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The FKG ineguality_ (1)

\og—sipexzhvodu lar: (L, <€) is a finite distvi butive lattice (£d. lattice),
M:L— Rz is '03_ supermodulans If oo ptf) < MV fi(xnl).
gw/uas:noomemm.-.,&).. fil=Reo is /(1) if 2245 fo=F3)

(=)

m Ig (L,S) IS a 'fJ Iat‘.‘ce & F:LaPZO Is b?-suwmodu/aq__/
"'H)en for ama w A “functions f ?L—)Rg, we hanre

( zxel. l““’ﬁ”)(zxet_ ,‘(”‘)30‘))‘( ‘ef(x)ﬁ"’?f”)(‘% H“))
ﬁ.‘ Define X% B.7.4&:L— Rz st a(-,u]f B=pME 7’=,Mf?; ;=,u_

F'or A, ‘J (= L P we bﬂUe C: b ?-Mpmynodq,‘m,) £ Jc'? )
umP‘m-—- p(x)ftx) plngly)é (xV ),ulx/\?);/w Zzz)é 7(xv§) S'(XAJ).
RRT=3 for YA YSL, a(0pCY) < T(XVY) § (XAY)

=> oA(L)B(LI=T(LISCL)  done | aED




FEG2

The RKG l'nezualify (x)

COI’U"M J Iﬁ fle ¢V on | +hen FKG l'nezuah'-l'a also
_ﬁ: In the Proaf s-& FKG c‘neg,) Id‘ d:ﬂ{l /’:'I“?” /Yglu & ;:ﬂf}

o get O(C*)(Bb% ﬁg?(;‘:’;vg: fox p(xay) Z("); pecr) f£xay). QED

Corollony2 IfFLe ) Cor vice yensa), then in FkG l‘nezou/f-r?,

the oppositive ineguality holdo . AN
.}!-'E-‘ [ef k= Max guo Then we have 1 & k-1 T Ar s ,
XEL >

FKG e = [pfIbpcep L] = [pf oep ¢ n]lwwd
= [ pf 1 [pe-pg1< [#Fr-HFT DM

= Etg;l (pe]- LMfE]Lp) = [uf1(pg1- L 1f3a M
= (W] [wpwr] = [pw][uw]  OEP

holdo
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View M a0 a messuee on L
M I)C L is o finite distribative [attice anol

U L= R, (5 a Ioa-swf%mdulm -/unoh‘on which is het
a 3w Junction The, For ang fte 3l L = Rzo,

" e49)= (€F)(€])

Whew gf = Lixel T H%)
MCL) ‘

Remmlc : —T{'\"} "H'*" demon shates T-[ve f\ﬂbl)alov'/fj'fn‘c hatuwre aé ‘H'e ch ';'7,

L IR
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1960 N
enent -The NS~ k|eitman 'nezua,l%
¢ 42 is a dounset (upze) it BCAest (BDA esl) = BEA.
e (0,2°7) is a pwb.space st. P({A}) =1B;\& T (+P), where osfe =l

Sample spac J'éA
and (L= 2["] W'""‘é‘).

__r!!-'—n- .FOD" Oha. OSSP <!, t'=',?,--,n) and, 94/ @S_{Z
X f and 03/ = 4 ?(MQQ?F P P(B) pos.'t/vely correkited

f et w20 Y e hiﬂd‘h\»d?/
Y douwet 22 7Y — Prositively
(R €)is *f.‘m‘fe. distai butive lathrce . /J(A)Q P({A}) VAe2
Let I;l IJg be two indicate )‘“”S. onL2. 5 ”-P)(“' a)
: Te)( j- i ( p” VieanB
Claim : H ' -$ @mw‘“'%, ﬁ’ 'H'ef‘ ‘*‘*hﬂa‘- (léA €8 (€Ave d
e, Ty s Fack that 4 S and B,

(oim : Iy and I ane J in the lathice (<2, €). of. By the
Feol1) = ( Zpeq MO L 1yth)) (Zpea im)
= (Spen pitLen) ( Zaeat®Lu)=30OPR.  OLED

“'wvkG



The Janson l'negua lrly~

2 QﬁQ[”l) OﬁP{él fOV t'—'l,é.-,n. 77_ P -”-Z’_g)-{oy Vwé;fz

{Q ¢ a b. space §.t. ((W})’: €W = jEW
: (‘Q’j s ~j & AflﬂAj +7.
o lef Av

‘s Am g‘(z be -f"xed G ordened pa'r
4 B,’-L:f- { wef): A;Q a} , A=1,2,0e.M,

Ihm Suppose P(B) =< £<I, Vc. E= Z:.em?(Bc)) Mﬁigm?(a)
ad A &2 P(B:nB). Thew we hane
"

O M&PNE)EME ™. ad
(2) ?(ﬂ'é;)é e‘ﬂ*?

L=t




_P_f_‘ ClaimA For ¢, k& TS [m1, we have
® P(B: /\SCJE )= P(B;), and
® P(B:| Ben N\iey8;) = P(B:IBy).
Pf(ckimA):  WCWEB; = W' E€B; and W2WEB = weEB

© B and N;e7B; e downselo = P(BiNB)=PCBIPIPR) (- Hkieg.)

® B[ IS an uysga"d @ 1S a M“‘d' é?y(epgoﬁ) y c %b‘) (lel( H-h)wL)

(D“)m we azoume, BK—{I 2,-- . 4% Wlo?—) %?(Bcnﬁ,Bp)<f(B ,Bg)P(ﬁ'Bk)

= XBNPNB)  pigg,y = P(B:] BeNB) = PBil Be) done!
P(BNBe) b

P)C(me&@) P(é B}) — -”'[z' P( 5;' ’mISJ‘L _B:,:) ( Let ﬂ 5) =-Q)

= TE: P(B:) (v chinA®)
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-pi (- +meoh) Pfcmea@ P(/) Bt ) & "P(8: | Miejer .)
P(B.nvnc) pcemc)}

- i
l" J<l. J<

{IP(BIB‘AC)P(B.,>}< {l- -z ’(BI&“C)}P(&)}

P(B:NC)=P(g;) pc™

(l -{1-2. ?(B:B.)}?w.) ff[:—?é@ ),,Z P(B:0B) } =

1= oy )(L

J"'t J‘L by clai A® - l,e Z ol z(‘:e
<r | P(B: ){ |+ — Z;M )l)(&nB ) <‘7r P(E) e =M e =ME
O(c:

<7TexP F(Bc)*d‘}

- epf-prZa)= -p 3



The XYZ-Theoremu (I)
Ib.m (shepp 1962) Let the Incomes Xi.-+ An of n

Mdl.ul\dua& be ln(tla“‘j’ Ordmﬂd at yandom u”"n[o,.m/g.’
on all peamitations.  Suppse some pesti o infirmdtion,

15 aualable ©On the Thue OM%‘?’ OF He x5 ;

ed M={%<%a, 1<% -} Then for a4 [
(Je have

P(x.a,l r')sP(x-dzIff 2,< %)



* e Lm",i
e o & (NTrniv
'I% x,'ae[N]" then we Waite X=(x.-..x») and ¢=Ct)
Claima. ((NI"<) is a lattice, whese x=4 e

XN=4 and Xi-N=<gi-% for i=.23-2n,
pfgfddima: Clemly, (INlI"=) is a poset and +hat

(XA% )‘i. = n‘hn (76—70, 70.“'3, ) -+ max (7. 3,) 3 i:l,?,...' n
C’X Vz)i, = Max (xc-x. 7.;- ?,) + min (%, 3—,)’ 1=,2---N
Thus ([N =<) 5 a lattice. s

N&T_Q’ we need o check —H)aJ(' (’X’\‘j)( , (XVZ)-,‘, & [N] ’ PrOVe jt ,
frercise '



X(E-3

Ji_(oonﬁmued) C,ﬂim'°°_ (INI'=) s a distaibutive lattice.

H of Claimb : (—x Aqu))
= min(( z-2, (4va),-(4v2), )+max X (3”))
== INin (%7, Max (o330 ) + Max (. min(4.3))

S AT S ST

=qu( (xnfh)i= (xa),, <xz\z>.;-cw).)+m""("‘“3’» (xa2), )
= ( (xA%) v (xAZ) ). -
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_ﬁ_(mm‘med) %ﬁ[gﬁx)g{o’ Jj Ziws.x‘ 3“,@{0’ 'fox.sxg

‘ﬁ,\eh 'J[, ? [N]”-—a {0,1} ol two ,‘nmeam? fanc-n’on;.

<€ 924, a"d MEX,

lnf of claimc . xsz and f =) = x<Y and M X == X=X

‘[‘k we a (e ;ﬁ" 'S4 and hence, fé )=l,
s <3 R

Claim d. Lt - IN1™>R=e st oo [ 10T heipetins o
Then P (5 'ca- swpn modulan_.
H‘og Claimd_:For 3,4€(N]” |'f y(3)=p¢3)=[an4 Ko< %; s one of +he
NGRS <2 Ths 8 e cr=li b Bio gy
Henc‘e (3"3)&: Min (}i-}l, 7:‘-2,)+max (}., 7.)
<min (F=3u G- +max (3o 40) = (GAR)

thilM‘? (& V?’)‘ (}V .
’ ¢ < 7)8" TLus M) =M(ZVY) =]
Mm Mme 3 H(z)s ﬂ(}Az)f‘(}V?). (5 {“ J J E”D
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( Cowlinu efi )
Claims @, b,c.d + FkG t'nezcmh'fg_

S Hinfeo)( Zegphengon) (S Hofoge)( 2

xe(N]"

%? x<x, [ ) P(Xué?ts’ )< P(vex, x=x ) P(r)
= hs N2 We note that P(%=%)—0 pruided i+, and hence

P (x<n]’) P(xn<xs )= P(x<x xi<x; [7) PT7)
:?(X.<X2“—))<P[a,<7r;_lm<;\'3 r') aEl)

R@“MF \{ou lmfgql pote Fhat™ —H;e above [YYUDj: we Chose [atfce (D\/] <)
‘{‘9* and -'H')eh [d— N——%CD 10 ?ef’ u)[/!cor we wapd“ Cah a/o(,{ €)<qu B -

e;f‘gp@wu*f-q-r on 9,@70/2 4N

why dont we YQp(ace ([N].___> 10‘4 CSw é)?
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l,inea/z Extension

! l_ei' (P=) be q poset™ with n elemento .
A R = P> [n] (s Glled & linean. extension of- P
|\k 'xé? = S(x)=< 6(8,3

g ].n 'H\e Yema.‘m‘na ,o'u‘des/ ‘we Considen +he Pn:baloi’n‘-ta, Apace aﬁ
all ll\vwov\, extengion 06 P, wWhere each ample Pon‘ni" I's ezua”? /a‘):elg,..
2 x___Lqm le: Co"s;d% a Hasseo J""jmm of 4-"9/2”\9»'@ ao '7‘"”0“1.{'

b d
P 1o 36 hemamun 7 22 17 11 11 1T
a c ‘'8 /i,/z, 2,12/”4,‘

dof |
P( XE}) = Hhe {V)o‘m‘).,ftg, that <= SY) in a vandomly chosen

'l‘.\eM’ Qthc.‘On ' -
&

ﬁre)‘mnple’ P(cs b):—. P(".G . GCC)séc;o)} )='6é-l P(C Sd)= 6.
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The XYZ- Theorem (I)

Thm 6.4.|m Lef, P Beia posel with N elemeis
a\, az,'-°, an. T‘\eh

P(a<a: vd asa; )< Pa= a:) P(a= %)

A +alse CO"!'eM + Is P(X.<Xz<"v l T’) = P("""2<"vl 5 "”“”‘*"g
Sale: 1, W“ﬁ it, vot Hne / !
LGT N=6 and r=={x,<x,-< X6 <X3, xc<Ky.}

-rl\en we have P( X< Xy <Xy I r’) =7?:. /
Howevorr P(xicm <X | [l xi<xs< x¢ ) = F

END



