
Linear Algebra Solutions

4.3.21:

Proof. Let A be an k × k matrix.

We proceed by induction on k.

For k = 1, the cofactor expansion along the first column gives

det(M) = A11 det(M̃11) = M11 det(C) = det(A) det(C).

So the result holds for k = 1.

Suppose that the result holds for k − 1.

Now, taking the cofactor expansion along the first column gives

det(M) = A11 det(M̃11) − · · · + (−1)k+1Ak1 det(M̃k1)

= A11 det

(
Ã11 B̃1

0 C

)
− · · · + (−1)k+1Ak1 det

(
Ãk1 B̃k

0 C

)
,

where B̃i, i = 1, · · · , k, is obtained from B by deleting the ith row.

Since Ãi1, i = 1, · · · , k, is an (k − 1) × (k − 1) matrix, induction hypothesis implies that

det(M) = A11 det(Ã11) det(C) − · · · + (−1)k+1Ak1 det(Ãk1) det(C)

=
(
A11 det(Ã11) − · · · + (−1)k+1Ak1 det(Ãk1)

)
det(C)

= det(A) det(C),

where the last equality follows from the cofactor expansion of A along the first column.

Thus the result holds for all k. �
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