32 Thefank of & mathix and ;
VNS (s mtssiat h
mattix invease. M) thre g )

Def: (ot A=[£;]=(C.,---.€..] € Munsn.,
You space.(A) éisrau { Ruve.R}
column space(4) 22 pan { C1y o}

You rank (4) 2 d.~..\(
Colunn vank () Sof din (
E‘%he:e;?”;a% =[Ax: ref'}]

b ot Aere .
‘I‘tm {Ax: XGF"}

= { ‘Z"'xccb- cx=[f] efn}
= Sran {c,,..., C.} = Column s/nu. CA)

Pw s‘r«u cA)

Column 3f“¢ (,4))



lema* Suppose A EMuen (F) Thew we
hane  Column rank C4) = rank { L‘), where
Lo €LCFIF™) st latn=Ax for each x€F"
PF: yank(La) = dim (RCLAY) =dim {lu’o: vefi}
= din {Ax: X€F") = dlim (colunn spuce (4D

= column ranie(A),
elema m; row openations

-'-'EMA A ﬂ"B = Fowrank (A)= ow Yank (B)
YR suffices t show Yewspace (A) =row s/me(p)/
[ 3 uedvrg‘ﬁm
lemmaB 4225 = {xef’ Ax=é}
&xeM»« ®  ={ xefs .51:,}
ﬁ: A ._"’B S B=EA for some ?/ﬂn!nﬁua_
mathy Eey

= {* €F": fx=0} o
= {ze},”‘: EAx= a} (Eexist;)
- {reps Bxeo)



Reduced Row Echelon Form_
Dgf-’ A matrix (s Said to be in,

reduced row echelon form (or row-reducar
echelon Lorm) if (¢ s.m,g.\u

® /1"8' Yow wn'fainw?, a non 3o en'Véi,
lnemles a? row n which all +he
entties ane 3¢ (fany),

®) -The fint nongese oty in each rou~
15 +he onlar nonzer c;txa in 5 column,

© The Fivsk nongen oxka_ in Cach_
Fow is /| and it occuns ma Column +o
the vight of the first nonzero ety in_
+he Iweceola row,




Thm 3_&-' FwEuma mathx Can be Diausfomeol

into reduced row echelon form b
a Sejuence °€ elementary, w operations.
1)

( Gaussion efimination ))

z.._x.’ let A=[ - z]

-]
13 ¢
@'.l’/lansfom\; A into a reducee| row

echelon form ba Fpace of eres.
@ Find row runk C4),
Sols

ek, e
0} A‘(ol:)-e—”é(ill ,?-)
3% 022
=y ;31 —Answer
coo0
D fote +hat
rvaw—kM)—nwmk(ol,) Z

Since {C'.",'), Co,n} is o basis o

row ’f‘"“ (A)



Thm* Suppose A € Mum ().
Iﬁ vou Tonk (A)=1 then we have
dim { xef": Az=o} =n-7.
t hmaiy” daid that 3 a mathix R
0% reduced Yow echelon form st
A 2R
let haw-rank (A)=Vand hence yow-rank(R)=",
WL0G, we essume +et” R has +he {,"uw,,g

Form Kok K. ke

m-r{|

x :
let %= ] and J= {12 .n}= Lk ks e}
%n c ;
/B vector in F

The eguations Rx=0 hao the
'fbllwlt‘ha/ form-.;




ﬁ Ccanlriied)
= %o

+
%FI jGJ
Rt S oy % T
€T

At S
- ch’f) =0
jeT -

we have
dim {zef™: Ax=0}

= fim LxeF“: R«-_-,_} Wwhy? see Thmz|

=pr QRED

gxample for
Assume that row-rank (A)=2. AeMzy

and A L 5 [%JJ:_:_J:‘_-’;{R
o
-ﬂ)e'l JI'M{xeF’:Axw}
= dim | x€f3:Rx=0}
b ((f] Winel 3

=4l'h{ [:E] : ﬁsGR}=1=h‘F

o]



o

Ihm. For ang mattix A€ M, e hove
Yow Yank CA) = column rank C4)
PE: Glumn vonk ()
= Jin (cplum ,r“‘(A) )
= dn { Ax: xef"]
= Yank (Lp)  nees Lav Ers ™ Lat)=Ax
=p- nulln& CLa)
= n-din{ xef" Ax=o}
=n- ('I"' Yow rank (A)) (0 Thn %)

= Yow Frank (A) aED
Def: vanki £ vou ra (4)

ThIn37 " 1k (48) < mn{ rank ), rone 5) }

_E_: let A€Mmet . B€Mixn .

. A=[£;],e={8']
Al g



( coitinued)
Yow spact (AB)

= rowsram([z;g])

AmB
=Yowsfm(g( ;ay% ) ,

where

ZJ:! Qzj BJ‘ Az =[de ar,-d4]

AL
< I'OWSFam CB). and henw Fank(AB)< rank (g
Si‘mthhlz one can show— - ¢
column gpace (AB) € column spae. ()
and hewa. Tank (AB) < rank Cp)
M p,;SThe rank of any mathix gZua[s

to the Maximum numben o_)f % I,‘nemlg,
MW‘”‘* Columns (Vow.s*)‘

Fack:" rane (4= rank (),



-Ihm ]Jl A €M s mvORTDIS
+hen vank(A)=n.

s A werble

= 3 B Mnxu ST, AB=1.
= n=wl,) = ank (AB) = rank(A)

> Yank(A)=n

Mw . Iﬁ AeMMh '\M Tank 64)=ﬂ
then © A is mventible.
@ Aisa Pmd“d’of clementary pecthicse
: Note that I a maticx REMnen -
Which hao reducd rew” echelon Form St
ero’s ’R
Yark (A)=n = vank(R) =N = R=In
We also note +hedt R=E,E,...E1A
for Some €lementmy, maticko Ei, Es, Ex
e As 7 EE
Note +ht- the inverse e@qn elemeritony, mecthix is

alse an elementmy matrix



MI‘F " let AeMnxn. If P€ Mmem ’
(Q € Mnsn are invextible matriceo , then

@ yank(AQ) =rank(A)
® rank (PA) =rank (A)
® rank( PAQ) srank (A)
ﬁ: Tt follows fom the Fact et
an invertible matnX is a Fmalwf o{ elemlu'fa.«az‘,
pathices.

‘&M: See Examples 1,2 of Pi¢.
gxample 3 °f P15S
gxample 4 og pléo

lh-m- let A€ M. If BA=1n, where BEHue
then AB=In,
pE: rank(BA) S rank(A)
= n=ramk(A)
= Thank(A)=n
= A s invertible (- Gonllary 3
= 3 CeMmn st. AC=In

= C=B why 1 aED

Pisg )



Thm3b ™ AcMmn, nkCA)=1. Then

W) r<m, rsn

@) A o sequence of eros& ecos (.g.v:jQ.}"
- 10 Jmr
24

..]_'b @ Thm3l% Saa +that

= o mathx R in veduced roaw echelon form
Such thet
A _eros_, R sy R=

Def: let A€ Mmem, B €M,
The auzmentul matix (Al R)EE (A B)&}'L‘,,P
. let A€Mun. Theno
yankCAY=n<D A is invertible
© Als apoduct of e|emeu'\'¢\a,_"'ﬂ‘=@s
o A asmw of ecos & er's I



Houl w 'F"'d A-' (if exists of cowrse)
ilzmz &= (\O‘zv")

331
= amamx REMus in vedueed vow echelon form
sk AS-."L’__> R
te. 3 elometany mafices E\Ee,.Eg 5t

EoEpBpa EA=R, and hence
I@ A i mrthie then A= EoEg - E,

© ¥|\ot\er f24 2|C!°

AT o|o)—->(o:-y- lpo)
33\ lod 33 | e 1
o <+
—(1z1e7°

(o;;« /aa)

33 ol




16

-
HOu) <0 'f(ﬂd T (if exvty of counse )

.f.'ﬂ Te LR, P:(R) st
Tlfm) = fw+f oo+ £
() Ts T invertible ?
@) I-E T is ivertible, then Compute -
S.'J-: Wk be  +he ptaudod orclered —
R (R). Note thate Thmzig"" saidl thets

T is inwatible & [TJ{, js inwetible

INIRE!

(= (5:2)
Omwaz To see ‘f [T]{, is inveatible 'S to com,m‘lz
s58)— (2i2[50°)

= (¢1%]:13)

so ()= (:'7'.’2) and T is vestible /
Note —that '

1, =((T3)]

(o Thg i P



Sol (cortinued)
We alse note +hat
[1”(a+bx+cx'>]P

= [T'1F [ a+bxecr?]

f Fa_b
" (2330 = {*’;“)_
Ttauﬁna

T"(a%x*cx‘) = (a-b)+ (b-2¢c)x+ cx?

Why 7
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