LINEAR ALGEBRA PARTIAL SOLUTIONS TO SUBSECTION 1.3

1.3.19:

PTOOf. (<:> that Wi C Wy or Wy C Wl, then Wi U Wy = W7 or Wh.
Since W7 and W5 are subspaces V',
we have W7 U W5 is also a subspace of V'

(=) Suppose that W; U W, is a subspace of V.

Also suppose that W, & Wy and Wy € Wy, then there exist u,v € V such that
UEWl—WQ,’UGWQ—Wl.

=u,veW i UWy =u+veW uWs.

If u+v e W, then (—u) + (u+v) € Wi =>ve WV, =«

If u+ve Wy, then (u+v)+ (—v) € Wy = u € Wy =<

Hence W7 C Wy or Wy C Wh. O

1.3.23 (a)

Proof. Assume that Wy, Wy are subspaces of V.

1. We have 0 =0+ 0 € W; + Ws.

2. Let xq,y, € Wy, then 1 + y; € Wh.

Similarly, let xq9,y5 € Ws, then xo 4+ yo € Wh.

By the definition of W; + W5, we have (z1+x2)+ (11 +y2) = (z1+11) + (22 +y2) €
Wy + Ws.

3. Let xy € Wi, x5 € W5 and ¢ be a scalar, then ¢(z1+22) = cx1+cxe € Wi+ Ws.
Finally, Wy = {x 4+ 0: 2 € W;,0 € Wy} C W, + Ws and, similarly, Wy = {0+ x :
OEWhZEGWQ}ng—f‘WQ. U

1.3.23 (b)

Proof. Suppose that W is a subspace of V' containing both W; and W,. We want
to show that W; + W, C W.

Let u=ax +y € Wi + W, for some x € Wy,y € Ws.

Since x € W and y € W, then we have x +y € W.

Hence W7 + Wy C W.

1.3.30:

Proof. (=) Suppose that Wy, Wy are subspaces of V and V = W; @ Ws.

Then, for any vector v in V, if v = 21 + 29 = y; + Y2, Where x1,y; € W7 and
T, Yy € Wo, then zq — y1 = yo — 29 € W7 N W5 = {0}.

= T=Y1, T2 = Y.

(<) Clearly we have V = W, 4+ Ws.
If W1 N W5 contains a nonzero vector x, then we have x = x +0 € W; + W5 and
also x = 04+ x € Wy + W5 which contradicts to our hypothesis that x can be

uniquely written as x1 + xo, where x1 € Wy, x5 € Wi,
O



