-N on 09. (3.40)

By (1.3¢),

wy N =wl N+ gl (), - N[(ug —uy) - e, (3.5)
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Therefore, by elliptic regularity,

— —i =] 70 —
ligo 15— < Ce[lluguglli — 4 1wl - NITs + 180 (ug, - N)(ug — ug) - e 4175
+ |(wo - Dug) - Nﬁ.s,— + |(wo - Dug) - Nﬁsu]
< CEP(||ug3 4 T3 5)- (3.6)

By (3.6) and (1.3b), we also obtain an e-independent estimate for wy:

lwi 15— < CllIwo - Dug I3 _ + éll%‘llg,f] < CP(lugl3 1 ITIZ.5)- (3.7
Similarly, since
wy - N =wf N+ 2w —wy) n(0)+ (uf —uy) - n,(0),
by (3.7) we find that

lwy - N5 < C[|w2+ N5+ [wf —wil]5In (0[5 + lug — uy %A5|”n(0)|270.5]

= CQ&(””o“%,iv |F|i.5)-

Hence by considering the elliptic problem for g; (see [4, p. 14] or letting t =0
in (4.11a) for the precise equations), the elliptic regularity implies

lar I - < CeP(llull3 1 ITI35)-
Time-differentiating (1.3b) and setting r = 0 then yields the estimate

Y ol3 .4 IT135).
llwy 115, - = C2(lluoll5 2 [Tlas) O

Henceforth, we let ./, denote a constant depending on [ugy|;, and |[|,s.
Therefore, (3.3) implies

Leo o -
lwn I+ Twalls + Nag 154 + gl s + e 3=+ larlT-] < . (38)

In the later discussion, we also need the lower order estimates for g; and wy.
Instead of Proposition 3.1, we have the following

Proposition 3.2. Given uf € H'(Q"), uy € H'>(Q7), and I’ € H?, then

1
lwillgs + g5 15 + S llgs 17 - < CPlugllt s o0 IT1)- (39)
€
Proof. The parts ||w] |5 and [lgf |17, in (3.9) follows from [4] by first solving
+i i

+ _ ; +
Agy = —uguy; n Q7

I Ny B -
EAQO = —uyup; Q7
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4 — 4o =H, onT,
oqf  1oqy _ o -
Do (g — i) e, + (o Dug)] N onT,
oo
aq—;, = —€(wy-Duy)-N on 0%,

to obtain that

iG/S(sm + ||“07,3‘”(1§||16/5(Q—) +|Holos

| D
lai .+ < lag - = Ll
+ [ [(uy — ”(J)r) : e,/sggﬁ“:)r,a + (W - Duy)] - N|27045
+ |(wo - Dug) - N|io.5,a@]
< CP([luoll? 5.2 ITI),

and the estimate for w; follows from the Euler equations. Then we test (3.4a)
against ¢; to find that

_ i _0qy
Dq; |12 = —f €uy'uy gy dx + —dS
1Dgq |I5, - o Mo 0,i90 e 9 N

IA

6””61]”5” w50y 190 sy — E/an(wf +w, - Dug) - NdS
- e/ g5 (Wy - Duy) - NdS
0

Co€P([lugll7 5.+ IT13) + dllgq 11 -

IA

where we use (3.5) to estimate w; - N in terms of uf and w]. By Poincare’s

inequality, we find that (3.9) holds for | ¢, |7 _ and therefore, by the Euler equations,
for [|wy ||y, as well. O

3.2. Basic Assumptions on Bounds

We assume that we have a sufficiently smooth solution v*, such that on the time
interval [0, T],

1
In* —ellss = 3 1D * 13, < mfQF P + 1,
W s < luglise + 1 v lis - < llugllis -+ 1,
5.+ < Iwillg . + 1. Iwllts - < 2fwollis - + 1.

i 15— < 2wl s <. IT).

where % is a polynomial of its variable. Verification of these assumptions, except
for ||v; ||y, will follow from the fundamental theorem of calculus, once our energy
estimates are completed.

In the following, we allow our generic constant C to depend on the right-hand
sides of these inequalities. Given the estimate (3.9), the constant C depends only on
the measure of O, |luy||5 . and |T3.
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3.3. The Estimates for w= A(v~ —,) and w,
By the fundamental theorem of Calculus,
WO - = 2w )5+ [ Iw (o) 5 _ds]. (3.10)

Since w = A(v™ — ,),

W) = — AN AT =) + AN = ) = AN W+ A = )
hence

1w, R~ < 1A LD oy W12y + 2000 1 + a3 )] < €

and

IWllts - = CLIW IR 7 Wil s - + 7 IEs - + alliis ] < € Sgpn%(t).
tell,
4. The e-Independent Estimates
4.1. Estimates for the Pressure and v: - n

Proposition 4.1.  Given €(t) defined in Section 1.5, the solution v* of (1.3) satisfies the
following estimate:

1 - - G
v nlose + Mg ss + Mg 10 + S la s +lla -] = € sup €(n). (3.10)
tell,

Proof. The proof consists of four steps.

Step 1 (Estimates for ¢7). Since ¢~ satisfies

A{(A:'(q,_k),j
AIASGN, = €[ — v —w'v/]JAIN, onT,

—e[(aDv + (4], Wi = Alwluy] in Q7

g N, = —ew'v /N, on 0%,
elliptic regularity shows that
1, 2 -2 -2
Slalzs.- = ClIADWDY |55 - + IWDADv™ |55 - + |4, D [G5 -
+ o |y + (W DvT) - nly + (W Dv7) - Ny o).

We first estimate |ADwDv~ || _. This requires interpolation, so we first estimate
|ADwDv~ ||} _ and ||[ADwDv~||] _. It is easy to see that

JADWDV™ (12 _ < Al i IDW e, 1DV 21y < LIV IR + 713 ]
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and that
| D(ADWDV) | _ < C[|PADWDV™|[5 _ + | AD*wDv [[§ _ + | ADWD?v™ 5 ]
< ClIv" 5. + v I3 ];
hence, by interpolation,
||WDADU_||§A5,7 = C[||U+||§A5,+ + ||U_||§5,7]~
Similarly, by interpolation we find that
||WDADU7||5.5,7 + ||A,Dv’||§'5,, = C[||U+||§.5,+ + v~ ”%57]
It is also easy to see that |v; - n|; < C|lv; ||, s and that
|(w- D7) - nff + |(w- Dv7) - NIj o, < CllvT 5.
It follows that

1 — <
S llg7I35- < C sup €(1). (4.2)
€ 1€[0,7]

Step 2 (Uniform Bounds for v: - n). Letting w = v, in (2.2),
v - n| g5 < C[||v;||o,+ + ”A{v:t—,ij”Hl(Q*)’]'
By the incompressibility condition (1.3c),
Al = —(A]D), v = 2(A]),vfL (4.3)

it

Let f € H'(Q7F); then
(ADuvs Piny == [ A" fidx+ [ (Van') v pds. @44)

Taking the supremum over all f € H'(Q") with ||f]|, , = 1, we find that
||(A{)ztv3i||12111(9+)/ = C[”(A{)”v"'i”%& + |(\/§n)tt . v+|270A5]

= C[(”Dv:—”i»?(gﬂ + ”Dv+”26(g+))||v+||i6(g+) + |vt+|é.5 + |v+|35|v+|§425]

< CllIvf s+ + Iv*15..] = € sup €().

t€[0,7)
Similarly,
(AN Ny = = [ (D jdx + [ (e fds

which implies

||(Al]‘)tv2—j”§~1l(ﬂ+)’

IA

CLIAD VI« + 1(Ven), - v 2os]

5 C[”Dv+”%}(Qﬂ“l}j—”?ﬁ(gﬂ + ||v+||€vl~4(r)||vr”i4(r)]
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473 2/3 2/3 4/3
< ClIFIT 4+ T IS o IS o I 1 15 ]

< CIWFIR 1+ N0 s I s o+ IR 10715 ]

< C sup é(1). (4.5)
t€[0,7]
Therefore,
ATV} 5113 ey < C sup €(2) (4.6)
t€(0,7)
and hence

lvt - nl,5 < C sup €(¢).
1[0, 7]

The e-independent estimate for v, - n is obtained using a different argument. By
(1.3e),

v, n=v-n+ @ —v) n, +20 —v,) ng;
hence

v, - nl?ys < C[lvy, - nfos + 10" —v7) n,Pos + 107 —v)) - ”;Eo.s]
We claim that for any f € H"*(I') and g € H (I,

18l 05 < C|fli2slgl-0s- 4.7)

To see this, note that

|fgl_os = sup [{fg ) msn| = sup [{& fd)mosn| < Igl_os5 sup [fdlys.

[¢lo.s=1 [$lo.s=1 [los=1

It is clear that

1fPlo = IS =y [@lo (4.8)

and

el = 11¢lo + 10f dlo + If Oblo-

By the embeddings

HO.ZS(F) C L8/3(1—~)’ H0.75(1-v) C L8(F), Hl.ZS(F) cC LOO(F),

we see that

[foly < Clflias19l;- 4.9)
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Using interpolation between the inequalities (4.8) and (4.9) shows that

|fblos < Clfliasldloss

which in turn proves the claim.
Thus, using the inequality (4.7), we find that

(" —v7) n, 25 < Clot — U_|%.25[|(_3”:r|270.5 + |U+|%.25] =C S‘[‘(IJPT]%(I)-
tel0,

Now we turn to the estimate of the last term |(v; —v;)-n,|*,5. By Sobolev’s
embedding,

vf - n2os < Cloy - mylg < Cllv I 100" sy < ClIF IR L IIv7I15

< ClIv IR s vt s o+ 15 o1 4 ] < Ctsgr;]%(t)
€[u,

The estimate for v; - n, is the same and thus v;, - n shares the same H~%°(I') bound
as v} - n. Therefore

vy - nl2gs + vy - nl2gs < C sup €(). (4.10)

t€[0,T]

Step 3 (Estimates for ¢;). Time-differentiating (1.3b) and taking the
Lagrangian divergence of the resulting equation, we find that g, satisfies

Al(Afgy) ;= —€[Alv + Alw'y), ] - All(ADg]; n Q7 (4.11a)

iVi,j
AlALq N = —[ev, + eW'v), + (A]),q JAIN; onT, (4.11b)
4 Ny = —e(Ww'v),N; on 0%. (4.11¢)

The goal is to estimate the H'(Q~)-norm of g, . By elliptic regularity, it suffices
to estimate the H'(Q)'-norm of the interior forcing, and the H~%3(I)-norm of the
boundary forcing. A
Similar to Step 2, in order to find an e-independent bound for [A/v;, I3, @y
we need to estimate ||(A))v v, j|| mi-y- To be more specific, we need to obtain an
e-independent bound for |(,/gn), - v;|_os. It suffices to estimate |v; - n|_o5 and |v;

n,|_ys. It is clear that

o7 - nlZs < C sup (1)

t€[0,7]

and the estimate for v, - n, is the same as the one for v - n, previously used to
establish (4.10); therefore,

”A] o ”Hl(Q y = C sup &(1).

ltfj
t€[0,7]

We now consider the H'(Q~)-norm of A/(w'v v7), ;- Again by (1.3c),

(A’), o (A'f),zW(vZ,’:—(Af)t,zwzv,}"- (4.12)
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Similar to (4.4),

<Az]' Wi (Z’f>H1(Q)

Z_/_A{Wf(vef +vZJf)d‘x+ Jen'w zde

Truew

/ [ah) w7 f — Alvf, dx—l—/ Ven'wv fds.

where w-N =0 on I" and v~ - N =0 on 0% are used in the second equality to
eliminate the boundary term due to the integration by parts with respect to D, ;
hence,

”Ajwt] v ||1-11(Q y = C[||W1DU7”§,+ + ||thADv7||iﬁ/5(Q*) + ||WrDU7||i4/3(r)]

< C sup €(1). (4.13)

t€[0,7)

Similarly, all the other terms in the right-hand side of (4.12) share the same H'(Q ™)’
bound, so that

”AJ(Wev( t]”Hl(Q y = c s:gf;] &(1).

Next, we estimate the H~%3(I')-norm of the boundary forcing. Because of (4.10),
it suffices to estimate |(w'v/),n’|_o5. However, because of (4.13), it suffices to
estimate ||(w'v7,),[lo— and it is easy to see that

IO - = CTI I+ 1] = € sup 20
[E

Combining (4.2) and all the estimates above, we find that for all 7 € [0, T,

1 _
—llg; @7~ < C sup &(1). (4.14)
€ 1€[0,T]

Step 4 (Estimates for ¢g* and ¢;). By studying the Neumann problems
Al!(Af,‘qI i = EAfvf;’A;vj;" in QF,
AlASGIN; = —ev/'AIN, onT
and

Al(Afql) = —eAlvl + Al[ANVTT AlgY]

i n/
= e[2Alv AN + (A), 0] + Al[AfvT AlgY]; in QF,
AlAfqH N, = —ev'AIN, — AlAYqIN, onT,
we obtain that for ¢ € [0, 7,

la* I35+ +llg DI = € Sup &(1). (4.15)

These 4 steps conclude the proposition. a
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4.2.  Uniform Boundedness of ||v; ||, -

Having | ¢; |7 _ uniformly bounded in €, we can prove the last part of the basic

assumptions of Section 3.2. By (1.3b), (3.10), (3.9) and (4.1) we find that
-2 —12 C_p
lorllo.- = Cliw- D™ fl5_ + S lla~ v

- Cri - .
< Clwlii D155 - + ;[II% [ +/0 g 113, -ds]

< C+ CT sup é(1).

t€[0,7]

Therefore, (3.10), (3.9) and (4.1) imply that [|v;[|§ _ < C + CT sup, 5 %(7) and thus
by choosing T small enough, the basic assumptions imply

IDYI5 & + lvlli s o+ v g o + IWlTs - + 1w lIg - < C, (4.16)
where C is the generic constant defined in Section 3.2.
4.3. Estimates for v}, - 9y and v}, - Oy
Proposition 4.2. Let vt be the solution to (1.3). Then

v - 0205 + (v, - Y45 < € sup E(n). (4.17)

t€[0,7]

Proof. First, note that since D}y = A~!, we have
fo= LAl (4.18)
It follows from (1.3a), (1.3b) and (4.18) that

Lo = —WLAlg — W (AD g = =g + AlvTigT, (4.192)

~
=

- [ Y —igi —i i
Uyt l//,é = _qu,o‘ + EAfUt) q»j - va»f lP’é - Wzvtll/js&' (419b)
As a consequence,

vy -V al20s + vy - ¥ sl20s
= é|‘1;}3|27045 + |‘1;J,r5|27045 + |1‘\|iw(r)|(_3v+ i‘*(n[é”ani‘*(n + ||Dq+||i4(mi|
+ |W;|i4(1)|Dvi|i4(n|é‘p|im(m + |W£U:z ) éwios
< Csup €(1) + C||v+||§,+[i2||q||§,_ + ||61+||§,+]
1€[0,7) €

+ Clw, I Il 115 - + Clw'o, 2.
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By interpolation and Young’s inequality,

|
IR B+ 17
4/3 2/3
< Cl I3 o S
1 —14/3 —112/3 4/3 2/3
[ 1111 4171 007 = € sup 0,

t€[0,7)

and the same upper bound holds for [w, |7 _[[v™||5 _. For the last term, since w -
N =0 on I" and with the identity w = (w - N)N + ggb(w -e,)e ;, we find that

w'v,, = (w- N)Nv, + ggﬂ(w~ e,a)v,’lefﬁ = ggﬂ(w e )y

hence
(w25 < Clov; 25 < C sup €(0).
t€[0,7]
(4.17) then follows from summing all the estimates above. a

4.4. The e-Independent Energy Estimates
It remains to establish the estimates for dv - N, dv, - N and dn* - N.

Theorem 4.1. The solution v* to (1.3) satisfies the following estimate:

sup [[[v; (5.1 + ellvy (DIG - + 10v,(1) - NI§ .+ 10v(0) - NI 5. + |0+ (1) - NIF]

t€[0,7]

< Csdly+ 6 sup €(t) + Cﬂ?f’( sup %(t)). (4.20)

1e[0,7] t€[0,7]

Proof. We first derive the estimate
sup [ D15+ + ellvg (DIIF - + 10v,() - NI5 . ]
tel0,

< Csdy+ 6 sup €(t) + C(ng)( sup %(t)).

1€[0,7] 1€[0,7)

Twice time-differentiating (1.3a) and (1.3b) and testing the resulting equations

against v and v, , respectively, we find that

1d - jo =i j =i jo—i | =i
EE[”v;“g+ + E”vtt “(2)—] + E/Q* [W{tv,j + zwivt,_/‘ + ijtt,j]vtt dx

+/S)+(A{4:;)ttv;idx+/;l_ (A{q;),,v;idx =0. (4.21)
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First, note that v," v, = 1(|v,|?) ;. so that

1t,j Ut
=i o i 1 : 2
/ w/u v tdx = ——f divw|v, |"dx.
- ' 2 Jao-
Second, using (4.3), we obtain that
[ Al ias == [ (alg")aiidr+ [ (Alg"), v Nas
= — [ [aDug” +20aD,q vy dx
+ f 4 [(AD V5 + 2(A]) v ]dx + / (A7q"N)),vy'dS

with a similar identity for the term [, (A! q;)vy dx. Using these identities, (4.21)
1mphes that

_ € . _ i
ST+ el ] =5 [ divwdugPdxte [ [l + wiv oy dx

_/ (Aj")nqjL + 2(A]")th+] Zl/dx - /; [(A]'l)n97 + 2(Aj)tq:] ;l]dx
+/ (Aj)zr o +2(Aj v t/]qtl dx+/ (Aj)tt 7 +2(AJ v I/]qt)‘ dx
+ [[AIN " = g s + [ (Alg N, () = v)ds = 0.

o J

Henceforth, & denotes lower-order remainder terms that can be easily shown to
verify the estimate

t
Rds
0

< Jly+ CT@( sup rcﬁ(t)).

t€[0,7)

With this notation, the equality above is rewritten as

1d

5 dt[||v 5.+ €lv 5] +O+1+T+%R=0.

Step 1 (Estimates for the Surface Tension Term Q). By the boundary condition
(1.3d),

/F[A{Nj(q+ —q )tt Uy ‘dS = / \/_Hnj 1 :;]dS

Since the metric g and H are computed from #™ whose time derivatives only involve
o*v™ (which is bounded by %(r)), exactly following (12.6) in [6] we find that

1 X
3 [ VB G,y ms

t .
< /0 /r [AIN(q* — g, viidSds + My + CT@( sup %s(;)). (4.22)

t€[0,7]
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Step 2 (The Estimates for Error Term I). Let I=I,+L+1L+1, the
summands representing the four integrals contained in I:

L= [ (D +2aDq oldx. L= [ [(A),q +2aD,q Jvydx.

L= [ [ahas +aahoilarde, L= [ [aD,) + 204D 0 gy d

O~

Integrating by parts in D, and using the fact that (Al’.')’j =0 removing the

higher order term [(A/ )] ; which otherwise would have been problematic for our
framework, it is easy to see that

JRURSAT:
0

< CT?]’( sup %(t)).

t€[0,7)

Next, we estimate I,; the estimate for I; will follow in the same fashion. Integrating
by parts in time, the most problematic terms to estimate are denoted by

t . X t X
I, Zfo /ﬂi Al AV g dxds and 1y, 2/0 /sr (A, q, dx ds.

The same as the estimates for I; and I, integrating by parts with respect to D, for
Iy and D, for I ,, we find that

t
‘/0 (I + Lyp)ds

< CT@( sup %(t))

1[0, 7]

so that

/Otlds

where /[, comes from the temporal boundary terms appearing when integrating by
parts in time for I, and 1,.

<y + CT@( sup rcﬁ(t)),

t€[0,7)

Step 3 (The Estimates for the Error Term J). Since A”N = ,/gn, we find that

J= V/F(«/gqi)n(vtt - U;) N +2/F(\/§q7)tni ’ (U;i - U;i)d‘g
A I

+/]:\/§q7(v;; - U;I) n,dsS .

I3

The Estimates for J,: by the boundary condition (1.3e),

(UtJ; - U;) cn= (U7 - U+) C Iy, +2(U7 - vr+) -y
=[(v" =) Y ,le° (), - )+ 2[(vf — ) - s1e (vF - n)
+ (0, v (vt — v, (4.23)
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Time integrating J, and integrating by parts in time, we find that

[ v = (V)5 = vy nas |~ [ (Va), 00wt —ws) - N

Tio

- fl/ (V8a )&’ [(v" —v) - ¥,)(vy, - m)ydSds (=1J)

_3/ / (V&a7) & L] —v7) -y, - n)dS ds

—2f0 fr(\/Eq’),g”’ uf —v) It - n)dSds (=1))

[ [ (V) [ 50+ 2@ )]0 = v s
=Jo I+ —/r(«/§q‘)r(0)(wz+ —wy) -NdS+/0[9Rds

By (4.17),

[Tl < CT@( sup qé(t)),

t€[0,7)

so we only need to estimate J,, and J,;.
For the temporal boundary term J,,, using (4.23), the fundamental theorem of
calculus, and interpolation, we find that

ol < Clor sl I + cm( sup %(r))

t€[0,7]

< Gl 12+ o1 s + g 12 + CT@( sup %(z))

t€[0,7]

<Cs;+ CT@( sup %(l)) + 0 sup €(r).

t€(0,7) t€[0,7]

As for J,,, integrating by parts with respect to 57,,
t
Iy = / / (x/gqf),ﬁ,gw —v7) Y51y - n)dSds (=Ty,)

+ / / ) [2,G0) (v = v7) + (3, d)| (v} - n)dS ds
[ (ve ,,,<ax//>azw(v+f VI (f - )dS ds

= J1]2'

By H**(I)-H~"3(I) duality, we find that J, is bounded by CTZ(sup,(o 1 €(?)).
For the term J,;;, we add and subtract ¢* to obtain

T = [ [IWEG@ = gOL,g 10 = v) -yl - mds ds
[ (VB =) 010 s ds
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- /Of/r[(«/Eg@w,a),ﬁ 0], gl — ) () - mdSds (= Tyyy,)
+ /O’ /F(\/qur)t,ygv&[(w —v7)- lp,(;](v; -n)dSds (=J,1).

In order to study the term J,,;,, we integrate by parts with respect to (_3.), and then
in time (to move one time derivative from v/’ - n) and find that the most challenging
term to estimate is

[ [ 1.0 0] 810" =0 1w ) s ds.
Since

[(\/gg“ﬁlp,a),ﬁ ’ n]n = (\/gguﬁvioc),ﬁ “n+ \/gg“ﬁgyé(viy : W,&)(‘/I,aﬂ : n)
— Ve[e7e (i, s+ vl ) + &P (v ) (v - )]
X (Y- 1) + P, 0vT)OY + PO, dvT) VT,

the most difficult term to estimate after integrating by parts with respect to 5/; is
t
[ Ve e ot =) bl m ) dS d.

Now by

1 1
&,y m) = 5[ mly e m] = 36,0, ),

integrating by parts implies that the above integral is bounded by
CT P (sup,cpo,7) €(2)). Therefore,

anl =+ €75 sup 20) + | [ (Va7 =00 lof )5 |

t€[0,7]

K,

where ., and the term K, arises from the temporal boundary term when integrating
by parts in time for J,;;;. However, similar to the estimate of J,,, the temporal
boundary term K, can be estimated as

IKy| < Clo* s o 07 s + CT@( sup %(r))

t€[0,7)

< G2, + O, + uF2sL] + cm( S}é%%(”>
te|0,

< Cs;+ 0 sup (1) + CT§/°( sup %(t)).
1

t€[0,7] 1[0, T
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As for J,;;,, by the divergence theorem, since A] ;’J is a lower order term thanks to
incompressibility, we find that

: 1 i - l
Ji = fo fu Xﬁ(\/gq+)t,ng/5[(v+ —v) -y (S]Az] o dx ds

K,

t 1 . - ’
+/0 [dxﬁ(\/éq*)t,yg”[(vﬁ —v7) Al dx ds

+ /Ot[d(x/?f)t,y[x%g’”i[(v* —v)- w,(;]] Alvfldxds =K, + /OZQMS,

where y is a smooth cut-off function supported around I"' with y = 1 on T, and with
the support of y taken sufficiently close to I' so that the tangential derivatives are
well-defined. We set
U = supp(y) N Q.
To estimate K,, the structure of the Euler equations has to be used. In fact,
‘K2+/ / 2t g [t —v7) -y slvidx ds

Ks

< CTQ“( sup %(t)),

t€[0,7]

where we use the identity
~(V8v),, = (VeAlg)),, = Al(Vea}),, — (AD.(Ve4)) , — (AD ,(Va4)),

to replace \/lg,A{(\/qu’),,.,,j in K, by v/ in K.
It then suffices to estimate K, to complete the estimate of J,. However, since
v;’} v = ([v)]?) .» integrating by parts with respect to 8 implies that K, is bounded
by CT%(sup,. 0,1 €(1))-

Therefore, combining all the estimates above we find that

‘/OtJlds

The Estimates for J,: we first note that by (4.19a,b),

< (Cs+ My) + CTQ’( sup C<€(t)) + 0 sup (r). (4.24)
1€[0,7] £€[0,7]
j i 1 - —i i —i i
( Uy — n) l// 5= ‘ba q;,LzS + Ai”?(eq - q,j) + W v lp + ngtll// 5 (425)
Therefore, by n, = —g"‘s(vj; -n)Yy s and (4.25), we find that

N (.
Jz=—fr(ﬁq ),8° (v )[ s — 45 + AV (;qﬁ—q,j)]db‘

= [ (VBa), 87 ) - mwiviwls 4+ wh i Jas.
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It is easy to see that the second integral is bounded by CeZ(sup,cp 7 €(7)) (the
presence of € is due to the estimate of (\/Eq’)t). The most problematic term of
the first integral is when the time derivative acts on ¢ and in this case, by H*3(I)-
H%(T) duality, (4.2), (4.14) and (4.15) imply that

1 (L
‘ fr (Vaq),8° W - n)[;q,,a — g5+ Al (;613 - Q,.f)}ds

< Ce?ﬁ( sup %(t)).

t€[0,7)

Therefore,

/Othds < C6T97°< sup %(t)). (4.26)

t€[0,7)

The Estimates for J;: by (4.25) we find that

b= = [ qVES - ml; =) S + [ 20 ) (v = )

"6 1 _ . i wif 1 -
_/r \/Eg/(sq (UtJ,rv : n)(ng - qt-t—é)ds _/1" \/Eg,(sq (U;,LV ’ n)A?vi—i (Eq:rj - qt:j>dS
Ky
- /F Vg q (vi, - MW Y + Wiy 1dsS + /F (g, v )g (v — v,)dS

—K,+ %

Before estimating K,, we first note that by the divergence theorem,

[ vas a iy maisds = [ a g (v 1AIN) ;s
= /W 1a” g Al g dx + /u 14”8 Alv g sdx
+ /u(xq*g’é),jf‘fvqu&dx

We then follow the estimate of J,;;, and obtain the inequality

< Ce@( sup %(t)).

‘ / 1a~ 8" Alvliqlh,dx + / 29 8"°v v dx
u u 1€[0.7]

By interpolating v € H'(Q") between L*(Q*) and H'*(Q"),

[ e iiutian| < Ol ooy

< Caf[/%o T sup %(r>]||v,+||i+ T el s s

t€[0,T]
< C(;e[/%o + T sup %(t)] + €0 sup E(r). (4.27)
1€[0,7] 1€[0.7]
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Therefore,

t
/0 /F V88" q™ (v}, - n)g;;dS ds

< edly + CeT@( sup %(t)) + ‘[/M xq_g""sv:ﬁ)‘;vxédx} (0

t€[0,7]
< CseMy + C56T9/5< sup %(t)) + €d sup E(1). (4.28)
t€[0,7] t€[0,7]

It remains to estimate 1 [; \/Eg"‘iq’(vjf}, -n)q; ;dS. By adding and subtracting ¢*,
using (1.3d) and (4.28) we find that

t c
[ [ vasta o, maasas

1
€

1| o 7
T /0 /r@g»oq (v, n)(g —q* +q"),,dSds

< CsMy + C5T9°( sup %(t)) + 0 sup €(r)

t€[0,7] t€[0,7)
1
NG

As for the last term, since i , - n = 0, the most problematic term appears when the
time derivative hits ¢ ,. Integrating by parts with respect to J; for that term, we
obtain that

1
+ -
€

fo l fl,\/Eg""Scf(vifn)[ (ﬁg“’*w,a),ﬂ-n] dsds|.

L
NG

= — [ VB q (v, - My maS + [ 3q7 (B} - mP(@)EPvtds
r ! ’ T

fr@gyéq‘(viy-n)[ («/Eg“”l//,a),,;-n} ds

1,0

n f g (3uF - )Py, v YidS
r

+ /F g~ (Bv - ) [PL@Y, )P + P (@, TPt Py ds

10
= ——— af 510 =0t o+
N 2az/r*/§g §°q vy v+ R
Consequently,
1] ¢ 6yt 1 y
p fo /Fﬂg q (Ut’},~n)|:ﬁ(\/§g V) pen [Yédes

< Csly + C(;TQ)( sup cé(l)) + 0 sup %(r)

t€(0,7) t€[0,7]

+ %H:‘/l «/gg'ﬁq_(vt“S . ”)(UTSV . n)dS] (1)
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Similar to (4.27), we find that

é‘[/rx/é_’g”éq‘(via )V, - ”)ds] ()

< C5|:/%0 + T@( sup %(t))} + 0 sup €(r).

1€[0,7] 1€[0,7]

The estimate of J; then follows from combining the above estimates:

‘/O[J,ds

Combining (4.22), (4.24), (4.26) and (4.29), we find that

< Csly + C(;T@< sup %(t)) —+ d sup €(1). (4.29)

t€[0,7] t€[0,7]

sup [[[v (IS, + ellv;, (DG - + 100 (1) - n(1)[5]

t€[0,7]

< Csdly+ 6 sup €(t) + Cﬂ?ﬁ( sup %(t)).

t€[0,7] te[0,7]

It follows that

sup (v 115 + €llv, (IIF - + [0v,() - NG ]
telV,

< Csdly + 6 sup €(t) + C(ST,@“( sup %(t)) (4.30)

1€[0,7) 1€[0,7]

by the jump condition v - n = v~ - n and the fact that n(r) = N + fot n,ds.

Step 4 (Estimates for |y - Nlys.+ and |@n* - N|3). Our goal is to establish an
inequality of the type

sup é(t) < CsMy+ d sup €(t) + C(;?JJ< sup %(t))

1€[0,7] t€[0,7] t€(0,7)

with e-independent C;. By (2.4), we only need (4.30)—(4.32) to ensure the e-
independence of C;. The real difficult part is estimate (4.30) which we prove in
details. Following the proof of (12.33) and (12.34) in [6], by defining

k
€ (1) = |0y - N|§ +> ”afv“,%—ljl,i
=0

the proof in [6] implies

0 M = Cotty 55,0 + G sup 2,0

t€[0,T]

B0 NI < Coly + 5%0(1) + c(s@( sup %0@).

t€[0,7]
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Since €,(7) < €(¢), we obtain that

sup [0v(f) - N3 5. < Cslly + 6 sup E(f) + C5T95( sup %(t)), (4.31)
1€[0,7) ’ 1€[0,7) 1€[0,7]
and
sup |[0y(1) - N|? < Cslly + 6 sup E(r) + C5T9°< sup %(t)). (4.32)
t€[0,7] t€[0,T] t€[0,7]
Estimates (4.30)—(4.32) then conclude Theorem 4.1. |

4.5. A Uniform Bound for €(t)
Using (2.3), combining estimates (2.4) and (4.30)—(4.32), we find that for all ¢ € [0, T],

E(t) < My + CT@( sup %(t)).

t€(0,7)

This is the polynomial inequality (2.5) that we had sought. It follows that by taking
T > 0 sufficiently small,

sup €(t) < 2.,. (4.33)

t€[0,7]

Finally, choose T > 0 even smaller so that the fundamental theorem of calculus
ensures that the basic assumptions of Section 3.2 are satisfied.

5. The Limit as € — 0

Having established our e-independent estimate (4.33), we can now pass to the limit
as € — 0, and show that we recover the solutions of the one-phase Euler equations
(1.4a).

Let ¢ € €*°(R") so that ¢ - N =0 on 0%. Testing (1.3) against ¢, since ¢ is
continuous across I', we find that

f vrigidx —/ gt Al dx + f(q+ — g )AIN@'dS
o o+ r
+ 6/ v lpldx + e/ wjv;igoidx - / q Af¢' dx = 0. (5.1
Q- Q- ’ Q- '

Note that v*, v~, ¢+ and ¢~ above depend on € implicitly. Our a priori bound (4.33)
allows us to find sequences, still parameterized by €, such that € — 0,

vh — v, in L*(0, T; H'>(Q")), (5.2a)
vt — v in L0, T; H*(QY)), (5.2b)
vt — v in L*(0, T; H*(Q")), (5.2¢)

g" — q in L*(0, T; H*(Q1)). (5.2d)
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Let y =e+ [jvds. By (52b), y — ¢ in L(0,T; H*(Q")); hence A — sl :=
(DY)~ in L=(0, T; H' (7)) and A,y — Ay in L=(0, T; H>(T)) with g,, =/, - 4
because of (5.2¢). Therefore, by (1.3d), (5.1) converges to

/ bigoidx — f q&df.‘goikdx + / %%kagoidS =0,
(033 ot ’ r
where # = —Aglﬁ - 71. This shows that U = vo yy~' and P = q o ! solve (1.4).
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