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1. Introduction

We consider the two-phase Muskat moving free-boundary problem:

APE =0 in QF(t), (1.1a)

[Pl =T()- e on I'(t), (1.1b)
[VP-n]=0 on T'(t), (1.1c)

QT ()N A~ (t) =T(t) Vt>0, (1.1d)
V(['(t)) = -VP% . n on T'(t), (1.1e)

where Q7 (t) and Q7 (t) denote the time-dependent fluid domains associated with the
two phases, I'(t) denotes the free boundary, I'(t) - e2 is the second component of its
parametrization, and V(I'(¢)) is its normal velocity. We use the notation [f] = f* — f~
to denote the jump of a function f across I'(¢). The problem (1.1) arises in the literature
as the Hele-Shaw cell (with gravity) or the Muskat problem.

Many recent results on the Muskat problem rely on the fact that equations
(1.1a)—(1.1e) can be rewritten as a system of equations for the interface

F(t) = (wl(t»$1)7¢2(f7$1))7 HATS R, te [O,T],
taking the form
Oy = T[],

where T[¢] is a highly nonlinear singular integral operator, whose linearization (about a
flat interface) behaves like v/—A. In order to establish existence theorems for the system
(1.1), this singular—integral-operator approach makes extensive use of the explicit integral
kernel representations for the operator T for the following fluid domains (or geometries):
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In the case of general domain geometries, we are not aware of any existence and regularity
theories.
The classical problem (1.1a)-(1.1e) is related to both the (two-phase) Stefan problem

o Pt — APT =0 in QF(t), (1.2a)
PE=0 on T(t), (1.2b)

0T (#) NN~ (t) =T(t) Vt>0, (1.2¢)
V([(t)) = [VP-n] on T(t), (1.2d)

and also to the Muskat problem with variable permeability 5(z),

div (B(z)VPE) =0 in Q%(1), (1.3a)
[P] =T(t) - es on (1), (1.3b)

[VP-n] =0 on (1), (1.3¢)

ot () NoQ~ (t) =T(¢) Vt>0, (1.3d)
V(I'(t) = -VPE n on TI'(t). (1.3e)

Herein, we introduce a new method to analyze the system (1.1a)—(1.1e), which is based
on the analysis of the partial differential equations rather than any associated integral
kernel. Our methodology can treat the two-phase Muskat problem with two different
viscosities or with a non-constant permeability. Our method can also be applied to the
Stefan problem [39], to the free-boundary problem for the incompressible Euler equations
[23,26], as well as to the compressible Euler equations [21,25]. One of the main interests
of this new method is that it can be adapted to several space dimensions and arbitrary
domain geometries QT () UQ™(¢).

1.1. Darcy’s law

The Muskat problem, introduced in [47], models the evolution of two fluids of varying
density in a two-dimensional porous medium. The presence of the solid matrix inside
the porous medium has an important consequence: the usual fluid equations for the
conservation of momentum are replaced with the empirical Darcy’s Law (see [2,48])
given by

o

Zu= _vp - (Oagp)Ta (14)
B

where p, p are the viscosity and the density of the fluid, respectively, 5 is the permeability

of the medium, p is the pressure, and ¢ is the acceleration due to gravity. As (1.4)

is a model of aquifers, oil wells or geothermal reservoirs, this problem is of practical
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importance in geoscience (see, for example, [8,28] and the references therein); moreover,
it has also been considered as a model for the velocity of cells in tumor growth (see
[35,49]).

The movement of a fluid trapped between two parallel vertical plates, which are
separated by a very narrow distance, is known as the Hele-Shaw cell problem (see [41]).
The equations of motion in a Hele-Shaw cell are

QU= _vp - (ngp)Ta

where d is the distance between the plates. The similarity of both problems is obvious
and, in fact, the Muskat problem is equivalent to the two-phase Hele-Shaw problem with
gravity.

1.2. The Muskat problem set in various geometries

We shall consider various domain geometries in this paper, and we begin with the
case of a domain with infinite depth.

1.2.1. The infinitely-deep case
Let (u®,p*) denote the velocity and the pressure in the fluid domains Q*(t), and

let T'(t) denote the material interface between Q7 (t) and Q7 (t); that is, T'(t) = QF(¢) N
Q= (t). Setting, the permeability 8 = 1, the two-phase Muskat problem has the following

Eulerian description:

pFut + Vpt = —pFey in Q%)

divu® =0 in QF(t),

(1.5a)

(1.5b)

V(I(t) =u* n on T(t), (1.5¢)
QOF(0) = oF on {t=0}, (1.5d)
(1.5¢)

QFUQ (t) =R2 for every ¢t>0,

where eo = (0, 1), n(-, ) is the outward pointing unit normal on 9Q~(¢). In particular,
we consider the case that

['(t) = (z1, h(z1,1))

is the graph of the height function h(xq,t), and we assume that either z; € T!, or that
x1 € R! and that h(zp,t) vanishes at infinity. It follows that the two time-dependent
fluid domains Q% (t) are given by

Q+(t) = {($1,$2) ‘.1‘2 > h(l‘l,t)}, Q_(t) = {($1,$2)|$2 < h(a?l,t)}.
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Since divu® = 0, we must have that [u-n] = 0 on I'(t); furthermore, as we assume that
the effect of surface tension is negligible,’ we set

[p] =0on I'(t).

1.2.2. The finitely-deep case with general geometry
We shall additionally consider geometries which generalize the infinitely-deep case

that Q7 (t) U Q™ (t) = R? or the confined case that Qt(t) UQ~(t) = R x [~,1] (and
Ihle= <0.

Let t(z1) and b(z1) be two smooth functions. Given two constants ¢; > 0, ¢, < 0, we
write

b(z1) = cp + b(x1), t(z1) = ¢ + L(z1).
We assume that the two fluids flow in bounded domains of the type
QT () UQ (t) = {(21,22), b(w1) < 73 < t(21)}, for every t > 0; (1.5¢%)
thus, each phase is given by
O () = {(z1,22), 71 €R, h(x,t) < 22 < t(z)},
and
Q7 () = {(x1,22), 21 € R, b(z) < x2 < h(z,t)}.

Note that additional impervious boundary conditions must be added to the system (1.5)
on the fized bottom and top boundaries. These are given by

w-n=0at QT (t) UQ(1)). (1.5f)
Finally, we assume that the initial height function hq satisfies
b($1) < h()({L‘l) < t(.’El).

1.2.3. The one-phase Muskat problem

We shall also consider the one-phase Muskat problem, corresponding to the case that
(ut,pt) =(0,0). In other words, only one fluid flows through the porous medium, and
the “top” phase corresponds to vacuum. Furthermore, we consider the case that the
interface is periodic (so 1 € T). Then, our time-dependent domain is given by

Q(t) =T x {Cb <22 < h(xl,t)} for every t>0,

L Our methodology can treat the Muskat problem with surface tension in the same way.
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with moving boundary
D(t) =T x {x2 = h(z1,t)} for every ¢>0.

To simplify notation for the one-phase problem, we set (u=,p7) = (1,1). We again use
(u,p) to denote the velocity and the pressure of this fluid in the fluid domain (t) with
free boundary I'(t). The one-phase Muskat problem is written as

u+Vp=—ey in Q(t), (1.6a)
divu=0 in Q(t), (1.6b)
V(I(t) =u-n on I(t), (1.6¢)
u-ex =0 on {z2=c}, (1.6d)
p=0 on T(t), (1.6¢)

where ez = (0, 1), n(-,t) is the outward pointing unit normal on I'(¢), and V(I'(¢)) is the
normal velocity of T'(t). As we only have one phase, (1.6e) expresses the continuity of the
pressure on I'(¢). Note, also, that we have added the impermeable boundary condition
on the fixed bottom boundary in (1.6d).

1.3. The Rayleigh—Taylor stability condition

The Rayleigh—Taylor stability (or sign) condition is defined as

dp

RT(t) = [3_n

| ==V (@) - w5 @) - n>o0.

Due to the incompressibility of the fluids, and using Darcy’s law together with the fact
that the curve can be parametrized as a graph, the Rayleigh-Taylor stability condition
reduces to the following expression:

RT(t):(/f—/ﬁ)u-n—l—i :—[[u]]u-n—L >0. (1.7)
1+ (h/(x))? 1+ (W' (2))?
In particular, for the case of two equal viscosities u~ = p¥, the fluids are in the stable

regime if the lighter fluid is above the heavier fluid. Our research focuses on the stable
case, so, henceforth, we shall assume that [p] < 0.

Note that in the one-phase Muskat problem, the Rayleigh-Taylor stability condition
reduces to

RT(t) = —Vp~(D(t)) - n > 0. (1.8)

This stability condition is ubiquitous in free boundary problems; it also appears in
the Stefan problem, the water waves problem, the incompressible Euler equations, the
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compressible Euler equations with physical-vacuum boundary, and the MHD equations.
When the initial data does not verify the Rayleigh—Taylor stability condition, then the
Muskat problem is ill-posed (see, for instance, [16,19]). It has also been shown for the
Muskat problem that there exists initial data such that the Rayleigh—Taylor stability
condition can break-down in finite time [5,19,37].

We note that if the height function h(-,¢) (which represents the moving interface
I'(t)) is small in certain norms, and if we assume that [p] < 0, then the Rayleigh-Taylor
stability condition is achieved without any other hypothesis on the initial data. In the
case of the unbounded, one-phase Muskat problem, it is known that the Rayleigh—Taylor
stability condition is automatically satisfied due to Hopf’s Lemma and Darcy’s Law (see
[6]); however, in the one-phase case with a flat, bounded domain, it is not clear that
the Rayleigh—Taylor stability condition is automatically satisfied, because of a non-zero
Neumann boundary condition on the fixed bottom boundary.

1.4. Prior results on the Muskat problem and related models

Free-boundary problems for incompressible fluids in a porous medium have been ex-
tensively studied in recent years.

For the Muskat problem with fluids having the same viscosities ([u] = 0), the qual-
itative behavior for arbitrarily large initial data is well understood. In particular, for
the infinitely-deep case, Cérdoba & Gancedo proved the local existence of solutions for
H3(R) initial data in the stable Rayleigh-Taylor regime and the ill-posed character of
the Muskat problem in the unstable Rayleigh-Taylor regime in [16], a maximum prin-
ciple for ||h(t)||ze in [17], and local existence in the case with more than two phases in
[18]. In a remarkable paper, Castro, Cérdoba, Fefferman, Gancedo & Lépez-Ferndndez
[5] proved the existence of turning waves, i.e. interfaces such that there exists 77 such
that

lim sup ||/ (t)|| L~ = .
t—T4

Later, Castro, Cérdoba, Fefferman & Gancedo obtained in [4] the existence of curves
showing finite-time singularities. These curves correspond to analytic initial data in the
Rayleigh—Taylor stable regime such that there exists 77 and T5 such that, at ¢ = T3, the
solution enters the Rayleigh-Taylor unstable regime and later, at ¢ = T5, is no longer C*.

The confined case when the two viscosities are the same ([u] = 0) has been treated by
Cérdoba, Granero-Belinchén & Orive [19]. When the porous medium is inhomogeneous,
the evolution of the interface has been studied by Berselli, Cérdoba & Granero-Belinchon
[3] and Gémez-Serrano & Granero-Belinchén [37]. Ambrose [1] studied the limit of zero
surface tension for initial data which satisfies (1.7). For further results, see also the review
by Castro, Cérdoba & Gancedo [7].

For the related Hele-Shaw cell problem, Constantin & Pugh [14], using complex anal-
ysis tools, proved the stability and exponential decay of solution. Chen [9] studied the
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two-phase Hele-Shaw problem with surface tension and proved global well-posedness for
small enough initial interfaces. Elliot & Ockendon [29] proved the existence of weak so-
lutions, while Escher & Simonett [32] obtained local, classical solutions in multiple space
dimensions. Escher & Simonett [33] proved global existence and stability near spherical
shapes using center manifold theory. The global existence and decay for solutions of the
one-phase Hele-Shaw problem with various fluid injection-rates was studied by Cheng,
Coutand & Shkoller [10].

Returning to the Muskat problem, when the initial data is assumed to be small in
certain lower-order norms and the two fluid viscosities are equal, there are several avail-
able results for global-in-time solutions. In [13], Cérdoba, Constantin, Gancedo & Strain
proved the global existence of H? Sobolev class solutions for initial data with small
derivative in the Wiener algebra A(R), and global existence of Lipschitz (weak) solu-
tions for initial data with

IRl < 1. (1.9)

Therein, the authors also proved an L? energy balance. The global weak solution of [13]
was later extended to the confined case by Granero-Belinchén in [38]. It is worth noting
that, due to the effect of the impervious boundaries, the size restrictions on the data
are not as clear as (1.9) and for the confined setting, involve || hol|L, ||hg|| L, and the
depth.

Very recently, in [12], Cérdoba, Constantin, Gancedo, Rodriguez-Piazza & Strain
obtained global existence for small data in the case of a two-dimensional interface; fur-
thermore, among other results, they proved the existence of a global solution in H? for
data with small derivative in the Wiener algebra A(R), and the existence of a global
solution in H!-® if the initial data is also in the Wiener algebra A(R) and satisfies a
smallness assumption. We remark that these global-in-time existence results are for ini-
tial data of medium-size, in the sense that initial data must be bounded by constants of
o).

In the case of two fluids with different viscosities, there are fewer results. The local
existence for arbitrary u*, p* and H? data was proven by Cérdoba, Cérdoba & Gancedo
in [15]. In the case of surface tension, Escher & Matioc [31] and Escher, Matioc & Matioc
[30] established local and global existence, and stability, in the little Holder spaces.

The singularity formation for the one-phase case (when pu™ = pT = 0) has been
studied by Castro, Cérdoba, Fefferman & Gancedo in [6] where they proved the exis-
tence of the so-called interface “splash” singularity wherein a locally smooth interface
self-intersects at a point. Cérdoba & Pernas-Castafio in [20] proved the non-existence of
“splat” singularity, in which a locally smooth interface self-intersects on a curve. Gancedo
& Strain [36] proved that the Muskat problem with three different fluids cannot develop
a “splash” singularity in finite time. In related work, Fefferman, Ionescu & Lie [34] and
Coutand & Shkoller [27] have shown that a finite-time splash singularity cannot occur
for the two-fluid Euler equations.
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Very closely related to the Hele-Shaw and Muskat models, the Stefan problem
(1.2a)—(1.2d) is a model of phase transition, and serves as yet another example of a
classical free-boundary problem. One fundamental difference, however, with the Muskat
problem is that there does not exist a contour dynamics description of the free-boundary
evolution; on the other hand, it has been widely studied using a variety of parabolic PDE
methods. For instance, the existence of classical solutions with derivative loss was ob-
tained by Meirmanov [46], while the regularity of the free boundary was treated by
Kinderlehrer & Nirenberg in a series of papers [44,45], wherein they showed that if the
free boundary is C! and the temperature P satisfy certain conditions, the interface is
analytic in space and of Gevrey class in time. More recently, HadZi¢ & Shkoller [39,40]
proved the local and global existence without derivative loss, as well as the decay of
solutions to equilibrium states.

1.5. Well-posedness for H® data with s < 2.5

Mathematically, an H® well-posedness result, with s < 2.5, for (1.10) and (1.11) is
challenging because the usual energy estimates indicate that ||h|/c2+s is the quantity in
the available continuation criterion (see [16,19]).

As we have already noted, most prior existence theorems have relied upon the contour
equations for the interface, which, in the case of the infinitely-deep, unconfined Muskat
problem is given as

by (W(z1) —h(z1—y))y
h=p / 72+ (hlar) — b1 — )7 —

and for the finitely-deep medium, confined Muskat problem (with domain R x [—[,!]) as

v (W (21) — W (21 — y)) sinh(y)
Oth = p. 'H! cosh(y) — cos(h(z1) — h(z1 —y))

(W (2) + 1 (21 — y)) sinh(y)
“”'R/ cosh(y) + cos(h(an) + h(er — 1) ¥ (L11)

These contour equations are obtained from the Birkhoff-Rott integral together with the
following expression for the vorticity:

w(z1, 22, t) = w(21,1)0r (1),

where x1 € R parametrizes I'(t), @(x1,t) is the amplitude of vorticity, and ép( is the
Dirac delta-distribution which is a function of (21, x3) on the moving interface I'(t) C R2.
In particular, as the contour equations use the kernel for the operator VA~ there have
been no prior existence theorems for arbitrary domain geometries.
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In the case that [u] = 0, the contour equations have a significant simplification with
respect to the case of two different viscosities. This is due to the fact that, if [u] = 0,
the amplitude of the vorticity is @ = [p]h’; however, in the case with two different
viscosities, the amplitude for the vorticity @ verifies the integral equation

(= P an) = (2 = ) b [ (B, ), 8,15 - (1, (1))
R

2 1
+(7M ;—,u )w,

where B denotes the kernel of V-A~! (which depends on the domain). For instance, if
the union of the two fluid domains is R?, then

B(z1, 22,91, y2) = <— S L ad it 2 )
e (x2 = y2)? + (21 —y1)? (22 — y2)2 + (x1 — y1)?

Thus, to write the amplitude of the vorticity in terms of the interface, one needs to invert
an operator as in Cérdoba, Cérdoba, & Gancedo [15]. This is a difficult issue, and with
our method, we are able to avoid it entirely.

2. Statement of the main theorems

Our first result is

Theorem 2.1 (H? local well-posedness for the two-phase problem). Let ho € H?(R) be the
initial height function and let u*, p* > 0, be fived constants. Then for every arbitrarily
small s > 0 there exist small enough constants o, &, T(ho) > 0, such that if either

(1) (for the infinitely-deep Muskat problem (1.5a)-(1.5¢)) if
lholl 1542wy < 0 (2.1)

or
(2) (for the confined Muskat problem (1.5a)-(1.5d), (1.5¢'), (1.5f)) if

[hollrrs+s ) < 0

max{[fla, [blz} < &,
then there exists a unique local-in-time solution
h € C([0,T(ho)]; H*(R)) N L?(0, T (ho); H*?(R)).

Moreover, this solution verifies
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t t
1)1 2Ry + / IVt ut (D172 o (o) dt + / IV i~ u™ (1720 )2t = [hollF2(x),

0 0
and
T(ho)
o () + [ I s < Caltollee
0

for a fized constant C1.

We remark that the constants appearing in this theorem depend on the physical
parameters pt, pt > 0.

The proof of this result in the infinitely-deep case has been split into several steps in
Section 5. For the sake of simplicity, the proof is given for the case that s = 0.25 in (2.1),
but the general case is obtained in a straightforward manner. This proof also covers
the confined problem with flat top and bottom boundaries. Observe that the solution
gains an extra half-derivative in space, when integrated in time. As we shall explain,
this parabolic-reqularity property is obtained by using the jump condition related to the
expression for the amplitude of the vorticity. In Section 6, we provide the proof for the
case of general domain geometries.

Next, we address the question of global existence and decay to equilibrium of classical
solutions for small data. Indeed, if the initial data is periodic, Theorem 2.1 can be
strengthened, and we obtain

Theorem 2.2 (H? global well-posedness and decay to equilibrium). Let ho € H?*(T)
be the periodic, zero-mean initial height function for the infinitely-deep Muskat prob-
lem (1.5a)(1.5d) with pu*,p* > 0. Then there exists a small enough constant oo =
oa(ut, pt), such that if ||ho| mrz2(r) < 02, there exists a unique global-in-time solution

h € C([0, 00); H*(T)) N L?(0, 00; H*(T)).

Moreover, this solution verifies

{0 s} + [ 14(6) s < Clltolegey
o 0
together with the decay estimate

||h(t)\|%2(-ﬂ-) < c(ho)e™ ™, and, more generally, Hh(t)”%p(rﬂ-) < ¢(hg,r)e”(173)ot

forevery0 <a<2,0<r<2.
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The proof of this result is given in Section 7. Notice that the decay of the linear
problem (a = 2) is not reached and appears to be critical.

Remark 2.3. We can compare the global existence result given by our Theorem 2.2 with
the global existence results in [12,13] for the case that [u] = 0. On the one hand, because
of the embedding inequality

[ulla@) < Cllullgos+sy, s >0
we see that we must impose more severe size constraints our initial data than the results
of [12,13]; on the other hand, our result can also handle the case that ™ # p~, and we

find the exponential decay rate back to the equilibrium configuration.

For the one-phase Muskat problem (the case where u™ = p™ = 0), our previous result
is improved:

Theorem 2.4 (Local well-posedness for the one-phase problem). Fix yt = pT = 0
uw,p- >0, B(azl) = 0. Let hg € H?(T) such that ming, ho(z1) > cp, be the initial
height function for the confined, one-phase Muskat problem (1.6a)—(1.6¢) satisfying the

Rayleigh—Taylor stability condition (1.8). Then there exists T'(hy) and a unique local-in-
time solution

h € C([0,T(ho)]; H*(T)) N L*(0,T(ho); H**(T))

for the confined Muskat problem (1.6a)-(1.6¢). Moreover, this solution verifies

1220y + / IOl 0 0yt = o2,

and

T(ho)
s () )+ [ IR amds < Crllhol e,
0

for a fized constant C1.

Remark 2.5. Note that in Theorem 2.4, the initial data can be arbitrarily large; in
particular, we place no smallness condition on the data.

The proof of Theorem 2.4 is given in Section 8. Finally, as a consequence of our
half-derivative gain in space, L2-in-time, we have the following
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Theorem 2.6 (Instantaneous parabolic smoothing). Given T' and a solution h to the
Muskat problem satisfying

h € C([0,T(ho)]; H*(T)) N L*(0, T (ho); H*>(T"))
and either

(1) T' =R and h is the solution to for the infinitely-deep Muskat problem (1.5a)—(1.5¢)
obtained under the hypotheses of Theorem 2.1,

(2) T = R and h is the solution to for the confined Muskat problem (1.5a)-(1.5d),
(1.5€¢"), (1.5f) obtained under the hypotheses of Theorem 2.1,

(3) T = T and h is the solution to for the one-phase Muskat problem (1.6a)-(1.6e)
obtained under the hypotheses of Theorem 2.4,

then, in fact,
h(-,t) € C®(T) if § <t <T(hg), V> 0.
The proof of this result is given in Section 9.
2.1. Notation

2.1.1. Matriz notation
Let A be a matrix, and b be a column vector. Then, we write A;‘ for the compo-
nent of A, located on row i and column j; consequently, using the Einstein summation

convention, we write
(Ab)* = A¥b' and (ATbh)* = ALb'.

2.1.2. Sobolev norms
For s > 0, we let

lulls,+ = lu @y s ulls— = llu”llme@-y s ullse = TuF o+l -

and
|hls = |Allms(r) -

Let Ri and R2 denote the upper and lower half plane, respectively. Then, abusing

notation, we write

Wllst = 0Tz s Nolls- = 07 N2y s Mollsz = ol + 107 15—
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and
|h|s = ||h||H5(R) .

2.1.3. The derivatives
We let f’ denote the (tangential) derivative of f with respect to x1; that is,

,_ Of
f n Bxl'
For k = 1,2, we write
of
f,k - a—mk

For a diffeomorphism 1, we let curlyu = curlu o ¢ and divyu = divu o 9.

2.1.4. Mollifiers
We consider J a symmetric, positive mollifier with total integral equal to 1. For x > 0,
we define

- 1 T
T =7 ()
and we denote
f}‘i :jﬁf:jh}*f and fKK:jnjnf-

2.1.5. Dependence on space and time
For a function f(z,t), we shall often write f(¢) to denote f(-,t). We associate to the
pair of functions u® : QF(t) — R, the function u : R? — R as follows:

U = u+19+(t) +u lg-)-
When we write fQ+(t) u(, t)dz, this is understood to mean fQ+(t) ut (-, t)dx.
3. The ALE and semi-ALE formulations of the Muskat problem
3.1. The ALE and semi-ALE formulation

3.1.1. The ALFE formulation
We let 6¢)F denote the harmonic extension of h to the upper half plane:

Asypt =0 in R%, (3.1a)
Syt =h on {xg=0}. (3.1b)
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We define 61~ (x1,x2) = 69+ (21, —x2). We write e for the identity map given by e(z) = z
and define ¥ = e + §thTey. Then, p* (-, 1) : RZ — QF(#) is a solution to

Ay =0 in R%, (3.2a)
YE = e+ hey on {xzy=0}. (3.2b)

We note that (3.2b) is the same as
1/)(951,0,1,‘) = ($1,h(.131,t)) . (32b/)

Setting J* = det(VyT), we see that

+ _ +\—-1 _ +\—1 (¢i>272 _(1/}i)172 _ 1
AT = (Vy7)7 = (J7) —(@)2, (@), ] N 1+5¢,i2

1+60% 0
% 1

For a fixed s > 0, using classical elliptic theory, we have ||V * |11+ < C|hl1 545, and
JE=1400% > 1— 605l eme) > 1= C[VOYT 1454 > 1= Clhlisss.  (3.3)

Consequently, if |h(-,t)|1.54s is sufficiently small, then (¢) is a diffeomorphism. For
example, |h(-,t)|1.5+s is small whenever the initial data hg € H***(R) and ¢ are suffi-
ciently small.

Letting

vE=ut oy and ¢F =pTov,
the chain-rule shows that (1.5) can be written on the fixed domains as
pFot + (AN TVeE = —pF6 in R%, (3.4a)
(AE) (), =0 in R2, (3.4b)
where 53 is the Kronecker delta.

3.1.2. The evolution equation for h
We derive the evolution equation for h to complete the system (3.4). We first note
that

TEA) er = (=(0F)%0, (05) 1) = (F)F,

where f1 = (—fa, f1). Since ¥*(-,t) is tangent to I'(t), we must have ¢*'(-,#)* is a
normal vector field to I'(¢); moreover, by (3.2b) we must have

JATey = (=h/,1) on {xg =0}. (3.5)
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The identity above also suggests that

(_hlv 1)
NiEnT

On the other hand, differentiating (3.2b") in ¢, we find that

noy = on {xy=0}. (3.6)

Y- (noyp) =hy(ea- (no)) on {xy=0}. (3.7)

By (1.5¢) (or the interface moves along with the fluid velocity), ;- (n o) = (u-n) o1;
thus (3.5), (3.6) and (3.7) imply that

v-(not) = L
S VI+R?
or equivalently,
hi=v-(=h,1)=v-(JATey) = (JAV) - ey on {xy = 0}. (3.4c)

The coupled equations (3.2a), (3.2b) and (3.4a), (3.4b), (3.4c), together with the initial
condition

h=hgo on {t=0} (3.4d)
is the ALE formulation of (1.5).

3.2. The semi-ALE formulation

For the purposes of reinstating a linear divergence-free constraint on the velocity field,
we let

wt = JEATv* (3.8)

or componentwise, wt-ey = J*(AT)¥(v%)-¢;. Then, by the Piola identity, (J* (Ai);)l =
0, and (3.4b) implies that

. + .
divw™ =0 in Ri .
Therefore, (w®, g%, h) satisfies

pw® e+ JEAR)F(AR) g = —pETEAR)S i RE, (3.9a)
div w® =0 in R%, (3.9b)
[w-ea] =[g] =0 on {zg =0}, (3.9¢)
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AYE =0 in R%, (3.9d)
Y = e+ hes on {zy =0}, (3.9¢)
hi =w-ep on {zy =0}, (3.9f)
h=hgo on Rx{t=0}. (3.9g)

Equation (3.9) is the semi-ALE formulation of (1.5). Since A Vi) = Id we have
Aeg = A (AT (Vij}T . 62)) ,
and (3.92a) can also be written as
pEw® e + JEAD) (AT (¢F + pFYE - e2),; =0 in R%. (3.927)
Let QT = ¢T + pTxs. Since A* = [VyT]| 1, it follows that

it (V) Vetw®

= + V(QF + pFoypT) =0.

Using @ rather than ¢, we write the system (3.9) as

VBTVt
pFw® + V(Qi + pFoyt) = (Id — %) pFwt  in R:, (3.10a)
div w® =0 in R%, (3.10b)
[w-e] =[Q] =0 on {zg =0}, (3.10c)
AsYT =0 in R%, (3.10d)
pE =h on {zg =0}, (3.10e)
hy =w- ey on {zo =0}, (3.10f)
h = hg on Rx{t=0}. (3.10g)

The advantage of the formulation (3.10) is that the nonlinear terms are on the right-hand
side, keeping the left-hand side linear. Indeed, using

VT = V(x + dipFey) = Id + Vv Te, ,

we have that

(1 . (W)vai) itk ( 5% — (00%)? 5wi<1+5w§>> pEE

JE A\ =i+ yE) —svS(1+6yE) ) JE
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4. The approximate x-problem

4.1. An approximation of the semi-ALE formulation: the k-problem

Letting AX = (VyF)~1, we define the following approximation of (3.10) which we

term the k-problem:

pEw® + JEAL(AD)TV(QF + pFoys) =0

[w-e] =[Q) =0
divwt =0
Adpt =0

6/‘#2_ = jnjnhm

6y, (w1, m2) = 0t (w1, —2)

VE(x1,22) = (21,72 + 0UE (21, 22))

Rt =W - €2

h/-c = jnhO

This approximation relies on the following two operations:

(1) the initial data hg is regularized in (4.1i), and

in

on

in

in

on

on

in

on

on

RZ x [0, 7],
(4.1a)
I'x [0, 7],
(4.1b)
RZ x [0, 7],
(4.1c)
RZ x [0, T,],
(4.1d)
I x [0,7Tx],
(4.1e)
R? x [0,T,],
(4.1f)
R2 x [0, T,],
(4.1g)
I'x (0, T,],
(4.1h)
R x {t =0}.
(4.1i)

(2) in order to have smooth ALE maps ¥* via elliptic extension, we (symmetrically)

mollify the height function on I in (4.1e), thus producing a smooth evolving interface.

Note that w and @ depend implicitly on k.
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4.2. The ALE formulation of the k-problem

The k-approximation becomes very clear when we return to the original ALE formu-
lation given in (3.4). Indeed, we use AF in place of A* and 7 in place of ¥ and write
(4.1a)—(4.1b) equivalently as

pEVE + (ADHTVOE = —pE6l in R x[0,T,], (4.2a)
(A5 (vE) ;=0 in R2 x[0,Ty], (4.2b)
where
Vi o+

NEs =V* and QF = Qifp To

4.8. The Eulerian formulation of the k-problem

Pulling back (4.1) using the diffeomorphisms (1/F)~! defined in (4.1d) (4.1g), we
obtain the Eulerian form of the x-problem:

pEUT + VPE = —pFey in Q1) x[0,Ty], (4.3a)
divid =0 in QE(t) x [0,T,], (4.3b)
V(u(t) =U* - n, on Tk(t) x [0,Ty], (4.3¢c)
Q) UQ;(t) =R2 for every ¢ €[0,T,], (4.3d)
where
Us=v+o (v
Pt =Q%o (4)!
and

Lu(t) = {(z1, K" (21,1)), 21 € R},

n(z1,t) = (=R (21,1),1),
QH(t) = {(21,22), 25 > B (@1,1)), 71 € R},
Q= (t) = {(w1,22), 2 < B (21,1)), 71 € R},

we obtain a solution to (4.1).



C.H.A. Cheng et al. / Advances in Mathematics 286 (2016) 32—-104 51

4.4. An alternative semi-ALE formulation of the k-problem

In order to construct solutions to the x-problem for initial height functions in H?(T")
of arbitrary size, we use a different family of diffeomorphisms which have the property
that the Jacobian determinant is equal to one. For this purpose, we introduce the dif-
feomorphisms

\I/Ki = (331,332 + hmi) .

Because of the mollifiers present in the definition of h**, we see that the maps Wi (-,t) :
I' — QF(t) are C> diffeomorphisms, and that det V¥F = 1.
Letting

VE=UoTF,
QF =PoTf + pFa,,
and defining
A = [VegT,
W* = ATV,

we have our alternative semi-ALE description of the k-problem:

pEWE 4 AF(ADTV(QF + pEher) =0 in R%Lx[0,T,], (4.4a)
[W-e] =[Q] =0 on I'x[0,T.], (4.4D)

div W& =0 in RLx[0,T., (4.4c)

ht =W - ey on T x(0,7T,], (4.4d)

h = Jho on T'x{t=0}. (4.4e)

Note well that a solution to (4.4) give a solution to (4.3) and hence a solution to the
original semi-ALE formulation (4.1).

4.5. The construction of solutions to the k-problem (/].1)

In this section we prove the following result:

Proposition 4.1. For hy € H?, there exist a time T, and a unique solution h €
C([0,T.], H?(R)) to the approzimate r-problem (4.1a)—(/}.1i).

Given

h e C([0,T]; H*(R)) and h; € L*(0,T; L*(R)),
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we consider the following linear problem:

pFw® + JEAT(ADTV(Q* + pTh ) =0 in {R%}, (4.5a)
[w-e] =[Q] =0 in {xs #0}, (4.5b)

div w® =0 in R, (4.5¢)

T = (21,20 + ™) in R%, (4.5d)

hi =w - ey on {z2 =0}, (4.5¢)

h = Jxho on Rx{t=0}. (4.5f)

To simplify notation, we have dropped the k-subscript used to indicate implicit depen-
dence on k, but we have kept the k-superscript to indicate an explicit mollification
operation; in particular,

ht = J.h and h"™® = J.J.h.
Note that
IVT —Td [ls-1,+ < CIR"|, < Clr, 5)[R"o.

We shall also (temporarily) drop the (-)* notation on A, v, p, and pu, as it will be clear
from the context which phase we are analyzing.

4.5.1. The existence of VQ*
Taking the divergence of (4.5a) we obtain the elliptic equation for Q*

—div (ﬁquﬁ) = div (pZZTth> in R2 (4.6)
o p

where VA" = (i_zf‘l"“, ). Due to the fact that the domain is unbounded, we consider a
constant ~y satisfying 0 < v < %, and define the following elliptic equation in R for the
modified pressure functions Qf:

1—— I _
VQE — div (—A ATVQi) = div (EA ATVW) in R2. (4.7)
[ [
Using (4.5a) and (4.5b), we supplement (4.7) with the following jump conditions across
{1‘2 = 0}
[Q,]=0 (4.8)
and

[((/mAA"YQ,) 2] = ~I(p/m)) (AA"VH™) - e]. (4.9)
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Recall that a function @, = QA,+1R1 + @, 1gz € H'(R?) is said to be a weak solution
of (4.7)-(4.9) if

~ / Q. Pdx + / %ZZTVQWVde: / g Pdz; + / fPdr (4.10)

R3 URZ R2 URZ {z2=0} R3 URZ

for all P € H'(R?), where g = [[(p/,u))ZZTVﬁ’m]] ez and f = div ((p/ﬂ)ZZTVB””).
This problem can be written as

B(Q~, P) = L1(P) + L2(P) for all P € H'(R?),
where

B@.P =y [ @rat [ vP(4wATVG,)d,

R3 URZ R3 URZ
T Al o7 Rk
L1(P) = / [(p/1) (AA Vh ) - eg]| Pdxy,
{z2=0}
. ——T >
Lo(P) = / Pdiv ((p/,u)AA th) dx.
R3 URZ

The existence of Q., € H*(R?) will follow from the Lax-Milgram theorem, once we verify
the necessary hypotheses. From the fundamental theorem of calculus, we have that

1
2

t
A~ AT ()~ < Ve | [ IRulids | <OV,
0

where C,; is a constant which depends on . Since [ZOZOT];-&Q > \¢|?, we see that for
t sufficiently small,

A — — o
516 < (AT (L 0lie'ed < 2leP.

The bilinear form is bounded, as

[B(Qy, P)| < C(h")|1Q]

L[ Pl
and it is also coercive, since

[B(Qy: Q)| = c(v, MIIQ4 113 -

Thus, we need to prove that £;(P) are continuous functionals on H!(R?). We have that
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[L1(P)] < C(h")[Plo < C(A")|[ P,

and using the divergence theorem,

1Lo(P)| < / VP(p/p)AA VAdz| + / Pl(p/0) T AA" Vh* ] eqda,

R2 URZ {x2=0}
< C(h") (IVPllo+ +[Plo) < C(R™)||Pll1,x.
We have thus verified the hypotheses of the Lax—Milgram theorem.

To obtain estimates which are uniform in v, we test (4.7) with @, and integrate by

parts. Since @, € H'(R?), @,7 = @, on {w2 = 0} (in the sense of trace); hence, we
have that

V@<= [ QI(@/wAAVG,) ealdn
{w2=0}

+ / VO, (p/ ) AA VIF da

R URZ

[ QAR V) sl

{z2=0}
In particular, using the jump condition (4.9), we find that
IVQyllo.+ < ClA" o5, (4.11)

where the constant in the right-hand side is independent of . As such, we obtain the
existence of a weak limit V@, — F € L?*(R?); moreover, the weak limit is a gradient:
F = VQ. Indeed, if U C R?, by means of the Poincaré inequality, we have that

1Qy — mean(Q)[| 2wy < C(U)[IVQy

0,4+

In particular, we obtain that Q. converges weakly in L*(U). We write @ for this limit
and note that VQ also satisfies (4.11). Thus, considering a test function ¢ with compact
support within U, as v — 0, we have that

U/ OVQdz = — / divgQ,dz — — / divgpQdz = U/ PV Qdaz,

U U

U/ OVQ. dz — U/ oFdz.
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Using the uniqueness of the weak limit, we conclude the claim. We then easily obtain
that Q € L? (R?)N H'(R2) is a distributional solution to

loc
—div ((1 /u)ZZTVQ) = div ((p/u)ZZTvW) .

4.5.2. The existence of w and h
We consider the Banach space

X = {(fa ft)’ f € C(O7T; H2)7 ft € LQ(OvT;LQ)}a

with norm

0.5

0<s<t

1(f5 fi)llx = max [|f(s)]|a> + /Ilft(S)HizdS
0

We define the operator S|[h, h] by

S[h, hs] = (h(t),wa(-,0,t)) = | h(z1,0) + /w(ml,O,s) - eads, w(x1,0,t) - es
0

As h*® is C°° the same is true for ¥, A, J. The usual elliptic estimates for (4.6)
provide the regularity

VQ € L>=(0,T; C*=(R%)).
Using (4.5a), we have that
w € L>®(0,T;C°(R)).
Consequently, the operator S verifies
S: X —X.
For two pairs (]_11, /_11,5) and (1_12, ]_7,2t), we estimate the Lipschitz norm:
[T, ad] = ST, ol < T gmivs [ (8) = wa(8) - el

0.5

T
+ / ((w1(s) — wa(s)) - es[2ds
0

<VTC,|| (h1,hat) — (ho, hat) || x

Now, if T' = T}, is chosen small enough, then the mapping S is a contraction and then
there exists a unique fixed-point, which is a local solution of our approximate k-problem.
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5. Proof of Theorem 2.1: local well-posedness for the infinitely-deep case
5.1. k-independent estimates

In this section, we prove that there is a time of existence T*, independent of x, and
a priori estimates on [0, 7*] also independent of k; we will thus be able to pass to the
limit as kK — 0 and conclude the existence of a limiting function h.

To do so, we define the higher-order energy function (or norm) that will be shown to
be bounded independent of :

0<s<t

E(t) = maX{Ih“(S)Ig}+/Ilw(5)||§,id8- (5.1)

Then, using Proposition 4.1, there exists an approximate solution up to time T for
every K > 0. We can take T, as small as needed to ensure that

sup E(t) <z%, Vk >0,
0<t<T,

for a constant z* that will specified below. A priori, these times T}, may tend to zero as
x — 0. In the following sections, we are going to obtain uniform bounds for E(t) up to
a uniform time 7™, preventing the shrinking of the lifespan of the solution as x — 0.

For the sake of clarity, we take s = 0.25 in the statement of Theorem 2.1 (the proof for
general s is analogous) and consider ¢ < 1 a universal constant (that will be specified
below). Furthermore, we take T}, small enough so we can ensure that

sup |h"(t)|1.75 < 0. (5.2)
0<t<T,

5.1.1. The estimates of 61, J
Using classical elliptic theory for the equations (4.1d)—(4.1f), we get

[VéYls,+ < Clh™|s10.5, (5.3)
thus,
VY —1d |5+ < C|lh""|st0.5, and || J — 1|5+ = [|0¢2]|s,+ < C|h""|s40.5.
5.1.2. Estimates for h € L>(0,T,; L*(R)), v* € L?(0,T,; L*(R%))
We let @ = J A denote the cofactor matrix of Vi; using the fact that Vi? = ey, we

write (3.4a) as

pJv' +af (g+ pp?) , =01in R x (0, T,]. (5.4)
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Since on I' := R, ¢? = h and v-7i = hy, taking the L?(R%) inner-product of (5.4) with v?,
the fact that a”,, = 0 by the Piola identity and that aka = 7 to obtain the basic L?

3
energy law:

1d 1
5%”.7,1}1(15)”%2(11@) + m”\/ﬂihi\ﬁz(mi) =0.
Integrating in time, we find that
|R" ()]0 < |Tch(t)]o < |TeTkholo < |holo,

and
t
i [ IV B s < = [pllholo
0

From (4.11) and the smallness bound (5.2), we see that
[VQllo.+ < Co, and |[w]o.+ < Co.

5.1.3. Verifying the smallness condition for |h"|1 75, ||w||1.5,+
Using (4.5¢) together with the Cauchy—Schwarz and trace inequalities, we have that

t t

|h(t) — Tholis = /w cegds| <Vt C’/ Jw(s)||3 Lds < tCE(t), (5.5)

0 1.5 0

and that

t
|h*(t) = T2hol1.s = Jn/w eads| < \/tCE(t).
0

1.5

We can ensure that |h*(t)|2 < v/2*, so that
|h*(t) = T2hol3 75 < Clh*(t) — T2holv.s5|h"(t) — TZhol2 < CVt2",

and, by choosing

_ 2\ 2
ngﬁ;(ﬁjgyi>, (5.6)

we have that
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|5 (t)|1.75 < |hol17s + \/ CVE2* < 0, VO <t < T*. (5.7)

Using (4.1a), (4.1c) and the fact that 1 is the harmonic extension of h, it follows
that @ satisfies

div [(J/p) AATVQ] = gdiv [(1d—JAAT)Vsy]  in R%,

with jump conditions given by (4.1b) and (4.9). It follows that we have the following
elliptic equation for @:

prAQ = div [pH(Id — JAAT)V(Q + pdv))] in R2,
Q] =0 on {as =0},
57 00) = w10~ JAATY(VQ)es] — [ LI AZ AL, on {a =0},

From standard elliptic estimates,

IVQlh.zs.+ < C[[|(1d = JAAT)V(Q + po)| 55
+ |l (14 = JAAT)VQeol |y + | pAZ A0 1], s
< C[[[1d = TAA|| . oy (19 QU255 + pI VY], 5 )
+ [1d = JAAT]| | o (V@I @) + plI VY| oo (r2))

+ [ pT A2 51 s
where the constant C' depends on p*. Using the smallness condition (5.7), we have

| JAZ AL 5|, . < C (|h““|1_75, [1d = JAAT 5o + |h”“|1475) < Clh"*|y.75.

As a consequence, we have
[VQl[1.25,+ < C|h""]1.75. (5.8)
For the higher norm, we have
IVQlhss < C[[|(1d — JAAT)V(Q + pov) |,
+ [ (10 = JAAT)VQes )|, + [~ p A2 ALY 1],

< C[HId - JAATHLcc(Rz) (||VQH1.5,i + pHV(Sle_&i)

+[[1d = JAAT]| | o (IVQll e (r2) + plI VY| oo z2) )
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+ |l pr Az Alsu, 1, |
< O - JAAT|| . oy (I9QUs.2 + pI V8] 5 )
T4 (I9 Qs + 120
+ H[u‘lpJA?AijﬂH :
Using (3.5) and (4.9),
| TA?AL59 5], < CIR |75 (1 + [R5 |175) [0,
and
|1d — JAAT||1'5¢ < Oh 55 (1 4 |h"|1.75) < OhF5,.
Using 1 + 0 < 2,
IVQll15,4+ < (CIA™|1.75(1 + [ |1.75) ) IVQ|l1.5,4 + CIh™ 2| A |1.75 + [B*|2| R |1 75,
and, using the smallness condition (5.7),
IVQIl1.5+ < Clh™|1.75h"" 2. (5.9)

Using (3.10a) and (3.11), we obtain

w15+ < CIA™ 1752, (5.10)

wll1.25,+ < CIR"[1.75.. (5.11)

5.1.4. The Rayleigh—Taylor stability condition revisited
Once we have the smallness condition

sup |lw(t)|l1.25,+ < ClR"™(t)]1.75 < 0,
0<t<T

we find that

sup |[[o(t)[125,+ <C sup [V -wlly o5 , < Co. (5.12)
0<t<T" 0<t<T"

The Rayleigh—Taylor stability condition is controlled as follows:

RT(t) > —@ —[el2)|v)l1.25.+ > —@ —[[u]|Co.
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Consequently, if we impose

—l[r]

o< )
AC[]|

the Rayleigh—Taylor stability condition is satisfied for every time 0 < ¢ < T". Further-
more, we have

o]~ Il /TR > o]~ [l s > 2 VO<E< T (513)

5.1.5. Estimates for h € L?(0,T; H**(R))
Taking the inner-product of the equation (3.4a) with the tangent vector ¢, we find
that

pEot o + Qﬁ +pTo,1 =0 on {zg=0}.
Taking the difference of the equations above, by (4.1e), we obtain that
[ -] + [l = 0.
Then the equation above implies that

(1’ hnn/) hm@/
v ———=| + [p ——= =0
|:,U/ V14 hEEI2 [[p]] /1 + hErI2

Differentiating the equation above with respect to 1 and using that the normal velocity
is continuous, we conclude that h"* satisfies that

_[[pﬂhmc/l _ [[M]](U . n) /1 + h/{n/zhnm// + (1 + hnn/?)[[luv/ . (1’ hﬁﬂ/)]] . (514)

By Proposition A.1 and the trace theorem, the inequality above further implies that

|hm€/l|0v5 < C(l + |hmi|i’_75) (|’U+|1'5 + |’Ui|1.5) + C|hnml‘0v5|’0 . (7}1%”/, 1)|0,75 . (515)

. Vyw
Since v = %,
s s 0T
o J 2+
+ ) + +
< CH“’— +0H7v( Y ea)w (5.16)
J g+ J 2,4

with
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JFCHU’ﬂEHLoc(]R@)||V57/1|

2.+ + O Vwl[Ls|[ Vot ol Ls

ML,chw s

< Cflw* |, 4 + Cllw™ 125+ V|

2.+ + Cllwlis52IVoY|l15+, (5.17)

V(§ptes)w*
J

< O || ey [196015,5 (14 IV60] o )
2,4+

+ D260 (3] + € V80T e gy 0l
< Cwlly g0 [Vl s (1419561 25,2

2
19601 5.2] + C NVl 35,0 vl (5.18)
Collecting the estimates (5.15)(5.18), we get

W25 < Cllw

2+ C(L+ 117, 75)* (1075 0l 5.0
K12
S P O e S e ) I[P [ g

Using (5.11), (5.12) and the smallness condition (5.7), we have that

2
1525 < Cllwllat +C (IR 25 lwlly o + 105 + B Jwlls.q ) -

Consequently,

/ W52 5 < CE(t) + HE(L)? + Co2E(L). (5.19)

5.1.6. The energy estimates
Writing (4.1a) as

T
pw + V(Q + pdp) = (Id - M) pw,

differentiating with respect to z; twice, testing the resulting equation against w”, using
integration-by-parts on the gradient term, and using (3.10b), we find that

T 1
Vi 13— [1Q+ psu)"u’ Ndey = [ (<1d - (W’)JW) uw> w'ds.
R R2
Using (4.1h), we see that

d
— /[[(Q + pdqp)uw// . N]]dxl = @E‘hn//%’
R
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and defining

RHS = / <(Id W) uw) w'dz,

R2

we have that

pld, . .
i + L ez = s,

and we proceed to estimate RHS.
Using the Hoélder inequality together with (3.11), we get that

RHS = / ((Id - va) ,uw) w’ dx

< Ol (V0% oy + 1V8 o< o))

1"

+Cllw”flo.x |

(R?)

+ 1wl a2y IV | Loy ] (IVOY] oo m2) + 1) -
Using the Sobolev inequality, we obtain that

RHS < Cllw”[[§ + (IV8I3 25 + + IV 0] 1.25.+)
[ ®2) + [l 52 + IVoLllT 5 4]
X (V01254 +1).

+ C||lw

Using the elliptic estimate (5.3), we find that

RHS < Cllwl3 1 (| % 75 + [h""|1.75)
+ Cllwllg,« [P |2.5llwll1.25,2 + llwlly,[[wll2,+

+ A" 15| B |25] (|R™ 175 + 1) .
Recalling (5.11), we get that
RHS < Cllwl3 £ 1h"™ 175 + Cllwlla,« 2™ 175 (0|25 + [[w]l2,+) + [hF]15]h"|2.5]

Integrating in time and using (5.1), (5.5), (5.7) and (5.19), we obtain that

/RHS < Co (E(t)+t(E(t))?)
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thus, we conclude that
t
_[[p]] hE 2 . + - "2 < _[[p]] h 2 CoE C(E 2 2
— (WO +min{p®, 17} [ w”5e < —Flholz + CoB(t) +tC(E())".  (5.20)
0
5.1.7. The Hodge decomposition elliptic estimates
Using Proposition A.4, we have that

[w?l1s < Jw” - eal—05 < C (JJw”]lo,x + [ divew”|lo+) < Cllw”[|o,x.

Consequently, we can bound fg |w?|3 sds using (5.20). Using that u is irrotational in each
phase, we obtain u* —uly = A{v? — Ajv!; = 0. Recalling
v=J V- w,ie v/ = Jﬁlwyjiwi,
and we get
w,21 - w,12 = w,21 - w}2 - A{(Jfllb,ziwi),j + A%(Jflzﬂ}iwi),j
= wi(l - A%Jilw?z) + w}2(1 - Aiflwh)

+ Y AW - > AT
(4,9)#(1,2) (3,5)#(2,1)
— AT jut + AL (TR s

Using 1 — A1J 1% =0, 1 - A3T 1)y = 69 2(2+0,2) /(1 + 09 2)%, Ay = —h, = 0 we
further simplify

2 1 1 0V 2(2+0¢ 2) oY1 n 1 _( 01 >2w12

WA W S e T S T T ags T T4 2 \ 14 v
j 17— i i — ] 09 22
AT L2000 AT 1 ool s 1
AlJJ YLw' — A6 w 7(1+5¢72)3w
0224 00s) 200, _( 0t >2w1
2 (1+0Y2)2 1+6vs * \1+dps) 72

S 10 1owt P wt Gaa(l+ (5¢,1)2)w1

T 0.2 1400s (400

Due to Proposition A.1, we find that

177 curl w1+ < Cllwll2 £ ]| VEll1.25.£ (1 + [[VE1.25.£)?
+ Cllwll2 £ I VOYIIT 55,2 (1 + VY ll1.25,2)

+ Cllw|1.25,+ ||V |2,+ | V| 1.25,+ (1 + [[ VO] 1.25,+)
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+ Cllwllr.25,£ | VY |l2,+ (1 + V0| l1.25,+)°
< Ollw|l2,+ | VoY |1.25.+(1 + || VIP|1.25 + )2
+ Cllwllr.25,£ | VoY ll2,+ (1 + [ V8t)]1.25,.+)°.

From the smallness condition (5.7), we have that

1
§|| curlw|g+ < ||J3 curlwljo +,

1
§||VCUT1U)||0¢ < ||J3chr1w||0¢ < | V(J? curlw)||o+ + |V.J?3 curl w lo.+

and from the Sobolev embedding theorem,

V73 curl w4 < C(L+ [[V64] 1254 / (V615,02 (curl w)2da
R
<O+ [|VoY1.25.4) Y[ VVEY|| 74| curl w]|F 4

< CA+[[VEYll2s.2) VORI 5 llwllf 5 -

We conclude that

[curlwll1,+ < Cllwlla,+]| VoY [1.25 (1 + [VED[|1.25 )
+ Cllwll .25+ VoD ll2, (1 + [VED|1.25 +)°
+ CL+ IVollr25,4) IVOQIF 5 Lllwlli 5 +
< COllwllz,£]h"1.75 + C|B* |2.5h" 175 + CIR|o||w]|T 5 .-

Using Proposition A.2, we get
w2+ < C[flwllos + | ewrlwlly s + || diveofs = + w- ealys),

and, using (5.20), we get
/||u)||;i <C (@Uzo@ +CoE(t) +tC(1 + E(t) + (E(t))?‘)E(t)) . (5.21)
0

5.1.8. A polynomial-type inequality for the energy function E(t)
Notice that
[R5 (8)]2 < [R7()]2.

Furthermore, as h** € L%(0,T,; H**(R)) and
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1hi% |15 < |hnelrs = [w?lis < Cllw|l2,+,

we have hf* € L2(0,T,; H'-5(R)). Consequently h** € C(0,T,; H*>(R)) and E(t) is a
continuous function. Collecting the previous estimates (5.20) and (5.21) yields

E(t)<C (@holé +oE()+t(1+ E(t) + (E(t))Q)E(t)> . (5.22)

5.1.9. The uniform-in-x time
Recall that we assume that T} is small enough to guarantee that E(t) < z* for z* > 0
a constant (depending on the size of the initial data) that will be chosen below. We set

where C is the constant appearing in (5.22). We note that C is a constant depending only
on the constants from the Sobolev embedding theorem and the elliptic estimate (A.2).
We can simplify (5.22) to find that
E(t) < 2Clhol5 + tP(E(1)).
This inequality implies that there exists a uniform-in-x time, T3 (2*, |hol2), such that
E(t) < 2" V¥t < T, = min{T} (|ho|1.75), Ts (2", |hol2), T } ;
see Section 9 of [22] for a proof. We set z* = 4C|hg|3, and recalling (5.6), we define
T* = min{T7, Ty}, T,. = min{T*(|hol2, |ho|1.75), T\ }-
As a consequence, we have the bounds
E(t) < 4C|ho3, [B™*(t)|1.75 < 0, Yt < Ty.
Our goal now is to show that we can reach t = 7. To do so, we argue by contradiction.
First, we assume that T, = T*. Then we have a uniform-in-x lifespan, and a bound for
every approximate solution. As a consequence, we can pass to the limit in x. On the
other hand, if T,, = T.,, we can extend the solution up to T, + 4, for a small enough
d = 0(z*). Moreover, this extended solution verifies

E(t) < 4C|hol3, |W™(t)|1.75 < 0, VO <t < T, + 6, Vk.

By induction, we can reach 7. This concludes the existence portion of Theorem 2.1.
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5.2. Passing to the limit as Kk — 0

Once we have the uniform bound

max (@)} + [ ()5 + (o) ds < C.

we obtain the existence of weak limits

h € L*(0,T*; H*(R)) N L*(0, T*; H**(R)),
he € L0, T*; HY(R)) N L?(0, T*; H*(R)),
w e L0, T H5(R2)) N L2(0, T*; H*(R%)),
VQ € L>(0,T*; H'*(R%)).

Using the Rellich-Kondrachov compactness theorem, we can prove that (h,w,Q) is a
distributional solution to (3.10).

5.8. The uniqueness of the solution

To prove uniqueness of solutions, we use the energy method. We assume that there
exists two solutions, hy and ho, corresponding to the same initial data hy. Furthermore,
we have that the corresponding higher-order energy functions E4(t) and Es(t), defined
n (5.1), are uniformly bounded:

E1(t) 4 Ey(t) < 22%, YO <t <T*

We consider the new higher-order energy function

Ew—g%W/H+/W )15 s,

where we denote the difference of both solutions using a bar:
h=hy — ha, 00 = 011 — 01 and W = w1 — ws.
We have that
E(t) < Er(t) + Eo(t) <22%, VO<t<T*

The difference verifies the following system
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o + V(Q + pdip) = (101 - W) pawy

- <Id - w> pws in {xy #£0}, (5.23a)
2

divw =0 in {2 #£0}, (5.23b)
[@°] = [Q] =0 on {xy =0}, (523c)
ASYT = in R%, (5.23d)
&b =h on {x2 =0}, (5.23¢)
he =1 - ey on {zy =0}, (5.23f)
h=0 on Rx{t=0}. (5.23g)

Recalling the equation for the evolution of the interface, we have that

[h(t)]15 < VIC\ E(t) < VICV22*, |h(t)|1.75 < CVEE(t) < CVEV22%,  (5.24)
prAQ = Tt div [(Id — J1 A1 AT)V(Q1 + poipr) — (Id — J2 A2 AT)V(Q2 + pdta)]

with jump conditions [Q] = 0 and

[ 22] — [t (1 - 5 A ATV Qu)ea] - [~ pa(ADHAD 80,
— [ (1d — J2 A AT)(VQo)ea] + [ pJa(A2)2(A2)] 60, ]

Using that

0Y2 0%

Id — JAAT = 5%
751/),1 1+5w + 5¢ 2

elliptic estimates show that

[VQll1.25+ < C1d — J1ALA] [[1.25,+ (IVQll1.25,+ + [|[V6®]|1.25,4)

+ IV(Q2 + p6tpa)||1.25,+ | VU 1.25,+
+ || JA1.25,2 V61 [|1.25,+ (| A1 — Id|1.25,+ + 1)
+ (|| J2As — 1d||1.25.4+ + 1)||[Vt|l1.25 + (| A1 — Id|[1.25.+ + 1)
+ (| JoA2 — Id||1.25,+ + 1)[| Vo125 + || Al 1.25.+ |

< Clhilizs (IVQll1.25,+ + |hl175) + Clholi75|hl1.75
+ Clhlizs|halirs(|halies + 1) + C(lhaizs + DIAllizs([hi|izs + 1)
+ C(lh2l1.75 + D)|hal1.75|hl175,
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and, using the smallness condition (5.7),

VQl1.25.+ < C|h|1.75.

Similarly, we find that

IVQl1.54 < C[|1d— J1 A1 AT |15+ (IVQll1.25,+ + [|[V0]|1.25,4)
+ IV(Q2 + pdtpa)|1.25,+ V|15 +
+ |V (Q2 + pdtpa)||1.5,4 | VU |1.25,+
+ | JAl|15,4 ]| V81 [1.25,4 (| A1 — Id[[1.25,4 + 1)
+ (242 = 1d||1.25,« + 1[IV [15,+ (| A1 = 1d][1.05,+ + 1)
+ (7242 = 1d|l1.25,+ + 1)[|Vv2|l1.25,4 [[All15,+]
< C(|hal2 + |hal2)|hl1.75 + C(|h1]1.75 + |h2|i.75 + D)|Al2

so we conclude that

IVQll1.25.+ + |0]1.25+ < CVE.
VQll15.4+ + [|0]l15+ < CVt+ Clhla. (5.25)

Next, as we have that

_ Vspwy Vi —
U= 7, + 7 + Vihow, Ty’

and
015 < co||VoY|2,+ + Cllwla,x. ,

using (5.14), we compute that

/ () 25ds < P(E()). (5.26)
0

Recalling (3.11) and for i = 1 or 2, denoting the matrix B; by

B — Othip — 5%2,1 =61 (1 + 6v4.2)
' —50i1(1+6¢i2)  6Pia(l+0tbio) |’

we write the right-hand side in (5.23a) as
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w
+ (B - B2,
2

pw —ung
RHS = Bi— + B
S At

Testing against w and integrating-by-parts in (5.23a), we get that
t
(O + min{u* 7} [ 10(5)15 s
0

< s | [1a(s)1F ads+ [ 1905) o] To0()o.zds| < C=PE@)E (5.27)
0 0

The energy estimates show that

winfu® ) [ 1) — L2 i) as
0
= / / RHS"w"dzds < C(Vt + Vt)P(E(t)), (5.28)

0 R2
and once again using the Hodge decomposition, we find that

[ 18G5} 1B s < €t + VE+ VOP(ED), (5.29

0

Collecting the previous estimates (5.24)-(5.29) and using the smallness of o, we get the
following polynomial inequality

E(t) < (t+ Vt+ Vt)P(E(t)),

which implies the uniqueness. This concludes the proof of Theorem 2.1 for an infinitely-
deep domain.

6. Proof of Theorem 2.1: local well-posedness for the confined case
We define our reference domains

QOF = {(z1,22), v1 ER (or 71 € T),0 < 73 < ¢},
Q" ={

(x1,22), x1 € R(or 21 € T), e < 22 < 0},
and the reference interface

I'= {(1‘171‘2), T € R(OI‘ xr1 € T),.fQ = 0}
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We denote by
Tior = {(x1,22), ©2 = &}, Tiop = {(21,22), 22 = 1},

the fixed bottom and top boundaries.
We consider 69+ as the solution of

AspT =0, 09t =hif zg €T, 59T = t(z) if 29 € Tyop,
and

AdY~™ =0,00" =hifxg €T, 0~ = b(x) if 29 € Tyoy.
We define the mapping ¥* = e 4 (0, 6¢%). In particular,

PEI ) = (21, bz, 1), 01 (Tiops ) = (21,8(21)), ¥ (Toors 1) = (w1,0(21)),
S0
P QF = QF(1).

Using estimates similar to those in (3.3), ¥ is a diffeomorphism if h, t,b are small in the
H7 norm. We define v = uot, g =poth, A= (V)L J = det(Vy), wk = JAF

and QQ = q + pxo. We write

.
= @)D, =

1+ (0(2))2 1+ (' (x))?

for the normal vectors at ¢(x) and b(x), respectively. Then, we have the boundary con-
ditions

u-ny =0at (x1,22) € {(x1,b(x1))},u-ny =0 at (v1,22) € {(z1,t(x1))},
which translate to
v-ny =0 at Dpo, v -ng = 0 at Tygp.
Since JATey = (=3, 1), then
JAT ey = (=b/(21),1) at Tpor, JATeq = (' (21),1) at Typp.

Using this, we can write the following boundary conditions for the semi-ALE velocity
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v-(—np) =v- (JATey) = (JAV) - e = w - ey = 0 at Ty,
Veng =0 - (JATeg) = (JAv) -ea =w- ey =0 at T'yyp.

As in Section 3.2, we obtain

T
o vQ+ pin) = (1= TN i e 20,

divw =0 in {xo #£0},
[w?’] = [Q] =0 on {zy =0},
w?=0 on {xs=cp,ct},
AsYT =0 in QFf,
pE =h on {xy =0},
Syt =t on {xy=c},
oy~ =b on {zs =0},
hy =w - eg on {zg =0},
h = hg on R x{t=0}.

Multiplying (6.1a) with es and evaluating at I'y,,, we obtain that
Q?2 = —P+51/),2 — pFunt’,
and similarly at I'po,

Q% = —p b — pwnl.

71

Given |ho|1.75 < 0 < 1 and |f]s, \I~)|2 < & < 1, we can regularize the problem as in

(4.5a)—(4.5f) and we get an approximate solution (wy, @y, h,) that exists up to time
T,. > 0. This solution has a finite energy, E(t), as defined in (5.1). We take T, small

enough so E(t) < z* (for a constant that will be chosen later).

With the boundary conditions for ), we can form the associated elliptic problem as

in Section 5.1.3 and we get the following bounds (analogous to (5.8), (5.9)):

IVQIl1.25.+ < c|hlizs + clwll1.25.+ ([F|1.75 + [B1.75),

and

IVQll15.+ < clhl1zs|hlz + cllwllys,x(|E]2 + [bl2) + c|hl2.
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In particular, using the elliptic estimates for the pressure @), we have that
w15+ < Clhl2, w125+ < Clhl1.7s,

where we have used the smallness of & to obtain the desired polynomial bounds. The
bound h € L?(0,T,; H?5(T)) is obtained in the same way as in the proof of Theorem 2.1.
Using the boundary condition in =0 and x5 = ¢, ¢, the new terms coming from the
boundaries in the energy estimates vanishes and we obtain the inequality

E(t) < Clhol3 + Co1E(t) + tP(E(t)),
which, since o7 < 1, implies the existence of a uniform-in-x 7™ such that
E(t) < Z*, |h(t)|1.75 <oV0<t< mil’l{TmT*}.

We reach T* by induction. The uniqueness is obtained in the same way. This proves
Theorem 2.1.

7. Proof of Theorem 2.2: global existence and decay to equilibrium
Recall that in this case we have QT (t) UQ~(¢) =T x R.
7.1. A linearization of (3.9)
We denote by f the Fourier series of f. We write A for the square root of the Laplacian:

Af=/=3f,  AF©) = [€lf(©).

It is well-known that the previous operator has a kernel representation

Af(zq) = iﬂ p.v./ f) = flan =) ds.

e (3)

From (3.1) and 69~ (z1,22) = 69T (21, —x3), we have that

6¢i,2 = :FAh on {.1?2 = O} s

so that the Dirichlet-to-Neumann map is the Zygmund operator.
We define the Neumann-to-Dirichlet map A~! by

o —

ALF(E) = €171 ().

Notice that if f has zero mean, the previous operator is well-defined.
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Equation (3.10a) may be written as
jw + V(Q + piv) = F

with

paw.

F=(F,F)= (Id W)

By taking the inner product of this equation with ey, and then evaluating on {zo = 0},
we find that

pER 4+ Q% + pToYS = Fy (7.1)
where

Fy = = (W wih' + pwa(FAh)).
Summing over the two phases,
Ff + Fy = —(pwi + p~w)h = [u]Ahws.
On the other hand, taking the divergence of the equation (3.10a), we get
AQ = divF.

The continuity of ¢ gives us the jump condition [@] = 0. Using equations (3.10a) and
(3.11),

[Qz] = (p* +p7) Ah — [ulhe + [Fo], with [Fo] = —([pwi]h’ — (0 + p™ )waAh).
We define Q* such that
AQ¥ =0in RZ,
Q_i:ff%h+ @Aflht on {zg =0}.

Then,

pt+p

5 AhF @ht, on {zy = 0}.

~E
Q,z =+

Consequently, [Q] = 0 and [[Qiz]] = (p* + p~)Ah — [u]hs. Setting Q=Q-—Q, then Q
is a solution of
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AQ = divF, (7.2)
with the jump conditions
[Q] = 0 and [Q ] = [F]- (7.3)

As a consequence, equation (7.1) becomes

++ — ~
Ehy T @ht T oTAR+ %Ah — FF - Q3.

Summing the equations for both phases, we obtain

4 Ff+Fy —QL-Q5
A A 1) VA B N Sl XY (7.4)
2 2 2
7.2. Energy estimates for the total norm
For notational simplicity, we set [p] = —2 and u™ + p~ = 2, but in what follows,

any finite values are permissible. Using the Duhamel Principle on (7.4), we write the
so-called mild solution as

Mﬂ_hwlw+/<EﬂQ+Eﬂ$QK@Q}@)eA@@%_ 75)

2
0

Note, that in this analysis, we are restricting our attention to zero mean, periodic func-
tions. As to the linear semi-group, it is well-known that

||67At||L2,_>L2 S eft s (76)

since the first eigenvalue of A agrees with the first eigenvalue of —A.

Let oo denote a constant that will be fixed later. We choose hg € H? such that
lhole < 02 < 1. Using Theorem 2.1, there exists a local in time solution up to time
T = T(ho). Moreover, this solution remains in the Rayleigh-Taylor stable regime and
satisfies

t

2 2 < 2

s (@) + [ h(5) s < Culhol
0

and

OIéltaSXT ‘h(t)|1'75 < 0p.25 K 1, (77)
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where C and o0g o5 are the constants appearing in Theorem 2.1. We define the new total
norm as

t

2 _ 2 at 2 2

G, W)l = jmax q ()2 +e |h(t)‘0+/||w(S)H2,id3 ; (7.8)
0

for a given 0 < o < 2. Hence, a uniform bound for |||(w, h)|||r for every ¢ > 0 implies the
e~2 decay-rate for |h(t)|o.

Just as we obtained the H?-5 estimate for A" in (5.15), we have the following estimate:

W |os < C(1+ ‘h|:13.75) (|U+|1.5 + |07

1‘5) +C‘h/,|0_5|’0' (—h/,1)|0_75. (79)

Using the estimates (5.11), (5.12), (5.16)—(5.18) together with (7.7), we obtain that
¢ ¢ ¢ t
[ins)gsds <0 [ Bads+ [ igds+ [ nGs)E () 5 2ds
0 0 0 0
Using the interpolation inequality |h|3 < C|h|1.5]h|2.5, together with (7.7), we find that
t
/|h(8)|§5d5 < Cliw, MIZ (1 + ll(w, W) -
0

Our goal is to show that e“*|h(t)|2 remains small for all time. To do so, we take the
L?(T')-norm of equation (7.5), and find that

t
- 1 - 5 (s
[h(B)lo < e holo + 5 / [F5 () + Fy (s) = Q5(s) = Qa(s)oe™ " Vds. (7.10)
0
We define
1 t
L= / [F5 (s) + Fy (s)|oe™ " )ds, (7.11)
0
1 t
I = 3 / \Qg(s) + Q;(s)|067(t75)ds. (7.12)
0

We are going to use the linear decay rate (7.6) to establish the nonlinear decay rate for
small solutions. This will amount to establishing certain integrability properties of the
nonlinear term (7.10).

Notice now that, using (7.2) and (7.3), we have the bound
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||VC~2H0¢ < C||Fllo,+-

Given ¢ € H*(R?), we compute

/ Q 2¢dr; —QZ VQngdxf/FngJr / F - Nédz,

{IQZO} Qi {IQZO}

SO
Q2|05 < C(|Fllo,+ + [F2-05).
By elliptic estimates and the trace theorem,
Q2105 < CIF |1+ + | Falos)-
Thus, using interpolation,
Q2l0 < C([|Fllo.5,+ + |Falo)-

Using the Holder inequality and the boundedness of the Hilbert transform in L? for
1 < p < o0, we have that

[FS (s) + Fy (s)lo < Clw|pa ||z

Due to the Sobolev embedding theorem, the trace theorem and elliptic estimates, we
have that

lw|a|h s < Clwlo.as|hl1.25 < Cllwllo.7s,+|hl1.25 < CJh|3 o5
In particular,
|F(s) 4+ F5 (s)]o < Clhlo|hlas.

Using (7.11), we find that

t

B < Cllw Wl [ () 05 hs)lase - ds

0
¢ 0.5
< CC+ BB me | [ s
0
C 3 3 0.5
< <=+ Il W)l W (70— 1) (713)
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The remaining terms (7.12) are written as

t

1 - ~(t—s
B <5 [(Flss + 155 ()] + |F5 (a)e s
0

The terms with |Fy(s)| + |F; (s)|o are similar to those with |F5(s) + F5 (s)|o. Using
(3.11) and elliptic estimates, we have that

1El0,+ < Cllwl| L[Vl s
< Cllwllo.s,2 V¥ llo.5,+
< Clhlalhly, (7.14)
and, using (5.11),

IVF

lo,+ < C (IVwllpa|[ VY| s + lw] 1| V60| 14)
< C([lwllis,£IVéYllos,+ + [[wllos£ VoY 15.+)
< C1h|1|h]2. (7.15)

Due to linear interpolation between (7.14) and (7.15), we have
[ Fllo.5,+ < Clh[1|h|1.5 < Clhlo|h|2.5. (7.16)

Collecting the estimates (7.13) and (7.16),

t
1 ~ ~
3 [ 1+ 5 ()~ @06~ Qaloloe s < (1+ I WIE 2w b %72,
0

and
e h(B)3 <2 (D o} + C (1+ [l(w, W) IE) o, W)

< 2lholg + (1 + Il Cw, IT) Nl (w, Bl

Now we have to estimate the terms

t

2 2

s (O + / w(s)|I2 . ds.
0

Using the same type of estimates as in Sections 5.1.3, 5.1.6 and 5.1.7, we get the inequality

[l (w, )l < Calholz + P([ll(w, h) ),
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where the polynomial P has order m with m > 1. Now, by choosing the initial data to
be sufficiently small, we have a global bound

I(w, h)[ll2 < 2C2|hol2 < 2C20%.
Furthermore, using interpolation between Sobolev spaces, we have

sup |h(t)|%75 < 2020’26_%.
0<t<T

We take o5 small enough so that
20502 < 00.25,

and we obtain that the smallness of |h|; 75 propagates.

Consequently, at time ¢ = T, the solution remains in the stable regime (see Sec-
tion 5.1.4), and the condition (7.7) is, in fact, improved. Due to this fact, we can apply
Theorem 2.1 to continue the solution up to t = 27". As the same estimates hold in the
time interval nT < t < (n+ 1)T for n € Z™, we conclude the proof of Theorem 2.2 by
means of a classical continuation argument.

8. Proof of Theorem 2.4: local well-posedness for the one-phase problem
We now focus our attention on the one-phase Muskat problem (1.6a)—(1.6e).
8.1. Constructing the family of diffeomorphisms (-, t)

We define our reference domain, fixed bottom boundary, and reference interface, re-
spectively, as follows:

Q=T x[c,0], Tpor ={(x1,0),21 € T}, and I" = {(21,0),x1 € T}. (8.1)

In particular, our reference domain is C'*°. We let N = e5 denote the unit normal vector
on I'. Given a function h € C(0,T; H?) with initial data h(0) = hg, we fix 0 < § < 1
and define

96(0) = {(1‘1,1‘2), 1 €T, cp <o < jgh()(l‘l)}, (82)
I°(0) = {(z1, Tsho(z1)), 1 € T}, (8.3)

and

T2

1 (21, 72) = <x1,x2 + Tsho(x1) (1 - —>) . (8.4)

Cp
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This function ¢; : © — Q%(0) is a C> diffeomorphism.
Next, we define the function ¢, : 22(0) — Q(0) as the solution to the following elliptic
problem:

Agy =0 in Q°(0) x [0,7], (8.5a)
¢)2 =e+ [ho(.’bl) — jgho(xl)]eg on Fé(O) X [O,T} s (85b)
Py =c¢ on Ty x [0,77]. (8.5¢)

Since Q°(0) is a C* domain, standard elliptic regularity theory shows that ¢, €
H?®(Q°(0)), and since for § > 0 taken sufficiently small, |hg — Tsholza < 1, ||[Vgo —
Id||co < 1; hence, from the inverse function theorem, ¢ : 22(0) — Q(0) is an H?°-class
diffeomorphism.

We define

¥(0) = 2091 : 2 — Q(0). (8.6)
This mapping is also a diffeomorphism that maps
$(0) : T — T'(0)
Furthermore, using the chain rule, we have that
[9(0)ll2,— < e()lholrs, [¥(0)lls,— < c(8)[holz.5-
Using interpolation, we obtain
[9(0)]|2.5,— < e(8)[hol2- (8.7)
(We note that 6 > 0 is fixed number, so the dependence of the constant in (8.7) on ¢

is harmless.) We have thus defined our initial diffeomorphism 1(0); we next define our
time-dependent family of diffeomorphisms 1(t) = (-, t) as follows:

AY(t) = Ayp(0) in Qx][0,T], (8.8a)
P(t) = e+ h(xy,t)es on T x[0,77], (8.8b)
P(t)=e on Tpo x [0,77]. (8.8¢)

Writing J(t) = det(V(t)), we have the bounds
17() = J(0)ll.25,— < Cll(t) = ¥ (0)I[3 25, < ClA(t) = holi 75. (8.9)

Consequently, using h € C(0,T; H?), for sufficiently small time ¢, we have
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. J(0)
2y <0 <2 max J0),

and we once again see that 1(t) : Q — Q(¢) is a diffeomorphism. Furthermore, 9 (t) is a
H?%_class diffeomorphism thanks to the elliptic estimate

[0(0)]l2.5,— < c([h(t)]2 +1).

8.2. The ALE formulation

With 9(t) = (-, t) defined in Section 8.1 (see (8.6) and (8.8)), we set A = (V)1
and J = det Vi¢. As we noted above, ¢¥(¢,I') = I'(t). We define our ALE variables:
v=uoy,q=po.

We let
7= (1,1 (x1,t)), n = (=h'(z1,1),1),
denote the (non-unitary) tangent and normal vectors, respectively, to I'(¢). We let g =
|v/|> denote the induced metric, and define the unit tangent vector 7 = 7/,/g and the
unit normal vector n = 7/,/g. Since the interface I'(f) moves with the fluid,

’U’ﬁ,:wtﬁ:htN’FL:ht

Hence, the ALE representation of the one-phase Muskat problem is given as

vl AR g+ ?) =0 in Qx[0,7], (8.10a)
Alv? =0 in Qx[0,7], (8.10D)
t
h(t) = ho + /viﬁids on I'x|[0,T7, (8.10c)
0
=0 on T x[0,7T], (8.10d)
v-eg =0 on Tyt x [0,T]. (8.10e)

8.2.1. The matriz A
From the identity AV = Id, we see that

Ay = —AV A, Ap=—AVY A, A= 24V A— AVYA. (8.11)

These identities will be often used.
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8.3. A smooth approximation of the ALE formulation

Given an initial data hg € H? and two regularization parameters €, x > 0, we define
a smooth approximation of the initial height function Jcho. We write h . (z1,¢) for the
free boundary corresponding to the initial data J.hg.

We define
Q%¢(0) = {(z1,22), 71 €T, e < 22 < JsTcho(z1)},
[%¢(0) = {(z1, JsJcho(21)), @1 € T},
and
7" (21, x2) = (331,132 + Ts Teho(z1) (1 - ﬁ—:)) ) (8.12)

We construct ¢5" by solving

Agy" =0 on Q(0) x [0, T, (8.13)
¢3"(t) = e + [TuTuTcho(x1) = TsTcho(z1)]ez  on T x [0,T¢,], (8.13b)
¢§,I€ =e on Fbot X [OaTs,R] . (8130)

We can use Proposition 4.1 together with (8.12) and (8.13) to construct solutions to
the approximate ex-problem on a time interval [0, T ]:

Ui,m + (AE,K);C(QG,R + ¢3,m),k =0 in Qx [07 Te w

(Ae,n)j' (UE,K,)‘,ji =0 in Qx [O,CZWE,,_Q

t
hen(t) = Tiho + / 0 oden(Acn)EN s on T x [0,
0

(8.14¢)
Qe =0 on I'x[0,T.],
(8.14d)
Ve w2 =10 on Tpot X [0, ],
(8.14e)
e = ¢5" 0 PT" in Qx {t=0},

(8.14f)
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Ate,i(t) = At (0) in Qx (0,7,
(8.14g)
Ve r(t) = e+ TuTshes(t)N on I'x[0,Tc,],
(8.14h)
Yep(t) =e on Tpoy x [0,T..0],
(8.14i)

where
Acr = [Vtbe o] ! and J. .. = det Vo) . .

Having solutions to (8.14), we focus on obtaining the uniform (in € and &) lifespan.
We are going to perform the estimates in a two step procedure. First, we focus on
r-independent estimates (that may depend on ¢), and then we focus on e-independent
estimates.

To simplify notation, we drop the € and x notation except when it is computationally
used, but note that our dependent variables implicitly depend upon € and k.

8.4. k-independent estimates
Abusing notation, we redefine
7= (1, T Tl (21,1), 1 = (=T Th (21,1),1).

We define the higher-order energy function to be

t

_ K 2 2

B(0) = max [0 (5) + [ ol s
0

The solutions to (8.13) have sufficient regularity to ensure that our higher-order energy
function E(t) is continuous. We take T ,, small enough to ensure that the following four
conditions hold:

(1) for a fixed constant ¢6; > 0 that only depends on hy,
[A(t) — A(0)|[L= < 61 < 1 (8.15)

(2) E(t) < z* for a fixed constant z* (that will be chosen below) ;

(3) ming<¢<T, _Q,2(t) > _4,22(0) )
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(4) with ¢, given in (8.1),

min h(z1,t) > ¢p. (8.16)

x1

Again, we let C' denote a constant that may change from line to line. This constant may
depend on hg and €, but not on k. We let P(z) denote a polynomial with coefficients
that may depend on hy and €, but, again, they do not depend on k. This polynomial
may change from line to line.

Our goal is to prove the following polynomial estimate for the energy:

E(t) < Mo+ VtO(E(t)),

for a certain constant My and polynomial Q. We choose T ,, < min{1, 7} } with 7} such
that

Q") (TH)'/*? < 5, < 1,
for 02 a fixed constant satisfying 0 < d < 61 < 1.

8.4.1. Estimates for some lower-order norms of h"
From (8.14c),

t

/MﬁykgCE@. (8.17)
0

Using (8.17) together with the fundamental theorem of calculus, we have that

1/2

Ih(t) — Teholrs < VE /|ht|§5ds < CVIVE(D) (8.18)
0

Now,
[ (t) — Thil1as < ClR(t) — Thol 2 |R5(t) — Tehily* < CVE@M,  (8.19)
and
[h*(t))1.75 < Clhol1.75-

Notice that, by taking a small enough time and using (8.18), we recover our bootstrap
assumption (8.16).
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8.4.2. Some estimates for the mapping
We consider here the regularity properties of the mapping + given in (8.14e)—(8.14h).
We have the following estimates

[¥(0)]l2,— < C(d)[hol15, [[¥(0)][2.5,— < C(6)[hol2, [[¥(0)][3,— < C(d)]hol2.5,

and, using elliptic estimates, (8.9), and (8.19),

[9(t) —1(0)||2.25— < Clib(t) — 1(0)|1.75 < Clh(t) — h(0)|1.75 < VIC\/E(t), (8.20)

1() = T(0)[|1.25,— < VICVE(t). (8.21)
By taking a small enough time, we can obtain the uniform bounds
< i i > C. .
Jmx IO+ WOz <C. min minJ@®)=C. (322

Using elliptic estimates as in Section 8.1, we have
[P®)ll25- < C(R®)2+1), D@5~ < C(A({E)|25 + 1) (8.23)
Furthermore,
IA®) — AO)[IF - < tE(t), (8.24)
and using interpolation once again, we have that
IA() — AO)IIF 25— < CIA(E) = A0)l1,- | At) = A(0)|[1.5,- < VICVE(E), (8.25)
IA() = AO)I3 575, < VICVE(D). (8.26)

In particular, by taking a small enough time, our previous bootstrap assumption (8.15)

is strengthened. Furthermore, using (8.26),

|A(t)||1.375,— < C.

8.4.3. Some estimates for lower-order norms of v
Just as in Section 5.1.2, we have the following L? energy law:

t
b0 +2 [ o(s) s = |9.Tehalf.
0
from which it follows that

t
2 [ o)}, -ds < Jrofs. (s.27)
0
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8.4.4. The estimates for the pressure
The elliptic problem for ¢ is

—(JALAY ). =0 inQ,

q=20 onI',
45k JAQCA;NZ =1 on Fb0t7
where we recall that on I', N = ey while on I'yp;, N = —es.

We have that AgAJ is symmetric and positive semi-definite: [AOAOT]é-gi{j > LI€|?%;
consequently, due to (8.26),

140 AT — A AT ()2~ < CVIVE(D)
and we see that for ¢ sufficiently small,
Lo T icic] 2
S €7 < [ACHAT( ]38 < 2L0¢)
We have that

ClIVal?_ < / J A Alq g sde = / ads.
Q Lot

In particular, due to Poincaré inequality, there exists a universal constant such that

lgll1,- < C.

Elliptic estimates (see Lemma A.6) together with (8.25) show that
llgllz.25,— < ClIVallL=@-) < Cllgll2.125,
and then, using interpolation and Young’s inequality, we find the bound
llgll2.25,— < C. (8.28)
Thus, once again, elliptic estimates show that
lallas,— < C (14 [A®)I15 ) Vallz=0-) < C(1+ [AWBl1s.-), (8.29)
and consequently,

sup  |lv|lis— < C(JA"™ |2 + 1), sup |he)1 < CE(). (8.30)
0<t<Te 0<t<T, e
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8.4.5. The Rayleigh—Taylor stability condition revisited
By the assumption (1.8) in the Theorem 2.4, for 0 < €, k < 1 taken sufficiently small,

—Vp(0) - 7(0) > 0 at T'(¢),

SO
— A2(0)g2(0)7 (0) = —JA%(0)A%(0)g2(0) > 0 at T.

In particular,

A= rrmuln —q2(0) >0 at T (8.31)
To simplify notation, we write

B (t) = JAL(t) A5 (1),

and we study the elliptic problem for

q=q(t)—q(0):

—(B*(1)g),i = —([B*(0) = B*())g.1(0)),;  inQx [0, T
g=0 inT x [0,7T. ]
qxB*(t)N; = [B*(0) — B*(t)]q.x(0)N; inTpor % [0, 7% ]

Using elliptic estimates together with the estimates (8.20), (8.25), (8.26) and the
smallness condition on the time, we obtain

g2, < C (II([B*(0) = B*()lg1(0)) illo,— + |[B*(0) = B*(t)]q,x(0)Nilo.5)
< C(|B(0) = B(t)[l1.25,~[l4(0)[l2,— + [V [B(0) = B(t)]llo,—[|q(0)l|2.25,
+[[B*(0) = B*()]lo.5/4,£(0)[0.75)
< VIP(E(t))

< ds.

We use the inequality

1fgllr— <CIf

rllglls,—y 0< T <s,8>1+7
to find that

I[B™(0) = B*()lq.xi(0)]lo.25,— < Cllq(0)l|2.25,— [B*(0) — B*(t)]||1.375, -
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We apply (8.26) to find that
I1B™(0) = B*(#)]g,5:(0) [l0.25,— < VEP(E(t)).

This is the only place where the bound (8.26) plays an essential role. For any other
smallness estimate concerning A(t) — A(0) it is enough with (8.25).

We want a bound showing the smallness of ¢ » pointwise on I'. As a result, we need an
estimate stronger than just H2. We focus our attention then in H22?. Elliptic regularity
then shows that

Ill2.25,— <C (I([B™(0) = B™*(t)]q,(0)),llo.25,~
+ [[B™(0) — B*()]q.4(0)Nilo.75
+ (1 + | B#)l1.25, )Vl L= (2-))
<VtP(E(t))
<65. (8.32)

Consequently, on I', we have that
—q2(71,t) = —q2(21,1) + ¢2(21,0) — g 2(71,0) > —g2(21,0) — Cda,
and our bootstrap assumption (8.16) is satisfied:

 ming, g2 (21,0)

—mings(xy,t) > —mings(x,0) — Coy >
Ty X1 2

8.4.6. The estimate for h € L*(0,T,; H*>(T))
From equation (8.14a), we see that

v-T=—T-e9 at .

It follows that

v-T v-T
noegt+v-n 1+h  g32

hRK,//

Thus,

/ KK/ ),/
REs! — _Ul ;_fht U2 (1 4 (hmc/>2)
(v} + R b)) hy

= (0 W) (14 (™)) +

(1+ (h™)%),

and, using (8.30),
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t
KK|2
/\h |5.5ds < CE(t).

8.4.7. The energy estimates
We write (8.10a) as

v+ AF (g +0?) ke =0 in Q.

We take two horizontal derivatives of this expression, test against v” and integrate by
parts to find that

t
/ / |v"|2dxdy + Jy + T + T3 = 0.
0 Q-

The higher-order terms are

t
=/ AF(qg+ v - e2),(v))" dady,
0 Q-

t
0

while

is the lower-order term. Integrating by parts in the term /; and using J AkN k= = \/gni,
we obtain

with

t

d=— / / (q+ - e2)" (A5 (u)") derdy,

0 Q-

, ¢
Jo = //w" ceaJ HW - h)dsdy = //Jﬁljnjnh”(vﬂ -n)dsdy.
0T

0 T



C.H.A. Cheng et al. / Advances in Mathematics 286 (2016) 32—-104 89

Using the Piola identity (JAF) ; = 0 and the divergence-free condition v’ A¥ = 0, we
see that

(AF (")) 6 = (AD) k(0")' + AF (")} = =T ATT ™ (0")" = (AF) "0}y — 2(A7) (v')y,

and J1 = K1 + Ko + K3 where

t
& = / / (¢ -+ ¥2)" (A¥Y"v', dudy,

0 Q-

t
iy = / / (g -+ 02)"2(AFY (') ydady,

0 Q-
t
83 ://(q+1/12)//J7kJ71Af(vi)”d:cdy
0 Q-

The term Ky can be easily bounded using (8.11), (8.23) and (8.29) together with the
Sobolev embedding theorem:

t
[Ro| < C/ lollz~ 14" za (lallzs,— + 1|9 - e2llz5,-) dy < VIP(E()).
0

To bound the term R3, we use Holder’s inequality with an L? — L* — L* — L> bound,
we have that

83 < VIP(E(t)).

The term £; can be simplified using (8.11); we write & = £1 + £o, with

¢
£ =— / /(q + ¢2)"(2A’V¢’A)fvfkda:dy,

0 Q-

¢
Lo = —/ /(q + ¢2)"A§w7jlerfvfkdxdy,
0 Q-

where we recall that ¢ 11 = 9. £; is estimated using Holder’s inequality and the Sobolev
embedding theorem:

t

|€1] < /(||CI||2.5,— + [[¥ll2.5, ) Al Lo [[vll1.5,~ ([ All 1.5, [ VY [1.5,-dy
0

< CVIP(E(t)).
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Similarly,

0.5
12| < Clllgll2.5,~ + 197 [|2.5,- ) 1Al ~ VE (/W )3, dy) [oll1.5,~
< VIP(E(t)).
Next, using (8.11), we write Jo = 84 + R5, where

¢
7//Aé?w,jler;(qu¢2),k(vi)"dxdy,

0 Q-

/ / Bl AT(q 4+ 4?) (0" ddy.

0 Q-

We have that

t
[s] < /CIIAHLs,fIIV¢|\1.5,7HAHL°°IIV(q+w2)llmllvllz,,dy < VEP(B(t)).
0

For R4, we integrate-by-parts and write 84 = £3 + £4, where

t
Ls = / / Uy (AFAT (g + ¥?) 1 (v')") pdady,

0 Q-
t
Ly=— / / W AR AT (g + %)k (v') N7 ds.
0o r

We further decompose £3 as £3 = My + Ny + M3, where

/ / Wiy A5 AT (g + 02 4 (o) "dady,

0 Q-

/ [ AL a0 a0 sy,

0 Q-

t
My — / / Wy ARAT (g + ) o (v) dardy,

0 Q-
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t
M, = / / Wi AR AT (g + %)  (v') dady.

0 Q-

For the first three terms,

D01 + [902| + (9015 S/HVl/JHl.s,f||U||2,f||14||L°o [ All15,—([[Valli.25,—

+ IVYlles,—) + Al L= (IVallis,— + [[VYlis,-)] dy
< VEP(E(1)).

In the term 9y, we use v, A? = 0 and write My = N1 + Ny, where

t
- / / Wy AB(ATY (g + 02) o i,

0 Q-

= _2//W11Ak ) (g + 1 )kv,ih«d%

0 Q-
These terms can be estimated in the same fashion as the term K; above. Also,

0.5

15-dy | [vlis,-IVelis,-(1Vallizs,— + [Vll2s,-)

] < ViC / e
0

< VIP(E(t)),

and

. 0.5
M| < VIC /Ilv Wa—dy | IVeITs-(IVallos,— + [VEl2s,-)
0
< VIP(E(1)).

The term J3 can be bounded using Holder’s inequality and the Sobolev embedding
theorem:

|33 < VIP(E(L)).

We next analyze the boundary integrals. We have that

BI = J2—|—24—// N ’U—|—€2 (( )HZJ 1)d$.
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To estimate this terms we will extensively use the lower bound for J. We write BI =
D1 + Do + O3, where

t
Dl://@wwv+@»wl*®@,
0T

¢
Dgz—// (v er))(v- T dsdy
0T

O3 = —2// (v+e)) (v -7 T dsdy.

The inequality |v|; < C|jv||1.5,— together with the embedding H%2?5(I") C L*(T") shows
that

t
IDASCWE+D/W“@wwS¢W@WD
0

The term 95 reads

://hnn//,u _|_1 ’U hm{///) 71d$dy.

By forming an exact derivative, integrating-by-parts and using (8.23), we see that

t t t
wﬂgqﬂMW@wwm@sqﬂM%HMMMWM@SC/mwam@.
0 0 0

Consequently, due to the interpolation inequality
P 3416 < CIR 3R 2.5,
we find that
92| < VIP(E(t)).

Using [(v + e2) - 7] = 0 and /gn; = JAFN*, the term O, can be written as

_ ", . " -1
Dl—b/r/&b [(v+e2) - nln)hy T~ dsdy
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[ - Aaa(v) A dsdy
r

/1/// - [~q2]hy J2dsdy
r

Using (8.32),

t
Pl = / / B T2 (8)]g,2(t) — 4.2(0)] Y dsdy
0O I
t
/ 1 s T2l 2 a.2(6) — q:2(0) |1 25— el 1 sdly
0
< 6,CE(t).

The second error term can be bounded in the same way using (8.21):

Ba| = R g o (0)[J2(t) — J2(0)]h} dsdy

t
<c / 1%y 511 (8) — T(O)]|1.25.— e 15y
0

< 5,CE(t).

Finally, ‘Bg = Ql —+ DQ Wlth

9 = //hiﬂ//[jfi(*q,z(())]*Q(O)h;’) _ [7q72(0)J72(O)LZQhﬂdey, (8.33)
o r

t
22 = / / W [—q,2(0)J 2(0)] " dsdy.
0O I
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The term £; can be bounded using Proposition A.5:
t
Q] < /Ih““lz|q,12(0)J’2(0) +4.2(0)J73(0)J1(0)] oo | 2 |1 ly.
0

The term |g,12(0)| L can be bounded (using standard elliptic estimates) in terms of the
initial data as long as the initial data verifies |J.hol2.5+5 < 00, 8§ > 0. The same situation
arises when dealing with J1(0). Consequently, this term Q; requires ¢ > 0, and, in this
latter case, we have

19| < VIP(E(t)).

Recalling (8.22) and (8.31), the term Qs gives us an energy term

O [~ 58] < 3 [ ~a2( 2O — (5" s,
r
hence,
t
J I+ @Iy + 100 OB < Mo+ ¥EPEG), (530
0

where Mg is a number depending only on the initial data, hg, and the value of the
regularizing parameter € > 0.

8.4.8. The Hodge decomposition elliptic estimates

Since in each phase, curlu = 0, it follows that v2,; A7 —v!,; A% = 0. Therefore,
i j 412
(A1(t) — AL (0)v% — (A3(t) — A%(0))v); = —A{(0)07 + AJ(0)v);
so that
147(0)0% — A3 (0)v)j[h,— < ClIA(E) — A(0)|[z=[|vll2,~ + | A(E) = AO)[lr5,~[v]15,-,

and
/ 143.(0)0% (y) — AL0)0} (W)} _dy < VEP(E(2)).
0

Similarly, since in each phase v7,; A} =0,

[A5(1) — AJ(0))v]; = —AL(0)),

717
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and

/ 1A ) )2 _dy < VIP(E(1)).
0

Finally,
val1.5 < 0" N|—os < Cv"[lo,- < Mo+ VEP(E(t)).

Applying Proposition A.3, we obtain
t
[ 1B -y < Mo + ¥EP(E) (8.35)
0

(8.35) together with (8.34) and the properties of the mollifiers gives us the bound
B(t) < Mo + VtQ(E()),

with E(t) being a continuous function. Thus, we infer the existence of T such that
E(t) <2Mg Y0 <t < T

Notice that T depends only on € and hyg.

8.4.9. Passing to the limit and uniqueness
Once the uniform bounds are obtained, we can pass to the limit xk — 0 in the standard
way using Rellich-Kondrachov theorem.

8.5. e-independent estimates

In the above analysis, only the integral @1 in (8.33) depends on our smoothing pa-
rameter € > 0; nevertheless, upon passing to the limit k — 0, the integral 1 no longer
appears. The main point is that the regularizing effect due to € > 0 was only necessary
because of kK > 0. As k = 0, we can now close the estimates and tend ¢ to zero.

After taking the limit in k, we have a solution to the following system

v+ (A)f (ge +92) 5 =0 in Qx[0,T.],
(Ae)i‘(ve>j' =0 in Qx [0, Te] R

J )t
t

iuw:$m+/¢m@ on T x[0,7T.],
0
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ge=0 on T'x|[0,T],
Ve g =10 on Tt x [0,T],
Ye = @5 0 ¢ in Qx{t=0},
A (t) = A (0) in Qx][0,T],
Ye(t) = e+ he(t)N on I'x|[0,T],
Pe(t) =€ on Ty x [0,T¢],

and ¢5 and ¢5 are given by

(bi(l'l,l'g) = (1'1,1'2 + jéjeho(xl) (1 - ﬂ)) )

Cp
and
Agy =0 on Q%¢(0) x [0,T.],
¢5(t) = e+ [Tho(a1) — TsTeho(x1)les  on T x [0,T.],
¢y =e on Tyt x [0,T4] .

Now we define the energy

E(t)* max |h |2+/||v ||2 _ds.

We repeat the energy estimates. The only modification affects the term 7, that now
reads

O, = //(1/1” (v +e2) 'n]n)thfldsdy
= //(1//” [~ A2q9(\/9) L An) R} dsdy

/W’ : [—9,2]ﬁh2’,]72dsdy

r

R [—q 2]k} J2dsdy

I
o—
S—
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:j/M{ﬁﬂ?+m®f_%@ Widedy
o r

(t J=2(0)
=P1 + P2 + Ps.
These terms can be bounded in a straightforward way. We get the polynomial estimate
E(t) < Mo+ VtQ(E(t)),
and the existence of T such that
E(t) <2M V0 <t <T*.

This T only depends on the initial data hy. Now, we can pass to the limit € — 0 using
Rellich-Kondrachov theorem. The uniqueness is obtained using the energy method as in
Section 7. This concludes with the proof of Theorem 2.4.

9. Proof of Theorem 2.6: instantaneous parabolic smoothing

The proof of this result is a two-step procedure. First, we show that we always can
gain an extra half derivative almost everywhere in time. The second step of the argument
is a classical bootstrapping procedure.

9.1. Two-phase Muskat problem

We begin with the two-phase case, and consider initial data hsg € H? for the infinitely-
deep Muskat problem (1.5a)—(1.5e) or the confined Muskat problem (1.5a)—(1.5d),
(1.5¢), (1.5f) satisfying the smallness criterion (2.1) in Theorem 2.1.

We define the higher-order energy function

0<s<t

E(t) = max{lh(S)li}+/Hw(8)l\§,id8- (9.1)

Repeating our energy estimates using three tangential derivatives rather than two, we
obtain the polynomial inequality

E(t) < Clhsol3 + VIP(E(1)).

As a consequence, there exists a time 7™ such that we have the bound

max {
0<s<T™*

t
n(s) )+ [ () sds < Clhsol
0
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Interpolating with the bound obtained in Theorem 2.1, we have that

t
s ()5 + [ 1h(s)ds < Clsoly 5 (92
0

Now, given hy € H? satisfying the smallness condition (2.1), due to Theorem 2.1, we have
a solution h € C(0,T*; H*)NL?(0,T*; H*5(T')). In particular, we can choose 0 < § < T*
arbitrarily small so that h(8) = hsg € H?°(T) and verifies the smallness criterion (2.1).
Applying (9.2), we have thus that the initial data hsg provides us with a solution

hs € C(0,T*; H**(T')) N L*(0,T*; H3(T)).

As 6 was arbitrarily small, we conclude that the original initial data hg gives us a solution
h(8) € H3(T') for an arbitrarily small § > 0. Now we proceed by bootstrapping. We can
repeat the argument and show that for every positive time, we have that the unique
solution in Theorem 2.1 is

heC>®[) ifd<t<T* V§>0.
9.2. One-phase Muskat problem
For the one-phase Muskat problem (1.6a)(1.6¢), we consider hso € H? satisfying the

Rayleigh—Taylor stability condition (1.7). Redoing the argument with three tangential
derivatives, we obtain that there exists a time 7™ such that we have the bound

max {
0<s<T™

t
Mw@+/ww&msamﬁ.
0

Interpolating with the bound obtained in Theorem 2.4 for the C(0,7*; H*(T)) N
L2(0,T*; H*5(I')) norm, we obtain the bound (9.2). Now, given hy € H?(I') satisfying
the Rayleigh-Taylor stability condition (1.7), due to Theorem 2.4, we have a solution
h € C(0,T*; H*(T)) N L*(0,T*; H*>(T)). In particular, we can choose 0 < § < T* as
small as we want so h(§) = hso € H?5(I'). Applying (9.2), we have gained an extra
half derivative for every time. By bootstrapping, we show that the unique solution in
Theorem 2.4 is h(t) € C*°(T) if t > 6 > 0.
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Appendix A. Auxiliary results
A.1. The H*?-norm of products
We need the following
Proposition A.1. For all § > 0, there exists Cs > 0 such that
|fglos < Cs|flos+slglos
and, in two dimensions,
1f9ll1,x < Csll fllivsxllgll= -
Proof. The L? part can be bounded as follows:

fale < 117 ml91d < Cslf15.515913.5, (A.1)
where we have used the Sobolev embedding
H0.5+5(R) N LOO(R)

The seminorm term can be bounded using Kato—Ponce inequality for A = /—92

[ T-25

A% (fg)lo < Cs <|9|L}5(R)||A0'5f|| 25 ry T ||fL>°(R)||AO'59||L2(R)> :
The Sobolev embeddings
HY®) = L(R), g € [2, 55|  HY(R) = L(R), g € [2,00).

give us

1A% (£9)lo < Csllgllos |l fllo.s+s- (A.2)

Collecting the estimates (A.1) and (A.2), we conclude the first statement. With the same
ideas and the embedding
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H(R?) < LY(R?), g € [2, 1%

5} , HY(R?) — LI(R?), g € [2,00),

we conclude the result. O

A.2. The Hodge decomposition elliptic estimates

Proposition A.2. Let Q be a domain with boundary 02 of Sobolev class H*+05. Then for
ve HQ),

[Vl x @) < ClllvllLzo) + [ curlv|| gr-1(q) + || div ol gr-1(q) + [lv - NHH’“‘”-W@Q)} )
where N denotes the outward unit normal to OS2.

Proposition A.3. Let Q be a domain with boundary Q2 of Sobolev class H*+0-5. Let 1)
be a given smooth mapping and define

curly, v = curl(v 0 ¥y) = (AO){ (vo ¢0),2j - (Ao)g(v ° 7/10),1]"
divy, v = div(v o ¢y) = (Ao)ﬁ(v °© 1/’0)71"

where Ag = (Vipg) L. Then for v € H*(Q),

vl zr ) < Clllvlizz) + leurly, vl gr-1q) + || divy, vl gr-1) + [v - Nl gr-o0s00)| »
where N denotes the outward unit normal to OS2.
The proof of Propositions A.2 and A.3 are given in Cheng & Shkoller [11].

Proposition A.4. Suppose that v € L*(Q) with divv € L*(Q). Then v/ - N € H~ (%)
and

[0 Nl g-1/200) < C (V| L2 + Il div vl p2(q)) -
A.3. A commutator estimate
The following is Lemma 5.1 in Coutand & Shkoller [24]:

Proposition A.5. Let  be a domain and assume that its boundary, OS2, is smooth. Then

T (f9") = [Tedlo < C|lfllwr=lglo-
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A.4. An elliptic estimate

Let’s consider

Q=T x[-1,0],
and the elliptic problem
—div(AVu) = f in Q, (A.3a)
u=0 on 0. (A.3b)

Then, we have the following elliptic estimate

Lemma A.6. Suppose that the matriz A € H5(Q) with A > 0, and that f € H*?(Q).
Then the solution to (A.3a)-(A.3b) verifies

1AMV ul| L2y < C (A% fllz2() + A PP A 20y | Vel Loe 0
AV L2 () [A%*°V Al L2(e)

and

HA1.5VUHL2(Q) <C (||A0'5f||L2(Q) + ||A1'5A||L2(Q)||VUHL°C(Q)
+ MYV 20 [[A**° VAl L2(0)) -

Proof. We proof only the first estimate, being the second one straightforward. We con-
sider the approximate problem

on 00, (A.4Db)

where A is a O regularization of A. For a given ¢ € H'(Q), we consider the weak
formulation of the problem (A.4a)—(A.4b):

/ Al ¢ jda = / foda.
Q

Q

These problems have solutions @ which are smooth. We focus on high norm uniform esti-
mate. To do that, we pick ¢ = A37, where Au = |k|d(k). Then, using the self-adjointness
of the A operator, the weak formulation reads

/A1'5 (;1311]) A1'5a7idm = /A0'5fA2'5ﬂdx.
Q Q
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We write

Notice that the first term can be estimated by layers (i.e. fixing x5 € [—1,0]) using the
Kenig—Ponce—Vega estimate (see [42] and [43]) along the x; coordinate:

A, A% L2 (ry < C (1A AY|| g2y [ V]| oo ny + A%Vl Lagry | VA Lacy)
<C (||A1'51‘1§||L2(T)||Vﬂ||L°°(1r) + ||AO'75V7«7||L2(T)||A0'25VA||L2(T))

Using Tonelli’s theorem, together with || - ||2L2(Q) = fi)l II - ||%2(T)d:r2, we have
A, A% L2 () < C (AP AL || L2 IV @ oo () + MYV L2 (o) A2V Al L2(q) -
The second integral provides us with the estimate

ATV 2 < C (A% fll L2 () + AP AY || L2y [ Vil Lo @)
+ A%V 2 (0) APV A 120y -

Passing to the limit A — A, we conclude the desired uniform estimate for @. O
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