LINEAR ALGEBRA FiNAL EXAM SOLUTION

NAME: ID No.: CLASS:

Problem 1: Prove that if W is any subspace of a finite-dimensional vector space V,
then there exists a subspace W5 of V' such that V =W, @& Ws.
Hint: Let 5 = {uy, - ,u,} be a basis for Wy. Since Wy is a subspace of V.. By Replace-
ment Theorem, we can extend B to a basis for V, say o = {uy, -+, Up, Upy1,- -+, Um . Let
Wy = span({ups1, -+ ,um}). Finish the proof by showing the following two steps.

(1) (4 points) Show that V' = W; + W,

Proof. If v € V', then

m n m
V= Zaiui = Zaiui + Z a;u; € Wy + W,
i=1

i=1 i=n+1
for some scalars a;,i =1,--- ,m.
This implies that V' C W; + W5. But by the definition of W7 + W5, we also know
that W, + Wy C V. Hence V = W, + Ws.

O

(2) (4 points) Show that W; N Wy = {0}.
Proof. Let uw € Wiy N Wy, Then w = Y77 bu; = > cu;, for some scalars

by, -+ ,bn,Cns1, -, Cm. Then we have
i=1 i=n+1
But « is linearly independent, since « is a basis. Hence by = -+ = b, = ¢c11 =
-+ = ¢y, = 0. This implies that « = 0. That is W, N W, = {0}. O

Problem 2: Suppose that T : Myy.o(R) — Msy2(R) is the linear map defined by

T(A) = BA— A", where B = <(1) ?) :

(1) (4 points) Find bases for range and kernel of T

Solution.

0 1 2 —1 0 2 ' _
{(_1 0),(1 0),(0 0)} is a basis for range of T'

{ ((1) 8) } is a basis for kernel of T

1

and



(2) (2 points) Find rank and nullity of 7.

Solution. rank(T)=3, nullity(T)=1. O
(3) (3 points) Let

{6606

be an ordered basis of Msyo(R). Find the matrix representation [T, of T with
respect to «.

Solution.
0 2 0
0o 1 -1 2
Ta = 0 -1 1 0
0 O 0 0

O

(4) (2 points) Compute the determinant of the 4 x 4 matrix you've found in part (3).

Solution.
det([T],) = 0.
O
Problem 3: Suppose that T : Py(R) — P4(R) is the linear map
T(p(x)) = 2* d?;(;c) + xd];(;) + p(x).
(1) (2 points) Show that 7" is a linear map.
Proof. Let f(x),g(x) € Py(R) and ¢ € R. Then
T(f(x)+ cg(x))

— (:ﬁdz;(f) + xdj;(;) + f(x)) +c (xQdi‘qu(f) + xdz(;) —i—g(x))

= T(f(x)) + cT'(g(x)).
Hence T' is linear. O

(2) (3 points) Is T one-to-one? Verify your assertion.



Solution. Let f(x) = ax* + ba® + ca® + dz + e € Py(R). Then T(f(z)) =
17azx* 4+ 10023 + 5cx? + 2dx + e = 0 only when f(z) =0, i.e. N(T) = {0}. Hence
T' is one-to-one. U

(3) (2 points) Is T" onto? Verify your assertion. (Hint: Use part (2).)

Solution. By the dimension theorem and (2), we have dim R(T) = dim P,(R).
Hence R(T) = P,(R), i.e. T is onto. O

Problem 4: Suppose A is a n x n square matrix with A*¥ = 0 for some positive integer
k, and [ is the n x n identity matrix.

(1) (2 points) Show that det(A) = 0.

Proof.
0 = det(0) = det(A*) = (det(A4))* =0
implies
det(A) = 0.
O
(2) (3 points) Show that I + A is invertible by finding its inverse (I + A)™!
Proof. Since
(I+A) (I —A+ A%+ 4 (=1 A
= [-A+A+ -+ (1" HAVHY (I + 4)
= I+ (-1)tAaF =1
Hence I + A is invertible and
(I+A) ™ =T A+ A+ (=1 hHa
O

(3) (3 points) Suppose that x is a n x 1 matrix such that A¥~lz # 0. Show that
{x, Az, .- ,Akilx} is linearly independent.

Proof. Let
aot + a1 Az + - + a1 A¥ e = 0,

where ag, ay,--- ,a,_1 are scalars. Multiplying the equality by A*~! from both
sides implies that

Ak—L (aox +aAx + -+ ak_lAk_lx) = qpA¥ Tz = AF 10 =0,



where we have used the assumptions that A¥ = 0 and A*~'z # 0. Hence ay = 0.

Similarly,

Ak=2 (alA:L’ 4+ 4 ak_lAk_lx) = Al =0
implies that a; = 0. Continuing this process, we have ay = a; = --- = ax_1 = 0.
Hence we have shown that {:L‘, Az, --- ,A’“_lx} is linearly independent. O

Problem 5: Let T : P,(F) — F™! be the linear transformation defined by T'(f) =
(f(co), f(er), -+, f(en)), where cg, ¢y, -+ , ¢, are distinct scalars in an infinite field F'. Let
3 be the standard ordered basis for P,(F) and 7 be the standard ordered basis for F™*1.

(1) (3 points) Show that M = [T} has the form

1 ¢ & -+ ¢
1 ¢ & -
1 ¢, & - !

A matrix with this form is called a Vandermonde matrix.

Proof.

implies that

1 ¢ c o
1 ¢ ¢ cr
1 ¢, cr

(2) (5 points) Prove that
det(M) = HOSKjgn(Cj — i),

the product of all terms of the form ¢; —¢; for 0 <7 < j < n.

’ 7T(In) - (Cg, C?? T

’rn



Proof.

f(C(],Cl,"' ,Cn)

Problem 6: (4 points) Let A € M,,»,(F') such that

2 n
1 ¢ cf o
oA e d
= det )
2 n
1 ¢y ¢ -+ ¢
1 0 0 0
2 n n—1
C1 —Cy €] —Cq i — Cpq
= det . )
1 cp—co 2 —cocy & — coc !
c1—cy CF—coey & — coct !
Cy —Cy €3 — CoCy & —coch !
= det ) .
Cn—Co C2—CoCp & — o1
1 0 0
11 C1
= (c1 —co)(ca — o)+ (cn — o) det o
1 1 ¢,
= (Cl - CO)(CQ - CO) o (Cn - CO)f(clu Coy: ’Cn)‘
By induction, det(A) = Ho<;<j<n(c; — ).
1+ T2 T3 Tn
1 1+zo w3 Ty
A= _
T i) Z3 1+ Tn

Compute det(A).

Solution.

n

det(A) =1+ le

i=1



