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Euler Formula : V-E+F=2
SR e (pl A SR 7))

LEONHARD EULER 1707-1783

Euler (1707~1783) ?4 B3

q%ﬁ'%é“xfl http://www-groups.dcs.st-and.ac.uk/—history/Mathematicians/Euler.html



Fuler Formula

For any convex polyhedron, the number of
vertices and faces together is exactly two
more than the number of edges.

V-E+F=2.
( -3+ fr=2)

P V=AM, E=6( fH).
F=4 () 1)
4-6+4=2.
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(1) - pr

Tetrahedron
V=4
E=6
F=4

4-6+4 =2




(2) T P

Cube
V=8
E=12
F=6
8-12+6 =2




(3) 1~/ It

Octahedron

V =3*8/4 = 6
E=3*8/2 =12
F=8
6-12+8=2




(4) 1 = [

Dodecahedron
V =5*12/3=20
E=5*12/2=30
F=12

20-30 + 12 =2




(5) == 1 [

lcosahedron

V = 3*%20/5=12
E=3*20/2=30
F =20
12-30+20=2
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[l Proof:

(1) ?SH PR e m [ e A
L (1) m*(n- 2;*180/n < 360

(i) NF=mV=2E

By (i) = 0<(n-2)(m-2)<4

By (i) = F=2E/m, V=2E/n

By Euler Formula, we have
V=4n/(2m+2n-mn)
E=2mn/(2m+2n-mn)
F=4m/(2m+2n-mn)




(2) (n,m) fﬂ%p -kl 0<(n-2)(Mm-2)<4
F=4m/(2m+2n-mn)
(3,3) = F=4*3/(2*3+2*3-3*3)=
P,
(3,4) = F=4*4/(2*4+2*3-4*3)=8
= e F‘E}
(3,5) = F=20 [ {FIFJ
(4,3) 2 F=6 " ["If5;
(5,3) & F=4*3/(2*3+2*5-3*5)=12

—ZF IFE—}.
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C60 —th+
(Buckminsterfullerene)

(ﬁ%ﬁ'%ﬂ’lfl http://nano.nchc.org.tw/dictionary/c60.html)



http://nano.nchc.org.tw/dictionary/c60.html
http://nano.nchc.org.tw/dictionary/c60.html

= HEL[:TfT&(Buc:ky ball)

1967F J[ILF &%\;ﬁﬁgj&m Eﬁﬁﬁﬁ =
9 IR - S 60 2
(ﬁ%ﬂ%HEEI http://nano.nchc.org.tw/dictionary/c60.html)



http://nano.nchc.org.tw/dictionary/c60.html
http://nano.nchc.org.tw/dictionary/c60.html
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Coe0, Cr70, C100, C300
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C60

(ﬁ%ﬁ'%HﬂEl http://www.diederich.chem.ethz.ch/chirafull/c60cas)

O 1= %) FL O, T+ 5% F2 [

1

(1) By Euler Formula
V-E+F=2 and
V=60
3V=5F1+6F2=2E,
V=5*F1

O (2) F1=12, F2=20



http://www.diederich.chem.ethz.ch/chirafull/c60cas
http://www.diederich.chem.ethz.ch/chirafull/c60cas
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I

(1) By Euler Formula and
V=70
V=5*F1+(F2-10)*2/3

(2) F1=12, F2=25

([7™1iF 1 http://www.diederich.chem.ethz.ch/chirafull/c60cas)



http://www.diederich.chem.ethz.ch/chirafull/c60cas
http://www.diederich.chem.ethz.ch/chirafull/c60cas

C100

[7

—[JJI{'E% | F1 |, 3277 F2
f
1) V=100
3V=5F1+6F2=2E,
= E=150
By Euler Formula : V-E+F=2
= F=F1+F2=52
(2) F1=12, F2=40

A~ Sm -




C300

[7
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f
1) V=300
3V=5F1+6F2=2E,
= E=450
By Euler Formula : V-E+F=2
=2 F=F1+F2=152
(2) F1=12, F2=140

A~ Sm -




Proof of Euler Formula:

(2) This argument is the planar dual to the

proof by induction on faces.

(3) If G has only one vertex, each edge is a
Jordan curve, so there are E+1 faces
and F+V-E=(E+1)+1-E=2. Otherwise,
choose an edge e connecting two
different vertices of G, and contract It.
This decreases both the number of
vertices and edges by one, and the
result then holds by induction.




Problem

O 12T 2[Rl L 2
V-E+F=2 ?




Dodecahedron

[1 There exist polytopes which do not
satisfy the polyhedral formula, the
most prominent of which are the
great dodecahedron and small
stellated dodecahedron



http://mathworld.wolfram.com/GreatDodecahedron.html
http://mathworld.wolfram.com/SmallStellatedDodecahedron.html
http://mathworld.wolfram.com/SmallStellatedDodecahedron.html

Great Dodecahedron

O Number of Faces: 12
[0 Number of Edges: 30 = V-E+F=-6 (Euler Char.)
[0 Number of Vertices: 12




small stellated dodecahedron

P

g

N- mber_ of Faces: 12
Number of Edges: 30
Number of Vertices: 12




Euler Characteristic

[l Let a closed surface have genus g. Then the
polyhedral formula generalizes to the Poincaré
formula

(1)

y=EV-F+ F=x¥lg).
O where

(2) yigl=2-12g

IS the Euler characteristic, sometimes also known
as the Euler-Poincaré characteristic. The polyhedral

formula corresponds to the special case g = O.



http://mathworld.wolfram.com/Genus.html
http://mathworld.wolfram.com/PolyhedralFormula.html
http://mathworld.wolfram.com/PolyhedralFormula.html
http://mathworld.wolfram.com/PolyhedralFormula.html
http://mathworld.wolfram.com/PolyhedralFormula.html
http://mathworld.wolfram.com/PoincareFormula.html
http://mathworld.wolfram.com/PoincareFormula.html

Great Stellated Dodecahedron

Number of Faces: 12
Number of Edges: 30
Number of Vertices: 20
Euler Char.=2




Great Icosahedron

Great Icosahedron: 20
Number of Edges: 30
Number of Vertices: 12




Octahemioctahedron

Number of Faces: 12
Number of Edges: 24
Number of Vertices: 12
Euler Char.=0




Cubohemioctahedron

Number of Faces: 10

Number of Edges: 24

Number of Vertices: 12
Euler Char=-2




Small Cubicuboctahedron

Number of Faces: 20

Number of Edges: 48

Number of Vertices: 24
Euler Char.= -4




Small Rhombihexahedron

Number of Faces: 18
Number of Edges: 48
Number of Vertices: 24
Euler Char.=-6




small dodecicosidodecahedron

Number of Faces: 44
Number of Edges: 120
Number of Vertices: 60
Euler Char.=-16




Higher Dimensional Euler’'s Formula

V-E+F-C=0

where

B V = number of vertices

B E = number of edges

B F = number of faces

B C = number of (3-dimensional) cells




hypericosahedron

V=120
mE=720
B F=1200
m C =600

120 - 720 + 1200 - 600 =




hypericosahedron

The above picture shows a 2-
dimensional projection of the regular
polyhedron in 4-dimensional
Euclidean space with 600 tetrahedral
cells, sometimes called a
hypericosahedron.




Question

How many faces, edges, and
vertices in this polyhedron?




Thank You
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