Midterm of Ordinary Differential Equation II

2018.4.12

Choose eight problems to do from all ones. (10738 EIEZ)

1. Find the solution of the given initial value problem. How does the solution behave as
t—

y W +6y" + 17y" + 22y + 14y = 0; y(0) = 1, ¥/(0) = -2, y"(0) =0, y""(0) =3

2. (a) Find a particular solution of

y" — 4y =t + 3cost +e 2

(b) Find the general solution of the given differential equation. Leave your answer in
terms of one or more integrals.

v =y +y —y = sect, —g<t<%

3. (a) Find a series solution in powers of x of Airy’s equation
y'—xy=0, —0 <x <0

(b) Find a solution of Airy’s equation in powers of x — 1.

4. The Hermite Equation: The equation
y'—2xy + Ay =0, —0<x<©

where A is a constant, is known as the Hermite equation. It is an important equation in
mathematical physics.

(a) Find the frist four nonzero terms in each of two solutions about x = 0 and show
that they form a fundamental set of solutions.

(b) Observe that if A is a nonnegative even integer, then one or the other of the seires
solutions termnates and becomes a polynomial. Find the polynomial solutions for
A =0,2,4,6,8, and 10. Note that each polynomial is determined only up to a
multiplicative constant.

(¢) The Hermite polynomial H,(zx) is defined as the polynomial solution of the Hermite
equation with A = 2n for which the coefficient of 2™ is 2". Find Ho(z), H1(z), ..., H5(x)



5. Show that two solutions of the Legendre equation for |z| = 1 are

6.
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(a) Find all values of § for which all solutions of
2?y" + By =0

approach zero as z — 0

(b) Finr « so that the solution of the initial-value problem

2y’ =2y =0, y(1) =1, y/(1) =~
is bounded as x — 0

t

Show that if r1, s, ..., 7, are all real and different, then e, ..., ™! are linearly indepen-

dent on —o0 < t < 0.

. Find a formula involving integrals for a particular solution of the differential equation

23" — 322" + 62y’ — 6y = g(z), x>0

Hint: Verify that z, 22, and 2% are solutions of the homogeneous equation.

. The Legendre polynomials play an important role in mathematical physics. For exam-

ple, in solving Laplace’s equation (the potential equation) in spherical coordinates, we
encounter the equation

d>F (1 dF (v
dq/}g)—i-coti/} 12 )

where n is a positive integer. Show that the change of variable z = cos¢ leads to the
Legendre equation with « = n for y = f(x) = F(arccosx)

+nn+ D)F(dy), 0<¢p <

Determine the a,, so that the equation

0 o0
Z napz” '+ 3 Z apx’™ =0
n=1 n=0

is satisfied. Try to identify the function represented by the series Zfzo anx"



