Concentration Inequalities

Lecturer: Dr. Hong-6w
Department of Mathematics
National Central University
hgyeh@math.ncu.edu.tw




A mpl Staeft

Thm (Markovs Ineguality )

Ror t >0, we have

(i1 =¢ )< £ £IXI







heAnoH Inegua/ita_

_”'Im Xi Xo o+ Xo A& B(1p)
¥ le: A=np and S 2‘ X

Then for 0<t=n-2A,

Atk f n-a =24
P( S ES..*t} é(ﬁ;) (m‘)




| P ?r { 13 Snﬂl'} = E"'ﬂ (Atx) H:; Eo ux;

=e‘”fhﬂ+) (0
et fons 270 (e

PHPe*)" &

'FO‘}‘ ") xlmmufFPfP*J " hp X m?:—P«rFJr)H :

and =0 = X= (FP)(A+4x)
(n-A=7)p ::
4 'fbt) attamo th mmmun of § asoume hdot ol
e affome (Mo MMM, o oM =,';f\ "







C adhn e
un g S

. o

3 ech”'.zue s

If A
ih IS an
en for aan;tMJf
ﬂ' rv. X Po:tiue n
an " “MBQ
gy k>
(s

P(x=1)-P(€
oX
eﬂ*)é. ieﬂx
ct.

In
cher
noﬁ_,
Makes Hq: methed
pr%’Ewe -ﬁ”d -
ound Zo 1
/om S ot




* Extensons f Croff’s .
be derived from...- eg. Can

B Lomma lee X, be independent uith 0K <]
i for each+. et p:ﬁrgr_‘ wheeg Sn= i :




i .Bf_ P(SnZnant “ - b T, 86”‘, wheze U >0
_ = e"ﬂ(hPﬂﬂﬂ' E , XM)(.G)

L FC R
et <= pTulnpint) ( h- 25“*(65") eu) 3€omeﬁnC.{ Dithmetrz |

e

- MmEqin_

(€™ r e ]
= RHS ba, leﬁing,.

u__ C(pto)Ci=p)

X

PCI-P-%)




Weaker bt more useful bounds &

];h_m: ,.et X'.X%";X» be fnJePendent Yvs St
. 0< X<l for each 1. let p= Efn wherz

S,z Qi Xe. Then

(a) por ang. € >0,
P( Sn2(He€) l‘lp) < Exp (-np((ﬂ-e) I (Hé) 6))

=ex
(b) Fier any. e >0, F(
(Sn < ("‘6) np)




m)— In the proof of Lemma %,

M i'=€PanJ€u=(l-r6), then we have

?( S..ZCH'G)nP)
=? (Snz hp+h=(->

n
= [( [+€) weé I+€p) (by the proot of Lemna¥)

~(+€) L
é[(we) leep)"]

i np ,
< [(+ej™ ¢ ] P vepe e
fhis proves the fisk inegualiey in (@)




M C,dlm For o] %20, a"'ﬂﬁ»(ﬂk) x> gf; |

-np[ Crre) Intrte) - €]
Note thet % = o

2

< c’”F =T done.

bf_of Cb: Let b= ( (7)™ (Z5)™ ")

let l\cx) f(-:rp) for ogx<l. -
[hen htoy=for=0, Weoy=fCortp)=o ("chf)wa«(m))

(pt£)(Hp)
P

h ()= 'l: (’XP) P = C"x) ('_P_'_.‘r) =P ( s 6S|-x<| 0% 1=PCt-x) :..‘.l)
(NO"'Q f(t)’- - (Pﬂ.) U_P_x)

Togltno Thin = hm ’lto)-r ‘(o)x-r_é()—— , 0€6=%x 5.

£ 0+0 - _L







Remank: The first ineualies, in ) imples
‘,)(5\“2 26,)$ e —(0.38¢ ) Es!, and
YR
P(S= 8, )<e hee)es

The second l'nesualfﬂar in Ca) implies
- L2
?(S"Z('+€)£$9$ 6 53¢ &S




He-[fd in s Lemma_

Lemma. ¢X=0, a<X<b.

Then for any £>0,
¢(e™) < e"'—%ﬁ




_Ef. Note tht €< b o0a)+ @7

y- ao=x=b. It 'f'o“ows +hq>t'

ieﬁxé _—(eﬁbeﬁq)feﬂqd B—:em
b

a
- e?‘(“{ wWhere ugﬂcb-a), ¢(u)§-Pu+ﬂn C-prre’) .

de¢ Qa
ond. P-a= - =
" b-a

No'te that ¢(u)="P* p.fc,.P,e

TOY'O!"S Thm = for Some B € [0 U]

Cb-a)*
(4) = ¢ ~ (o) U+ ¢(9)u < W2 _AC .
¢ ) Il I 5“ J .L

?5“ pcrpe™ P("PJ L8
(Pm-p)e"‘) (P*"'P)'e) 4‘ -_




efﬁ’ﬂfs Iﬂgualit/

l-h_m I_Et X',Xz..“'.Xn be "“dependeni.‘ rVs st
; ai ‘Xi < Li with, P"Obaloflf-ég. one | $lsn.

we have
Then For Oﬂg.- X zo

‘P( Sn= € Sh zt)é-e"f’ ( 22 wa )
? ( ¢S5, s-x)sexp (-— 2:2:;4))

Whers Sz .7 Xe




3 : T(S-En#)j’( 6““ :
3 é e_‘o* E e A Su~ES4)

=0 -0 4 ﬂl. i E 8/0 (X~EX¢)
Ay

TR :
' M by Hoeffding’s Lemma 8

2 ['.'([Ji‘ <P (0-EX) :

< ot T
S 6 [{iﬂ e’dh i'
F A b4 o)




Cl’l?—"’)’ Shev's Lezf. IS Ihadezaa‘te.
Let X.,Xz,-'--"@*Bch)

Chebyshev's Inesualug,. Saao ‘H\af P(IS.,"ZS..I Zhg‘)é _%(_&';’_:2_

Haweue/),, @0 N—>co, Central Limit Thin, Suggesk, that-

es. e _
'?( S“-gg,,zng)_-: T(j\ff;, zl/n:T,_P)“""i(m)

) ng?
< €PCmm) (mlosnj o)




However ...
Hoeﬂd.‘nzé bound i< fndependen;l-of p, So
ft Ima‘&« loose l‘f P s smald Cor 'MJZJ_
_n"ai‘ is this '\“ezua Iitgf "gﬂores i”f"" matisn

abowk the Variance of the Xis _
—ﬂ)e Bel"nSfEin:g Inezualfg_ wilk guve

Gh ANSWERL .. ...




A lemmoa— first

-l:—em_—m-: If ‘X,SC’ gX_-_-,o o

' Hhen 2 (e“"x) < xp (%z (710 )







The Bennett's Inequality

TN Los ot it 8 B
B koo ad |KI=c lsien. Let Sn= ik ™

=S lar(Xo) Then for any X0

P(s>1) sexF(--g—“-( (+25°) n (1




Proof:
. The Proof

T(Sh:’-t) = C Mt E
| ‘ {, Hﬂ"-"’tﬂlﬂ' s 'we
5)

= gt
ﬂ:'nEe
-
= et W <
. (e“Si-nc)
by abov
e lemma

€ <

.JL__
(e’

—i=Ac )

=g
_T"NF.' [mi‘ A To e
miniged ﬁrﬁ_

.




Bernstei'n's 1'negua lhfg

Thm Uhol% the conditions oﬁ Benheif's ~

Ine%,, for €70, We have

(S >n£)< exp (- oy )




1L: Applysng the folluing. elementos, gy _

<o Bevme #s bounol .ﬂ'ﬂ-(Hx)Z —2-:;:'- xX=Zo

IN(L+x)= X-(1/2)x2+(1/3)x3+O(x *)

B enne 'H’.S boun J Che (2X)/(2+%)= X-(1/2)x2+(1/4)x3+O(x *)

< exp _%g( cen)(fc'::‘-z)-'))

he?

C€+=? 2¢&
-—-exr ( CE'!'?CSZ "l))

— _ht 93 |
eXF( C 2s%c¢ce ex_ 2<s+ce) QED




Bisson-type Inegua/iy/ b
I_ -Ih__m. let X 1, X 2, " X h be irdefencfent 1[4) ?

with 02Xi=| Vi and m=ES,.
Then Hor ang t=m,

P(s=1)= (B

OTQ . Hene n doesn’t appeon. On the RHS




FI




A extens\on "f Hoe{{dma,'g lemma,
l_emm Suppose for v V and Tvector X we have
O ECVIX)eo a5 @FXVfl+c, for some fun f and

constent ¢, B3
-6,0,1’

g Then o ’ Za$ . Fe I8
' ﬁ Note +hat MW ol
+ X

ere VH (€ pfae) o

T,’\us f(e”"lgg)" —)c(X) (610(0‘(5)1-:) eaﬂf(x)) eaﬂ:c(X)

The Nemaing 1S S;m,lm -+o H&-ﬁ‘d,nr LCMMGL.




Mc Du‘armid S e3 Ua'itg.

E,!m let Xi.Xe, - Xa be l'nderendeni‘ rs Let f bea

' <. Ifx)-Fupl=c
-ﬁunct.'on f: R R with avector (cic:,Cn) S f 4

onl} ot the (th coordinate, | £l=n

Jorall X.4 i R that differ
any X >0,
~Then For 3’ Z0 "

?( ,JL(Xa,..;X..)" Ef(x""")‘»)lzt)s 26-2;;:-5;-




et X= Kooko), Zo= €00, Zi= 8N k) -5 8
tin g(empa)ce® wn
BE: o, (- p{EQF0N 7 et £ Ihor _)}'

L= lnf{i(f&‘),)o X 1) e(flx. ..,Xk_,)}
orethet Uy < supf ol Yo Ja(peol - 2 Y}

ho e
9“"’{ Z[f(x. T . (et DY)

( L;FfChlti oonch’ftﬁn )

= Ck
z, =Tk < Letc and hence the: Cloim is e 5&,

So Le= Ze
the €xtension oﬁ Hoe-ﬁldm [e"""“ Since & (2Bt | X 2 Kes) =0

=0 a.s, :

_ QED of Qaim




14 (continued)

I 'J((ES)-E)‘QS,)zt}
< e tge 2 [foo=¢ F007

€ = e"/-vl' ce = [Zr- 2]

= "/0* E(E (e-ﬁ Zp= [ 2x- ZH]'X' XH)) (*2 Towen propody )

= e-ﬁ* E(eﬁz;l-l [Z-2q] g(e,o(?n z'”)’x X))

= e-pt 6 (eﬂzk-'[zf‘ aﬂ]e :ggs-) ( by tne clarm )

\
4 K b atng. +he pame argume n m)
6 #x ".k-: e ( g TEre g’ Lam 9 e

_att Pra ¥
GEDr

= e-.nh-ﬂ Sl 7 f = 6 th: L?’ cha%:‘ng, A= 2_




o

Bin Packing

® The Bin Packing Problem requires finding the &
minimum number of unit size bins neededto &
pack a given collection of items with sizes in
[0,1]. In our model, we have n items to pack,
and the size of items are X,,...,X,, I.l.d. over
[0,1]. We use a fixed procedure for packing.

& Ref
¥  Rhee & Talagrand (1987) “Martingale inequalities and NP-complete problem”
- Math. of Oper. Res., 12, 177-181.
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