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Abstract. Many problems of fundamental and practical importance have multiple scale solutions. The direct numer-
ical solution of multiple scale problems is difficult to obtain even with modern supercomputers. The major difficulty
of direct solutions is the scale of computation. The ratio between the largest scale and the smallest scale could be as
large as 10° in each space dimension. From an engineering perspective, it is often sufficient to predict the macroscopic
properties of the multiple-scale systems, such as the effective conductivity, elastic moduli, permeability, and eddy
diffusivity. Therefore, it is desirable to develop a method that captures the small scale effect on the large scales, but
does not require resolving all the small scale features.

The purpose of this lecture note is to review some recent advances in developing multiscale finite element (volume)
methods for flow and transport in strongly heterogeneous porous media. Extra effort is made in developing a multiscale
computational method that can be potentially used for practical multiscale for problems with a large range of
nonseparable scales. Some recent theoretical and computational developments in designing global upscaling methods
will be reviewed. The lectures can be roughly divided into 4 parts. In part 1, I will review some homogenization theory
for elliptic and hyperbolic equations. This homogenization theory provides the critical guideline for designing effective
multiscale methods. In part 2, I will review some recent developments of multiscale finite element (volume) methods.
We also discuss the issue of upscaling one-phase, two-phase flows through heterogeneous porous media and the use
of limited global information in multiscale finite element (volume) methods. In part 4, we will consider multiscale
simulations of two-phase flow immiscible flows using a flow-based adaptive coordinate, and introduce a theoretical
framework which enables us to perform global upscaling for heterogeneous media with long range connectivity.

1 Introduction

Many problems of fundamental and practical importance have multiple scale solutions. Composite materials,
porous media, and turbulent transport in high Reynolds number flows are examples of this type. A com-
plete analysis of these problems is extremely difficult. For example, the difficulty in analyzing groundwater
transport is mainly caused by the heterogeneity of subsurface formations spanning over many scales. This
heterogeneity is often represented by the multiscale fluctuations in the permeability of media. For composite
materials, the dispersed phases (particles or fibers), which may be randomly distributed in the matrix, give
rise to fluctuations in the thermal or electrical conductivity; moreover, the conductivity is usually discontin-
uous across the phase boundaries. In turbulent transport problems, the convective velocity field fluctuates
randomly and contains many scales depending on the Reynolds number of the flow.

The direct numerical solution of multiple scale problems is difficult even with the advent of supercom-
puters. The major difficulty of direct solutions is the scale of computation. For groundwater simulations, it
is common that millions of grid blocks are involved, with each block having a dimension of tens of meters,
whereas the permeability measured from cores is at a scale of several centimeters. This gives more than 10°
degrees of freedom per spatial dimension in the computation. Therefore, a tremendous amount of computer
memory and CPU time are required, and this can easily exceed the limit of today’s computing resources. The
situation can be relieved to some degree by parallel computing; however, the size of the discrete problem is
not reduced. The load is merely shared by more processors with more memory. Whenever one can afford to
resolve all the small scale features of a physical problem, direct solutions provide quantitative information of
the physical processes at all scales. On the other hand, from an engineering perspective, it is often sufficient
to predict the macroscopic properties of the multiscale systems, such as the effective conductivity, elastic
moduli, permeability, and eddy diffusivity. Therefore, it is desirable to develop a method that captures the
small scale effect on the large scales, but does not require resolving all the small scale features. Upscaling
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procedures have been commonly applied for this purpose and are effective in many cases. More recently, a
number of multiscale techniques have been developed and successfully applied to various areas, e.g., porous
media flows. The main idea of upscaling techniques is to form coarse-scale equations with a prescribed an-
alytical form that may differ from the underlying fine-scale equations. In multiscale methods, the fine-scale
information is carried throughout the simulation and the coarse-scale equations are generally not expressed
analytically, but rather formed and solved numerically.

The purpose of this lecture note is to review some recent advances in developing multiscale finite element
(volume) methods for flow and transport in strongly heterogeneous porous media. Extra effort is made
in developing a multiscale computational method that can be potentially used for practical multiscale for
problems with a large range of nonseparable scales. Substantial progress has been made in recent years
by combining modern mathematical techniques such as multiscale analysis, adaptivity and multiresolution.
The lectures can be roughly divided into four parts. In Section 2, we will review some homogenization
theory for elliptic and hyperbolic equations as well as for incompressible flows. This homogenization theory
provides the critical guideline for designing effective multiscale methods. In Section 3, we discuss some
recent developments of multiscale finite element methods. We also discuss the issue of upscaling one-phase,
two-phase flows through heterogeneous porous media and the use of limited global information in multiscale
finite element methods. In Section 4, we discuss the generalization of the multiscale finite element methods to
nonlinear partial differential equations. In Section 5, we will consider multiscale simulations of two-phase flow
immiscible flows using a flow-based adaptive coordinate system. There are many other multiscale methods
which we will not cover due to the limited scope of these lectures. The above methods are chosen because they
are similar philosophically and the materials complement each other very well. This paper is not intended
to be a detailed survey of all available multiscale methods. The discussion is limited by scope of the lectures
and expertise of the author.

2 Review of Homogenization Theory

In this section, we will review some classical homogenization theory for elliptic and hyperbolic PDEs. This
homogenization theory will play an essential role in designing effective multiscale numerical methods for
partial differential equations with multiscale solutions.

2.1 Homogenization Theory for Elliptic Problems

Consider the second order elliptic equation

% (aij (z/¢) 8%) ue + ao(z/e)us = [, ucloq =0, (2.1)

J

L(ue) = —

where a;;(y) and ag(y) are 1-periodic in both variables of y, and satisfy a;;(y)&:&; > a:&;, with a > 0, and
ag > ag > 0. Here we have used the Einstein summation notation, i.e. repeated index means summation
with respect to that index.

This model equation represents a common difficulty shared by several physical problems. For porous
media, it is the pressure equation through Darcy’s law, the coefficient a. representing the permeability
tensor. For composite materials, it is the steady heat conduction equation and the coefficient a. represents
the thermal conductivity. For steady transport problems, it is a symmetrized form of the governing equation.
In this case, the coefficient a. is a combination of transport velocity and viscosity tensor.

Homogenization theory is to study the limiting behavior u. — u as € — 0. The main task is to find the
homogenized coefficients, a;; and aj, and the homogenized equation for the limiting solution u

0 , 0 i}
Oy <%%j> u+agu=f, ulsa=0. (2.2)
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Define the L? and H' norms over Q) as follows
HW%ZAJN%M,|MGZHM%+HVMﬁ (2.3)

Further, we define the bilinear form

Ou Ov
a®(u,v) = /Qaf)j(x)aTjaxi dx—i—/gaéuv dx. (2.4)
It is easy to show that
crllulli < a®(u, v) < e2lullf, (2.5)

with ¢; = min(e, ag), c2 = max(||aij/ oo, |0 o0 )-
The elliptic problem can also be formulated as a variational problem: find u. € H}

a(ue,v) = (f,v), forall ve& Hi(Q), (2.6)

where (f,v) is the usual L? inner product, Jo fvda.

Special Case: One-Dimensional Problem Let Q = (29, z1) and take ag = 0. We have

_% <a(x/g)ci;;€) —f in Q, (2.7)

where u.(zg) = us(x1) =0, and a(y) > ag > 0 is y-periodic with period yo.
By taking v = u, in the bilinear form, we have

[[uellr < e
Therefore one can extract a subsequence, still denoted by ue, such that
u. —u in Hi(Q) weakly. (2.8)

On the other hand, we notice that

Yo
asém(a):—/ a(y)dy in L) weak star. (2.9)
Yo Jo

It is tempting to conclude that u satisfies:

i (@) = 1

where m(a) = yl—o Oyo a(y) dy is the arithmetic mean of a. However, this is not true. To derive the correct
answer, we introduce
du®
€ — aE .
¢ dz
Since a° is bounded, and u¢ is bounded in L?(£2), so &° is bounded in L?(2). Moreover, since —Cfl—i = f, we

have &5 € H'(Q2). Thus we get
&€ —¢ in L*Q) strongly,

so that .
;és—wn(l/a)g in L*Q) weakly.
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1
a®

Further, we note that -=¢° = %. Therefore, we arrive at

d
ﬁ =m(1/a)¢.
On the other hand, —(fl—": = f implies —% = f. This gives
d 1 du
— | ——— ] = 2.10
dx <m(1/a) dm) ! (2.10)
1

This is the correct homogenized equation for u. Note that a* = wi7a) is the harmonic average of a®. It is in
general not equal to the arithmetic average a® = m(a).

Multiscale Asymptotic Expansions. The above analysis does not generalize to multi-dimensions. In
this subsection, we introduce the multiscale expansion technique in deriving homogenized equations. This
technique is very effective and can be used in a number of applications.

We shall look for u.(z) in the form of asymptotic expansion

ue(z) = uo(x, x/€) + eup (x, v /e) + e*us(x,x/e) + -+, (2.11)

where the functions u;(z,y) are double periodic in y with period 1.
Denote by A® the second order elliptic operator

Af = _a% <% (z/¢) %) . (2.12)

When differentiating a function ¢(z, z/c) with respect to x, we have

0 _ 9 10
8Ij_817j anj,

where y is evaluated at y = x/¢. With this notation, we can expand A° as follows

Af = 5_2141 + 8_1A2 + EoAg, (213)
where
0 0
A = o (%‘ (y)a—yj) : (2.14)
0 0 0 0
A = o (%‘(y)aj) T Bz (‘“j(y)a_yj> ; (2.15)
0 0

Substituting the expansions for u. and A® into A°u. = f, and equating the terms of the same power, we get

A1u0 = 07 (217)
Ajuy + Asug =0, (2.18)
A1u2 + AQ'LLl + Ag’u,o = f (219)

Equation (2.17) can be written as

0
— (az—j@)a—yj) wola,y) = 0, (2.20)
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where ug is periodic in y. The theory of second order elliptic PDEs [46] implies that uo(z,y) is independent
of y, i.e. up(x,y) = up(z). This simplifies equation (2.18) for uy,

(s ) = () o)

Define x/ = x?(y) as the solution to the following cell problem
0 0 0
N ay(y)=— ) ¥ = Zai;(y) , 2.21
o (e ) ¥ = i) .21)
where x/ is double periodic in y. The general solution of equation (2.18) for u; is then given by

wi(z,y) = @)%(m) tin() | (2.22)

Finally, we note that the equation for wus is given by
— aij(y) = ) ue = Agus + Asug — f (2.23)
9yi ij\Y 9y] 2 201 340 . .

The solvability condition implies that the right hand side of (2.23) must have mean zero in y over one periodic
cell Y =[0,1] x [0,1], i.e.

/ (Ag’ul + Asug — f) dy = 0.
Y

This solvability condition for second order elliptic PDEs with periodic boundary condition [46] requires that
the right hand side of equation (2.23) have mean zero with respect to the fast variable y. This solvability
condition gives rise to the homogenized equation for u:

o (., 9 B
G (aua—%) utmla)u=f, (2.24)

where m(ag) = ‘71| Jy ao(y) dy and

1 O’
= i — Qik——)dy | . 2.2
Qij Y] (/Y(a j — Qik 5yk) y> (2.25)

Justification of formal expansions The above multiscale expansion is based on a formal asymptotic
analysis. However, we can justify its convergence rigorously.
Let z. = ue — (u + cuy + €2ug). Applying A% to z., we get

[ —
Az, = —ere

where 7. = Asug + Azug + cAzus. If f is smooth enough, so is us. Thus we have ||r:|oo < c.
On the other hand, we have
zeloa = —(eur + £2u2) a0

Thus, we obtain
| zell oo (92) < ce.

It follows from the maximum principle [46] that
[[2ell oo () < ce

and therefore we conclude that
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Boundary Corrections The above asymptotic expansion does not take into account the boundary condi-
tion of the original elliptic PDEs. If we add a boundary correction, we can obtain higher order approximations.
Let 6. € H'(2) denote the solution to

Vi a°Vi0: =0in Q, 0. =ui(x,z/c) on 0.

Then we have
(ue — (u+cuy(z,x/e) —eb.)) |agq = 0.

Moskow and Vogelius [70] have shown that

ue —u — eur(z,z/e) + €bclo <Co™™||ullotw, (2.26)
lue — u—euy(z,z/e) + b |1 <Céellul|a, '

where we assume u € H 2+“(Q) with 0 < w < 1, and 2 is assumed to be a bounded, convex curvilinear
polygon of class C*°. This improved estimate will be used in the convergence analysis of the multiscale finite
element method to be presented in Section 3.

2.2 Convection of microstructure

It is most interesting to see if one can apply homogenization technique to obtain an averaged equation for the
large scale quantity for incompressible Euler or Navier-Stokes equations. In 1985, McLaughlin, Papanicolaou
and Pironneau [69] attempted to obtain a homogenized equation for the 3-D incompressible Euler equations
with highly oscillatory velocity field. More specifically, they considered the following initial value problem:

ug + (u- V)u = —Vp,
with V -« = 0 and highly oscillatory initial data
u(z,0) =U(z) + W(x,x/e).

They then constructed multiscale expansions for both the velocity field and the pressure. In doing so, they
made an important assumption that the microstructure is convected by the mean flow. Under this assumption,
they constructed a multiscale expansion for the velocity field as follows:

0(x,t) 0(x,t)
= Lagt) +eun (522, L, t) + O(e?).

€

uf(z,t) = u(x, t) + w(

The pressure field p® is expanded similarly. From this ansatz, one can show that 6 is convected by the mean
velocity:
O +u-VO=0, 0(z,0)=x.

It is a very challenging problems to develop a systematic approach to study the large scale solution in
three dimensional Euler and Navier-Stokes equations. The work of McLaughlin, Papanicolaou and Pironneau
provided some insightful understanding into how small scales interact with large scale and how to deal with
the closure problem. However, the problem is still not completely resolved since the cell problem obtained
this way does not have a unique solution. Additional constraints need to be enforced in order to derive a
large scale averaged equation. With additional assumptions, they managed to derive a variant of the k — ¢
model in turbulence modeling.

Remark 2.1. One possible way to improve the work of [69] is take into account the oscillation in the La-
grangian characteristics, 8.. The oscillatory part of 8. in general could have order one contribution to the
mean velocity of the incompressible Euler equation. In [53-55], Hou and Yang and co-workers have studied
convection of microstructure of the 2-D and 3-D incompressible Euler equations using a new approach. They
do not assume that the oscillation is propagated by the mean flow. In fact, they found that it is crucial to
include the effect of oscillations in the characteristics on the mean flow. Using this new approach, they can
derive a well-posed cell problem which can be used to obtain an effective large scale average equation.
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More can be said for a passive scalar convection equation.
1
v+ =V - (u(z/e)v) = alv,
€

with v(z,0) = vo(z). Here u(y) is a known incompressible periodic (or stationary random) velocity field with
zero mean. Assume that the initial condition is smooth.
Expand the solution v¢ in powers of €

v® = w(t,x) +evi(t,x,x/e) + 2va(t, , x/e) + - - -
The coefficients of £~! lead to
aAyvy —u-Vyvy —u- Vo =0.
Let eg, k = 1,2,3 be the unit vectors in the coordinate directions and let x*(y) satisfy the cell problem:
alyxF —u- VX" —u-e =0.

Then we have

v(t, )
(9£Ck '

3
vt z,y) =Y x"(y)

k=1
The coefficients of €V give

alAyvy —u - Vyva = u- Vv — 20V, - Vyur — algv + vy

The solvability condition for vs requires that the right hand side has zero mean with respect to y. This gives
rise to the equation for homogenized solution v

vy = aAgv —u - Vv,
Using the cell problem, McLaughlin, Papanicolaou, and Pironneau obtained [69]

> 0?%v
vy = E (O[(Sij + O[Tij)ia.r'az E
et}

3,J=1

where ar,, = —u;x’.

Nonlocal memory effect of homogenization It is interesting to note that for certain degenerate problem,
the homogenized equation may have a nonlocal memory effect.
Consider the simple 2-D linear convection equation:

Oue(x,y,t Oue(x,y,t
(z,y )+as(y) (7,y,t)
ot Ox
with initial condition u.(x,y,0) = ug(x,y). Note that y = x5 is not a fast variable here.
We assume that a. is bounded and ug has compact support. While it is easy to write down the solution
explicitly,

207

uE(Ia Y, t) = UO(‘I - aE(y)ta y)7
it is not an easy task to derive the homogenized equation for the weak limit of w..
Using Laplace Transform and measure theory, Luc Tartar [83] showed that the weak limit u of u. satisfies

D ey t) + Ar () L t>—/t/a—2 (&= At — )., $)duy (V) d
8tu z,Y, 1y 8Iu x,Y, = ) 8:62'(141' $),Y,S)ay S,

with u(z,y,0) = uo(z,y), where A (y) is the weak limit of a-(y), and p, is a probability measure of y and
has support in [min(a.), max(a)].

As we can see, the degenerate convection induces a nonlocal history dependent diffusion term in the
propagating direction (z). The homogenized equation is not amenable to computation since the measure p,
cannot be expressed explicitly in terms of a..



8 Yalchin Efendiev and Thomas Y. Hou
3 Numerical Upscaling based on Multiscale Finite Element Methods

In this section, we review the multiscale finite element method (MsFEM) for solving partial differential
equations with multiscale solutions, see [50,52,51,37,22,84,3,35]. The central goal of this approach is to
obtain the large scale solutions accurately and efficiently without resolving the small scale details. The main
idea is to construct finite element base functions which capture the small scale information within each
element. The small scale information is then brought to the large scales through the coupling of the global
stiffness matrix. Thus, the effect of small scales on the large scales is correctly captured. In our method, the
base functions are constructed from the leading order homogeneous elliptic equation in each element. As a
consequence, the base functions are adapted to the local microstructure of the differential operator. In the
case of two-scale periodic structures, we have proved that the multiscale method indeed converges to the
correct solution independent of the small scale in the homogenization limit [52].

In practical computations, a large amount of overhead time comes from constructing the base functions.
In general, these multiscale base functions are constructed numerically, except for certain special cases. Since
the base functions are independent of each other, they can be constructed independently and can be done
perfectly in parallel. This greatly reduces the overhead time in constructing these bases. In many applications,
it is important to obtain a scale-up equation from the fine grid equation. For example, the high degree of
variability and multiscale nature of formation properties in subsurface flows (such as permeability) pose
significant challenges for subsurface flow modeling. Geological characterizations that capture these effects
are typically developed at scales that are too fine for direct flow simulation, so techniques are required to
enable the solution of flow problems in practice. Upscaling procedures have been commonly applied for this
purpose and are effective in many cases (see e.g., [60] for reviews and discussion). Our multiscale finite
element method can be used for a similar purpose and successfully applied for problems of this type.

As discussed in [60], upscaling methods and multiscale numerical techniques (as applied within the context
of subsurface flow modeling) have many similarities and some important differences. Upscaling techniques
provide coefficients, which are typically computed in a pre-processing step, for coarse scale equations of
prescribed analytical forms. In multiscale methods, the coarse scale equations are formed numerically and
fine scale information may be carried throughout the simulation and used at various stages. For example, in
multiscale procedures for subsurface flow applications, different grids are often used for flow and transport
computations. The advantage of deriving a scale-up equation or performing multiscale computations is that
one can perform many useful tests on the coarse model with different boundary conditions or source terms.
This would be very expensive if we have to perform all these tests on a fine grid. For time dependent problems,
the coarse-scale equation also allows for larger time steps. This results in additional computational saving.

It should be mentioned that many numerical methods have been developed with goals similar to ours.
These include generalized finite element methods [12,10,9], wavelet based numerical homogenization methods
[17,27,25,64], methods based on the homogenization theory (cf. [15,31,24]), equation-free computations (e.g.,
[63]), variational multiscale methods [58,20,59], heterogeneous multiscale methods [33], matrix-dependent
multigrid based homogenization [64,25], generalized p-FEM in homogenization [66,67], and some upscaling
methods based on simple physical and/or mathematical motivations (cf. [29,68]). The methods based on
the homogenization theory have been successfully applied to determine the effective conductivity and per-
meability of certain composite materials and porous media. However, their range of applications is usually
limited by restrictive assumptions on the media, such as scale separation and periodicity [14,62]. They are
also expensive to use for solving problems with many separate scales since the cost of computation grows
exponentially with the number of scales. But for the multiscale method, the number of scales does not in-
crease the overall computational cost exponentially. The upscaling methods are more general and have been
applied to problems with random coefficients with partial success (cf. [29,68]). But the design principle is
strongly motivated by the homogenization theory for periodic structures. Their application to nonperiodic
structures is not always guaranteed to work.

Most multiscale methods presented to date have applied local calculations for the determination of basis
functions. Though effective in many cases, global effects can be important for some problems. The importance
of global information has been illustrated within the context of upscaling procedures as well as multiscale
computations in recent investigations. These studies have shown that the use of limited global information in
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the calculation of the coarse-scale parameters (such as basis functions) can significantly improve the accuracy
of the resulting coarse model. In this lecture notes, we describe the use of limited global information in
multiscale simulations.

We remark that the idea of using base functions governed by the differential equations has been applied
to convection-diffusion equation with boundary layers (see, e.g., [13] and references therein). Babuska et al.
applied a similar idea to 1-D problems [12] and to a special class of 2-D problems with the coefficient varying
locally in one direction [10]. Most of these methods are based on the special property of one-dimensional
properties of the coefficients. As indicated by our convergence analysis, there is a fundamental difference
between one-dimensional problems and genuinely multi-dimensional problems. Special complications such as
the resonance between the mesh scale and the physical scale never occur in the corresponding 1-D problems.

3.1 Multiscale Finite Element Methods for Elliptic PDEs.

In this section we consider the multiscale finite element method applied to the following problem
Lep:=~-V-(a(£)Vp)=f inQ, p=0 onl =09, (3.1)

where (2 is a convex polygon in R?. The unknown is changed to p, since it will be used later in porous media
flow simulations, where the solution represents the pressure field. € is assumed to be a small parameter, and
a(x) = (a;j(x/€)) is symmetric and satisfies a|¢]? < a;;&;& < BlE|%, for all £ € R? and with 0 < a < .
Furthermore, a;;(y) are smooth periodic function in y in a unit cube Y. We will always assume that f €
L?(). In fact, the smoothness assumption on a;; can be relaxed, which will be discussed later.

Let pg be the solution of the homogenized equation

Lopo:==—=V -(a"Vpo)=f inQ, po=0 onT, (3.2)

where I' = 902 and v
1 X’
o i P — =) dy,
iy = 7 [, ) - 5 dy

and x7(y) is the periodic solution of the cell problem

vy-<a<y>vyxﬂ'>:a%am<y> in v, /Y X () dy = 0.

K2

It is clear that pg € H?(2) since (2 is a convex polygon. Denote by p1(x,y) = —x? (y)a%"—m(_m) and let 6. be the
J
solution of the problem

Lf.=0 inQ, 0.(x)=pi(z,%2) onl. (3.3)

Our analysis of the multiscale finite element method relies on the following homogenization result obtained
by Moskow and Vogelius [70].

Lemma 3.1. Let py € H?(Q) be the solution of (3.2), 0. € H*(Q) be the solution to (5.3) and p1(x) =
—x?(z/€)dpo(x)/Ox;. Then there exists a constant C independent of ug,e and 0 such that

[P =po—e(ur = 0e) [0 < Ce([po 2.0 + [ f llo.0)-

Now we are going to introduce the multiscale finite element methods. Let 7, be a regular partition of
Q into triangles. Let {z;}7_; be the interior nodes of the mesh 7;, and {¢;}7_, be the nodal basis of the
standard linear finite element space W), C H{(£2). Denote by S; = supp(¢;) and define ¢ with support in
S; as follows:

L. =0 nK, ¢ =1v; ondK VK €T, KCS,. (3.4)
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It is obvious that ¢¢ € Hi(S;) C HY(Q). Finally, let V;, C Hg () be the finite element space spanned by
{0}

With above notation we can introduce the following discrete problem: find pp € V4 such that

(a(2)Vpr, Vop) = (f,vn) Vv € Vi, (3.5)

where and hereafter we denote by (-,-) the L? inner product in L?(Q).

As we will see later, the choice of boundary conditions in defining the multiscale bases will play a crucial
role in approximating the multiscale solution. Intuitively, the boundary condition for the multiscale base
function should reflect the multiscale oscillation of the solution p across the boundary of the coarse grid
element. By choosing a linear boundary condition for the base function, we will create a mismatch between
the exact solution p and the finite element approximation across the element boundary. In the next section,
we will discuss this issue further and introduce an over-sampling technique to alleviate this difficulty. The
over-sampling technique plays an important role when we need to reconstruct the local fine grid velocity
field from a coarse grid pressure computation for two-phase flows. This technique enables us to remove the
artificial numerical boundary layer across the coarse grid boundary element.

We remark that the multiscale finite element method with linear boundary conditions for the multiscale
base functions is similar in spirit to the residual-free bubbles finite element method [19] and the variational
multiscale method [58,20]. In a recent paper [77], Dr. G. Sangalli derives a multiscale method based on the
residual-free bubbles formulation in [77] and compares it with the multiscale finite element method described
here. There are many striking similarities between the two approaches.

To gain some insight into the multiscale finite element method, we next perform an error analysis for
the multiscale finite element method in the simplest case, i.e. we use linear boundary conditions for the
multiscale base functions.

3.2 Error Estimates (h < ¢)
The starting point is the well-known Cea’s lemma.

Lemma 3.2. Let p be the solution of (3.1) and py, be the solution of (3.5). Then we have

lp—pnlio<C inf ||p—ovlie.
v €V

Let I}, : C(Q) — W, € HY(2) be the usual Lagrange interpolation operator:

J

Mpp(z) =Y pla;)y(z) ¥ ue C(Q)

j=1

and I, : C(Q) — Vj, be the corresponding interpolation operator defined through the multiscale base function

¢

J

Iip(z) =) plz;)¢ (@) ¥V ue C(Q).

j=1
From the definition of the basis function ¢° in (3.4) we have

L.(Inp)=0 in K, Inp=TI,p on K, (3.6)
for any K € 7.

Lemma 3.3. Let p € H%(Q) be the solution of (3.1). Then there exists a constant C independent of h,e
such that

lp=Inp lloo + hllp— Inp o < CR2(Ip 2.0 + || fllo.0)- (3.7)
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Proof. At first it is known from the standard finite element interpolation theory that
Ip=Tplloo + 2l p—ap e < CR*(Ipl2e + | £ llog)- (3.8)
On the other hand, since IIp — Inp = 0 on 0K, the standard scaling argument yields
| pp — Inpllo,x < Ch|Ilyp — Inpli,x ¥V K € T,. (3.9)
To estimate |IIp — Ip|1,x we multiply the equation in (3.6) by Ip — pp € Hg(K) to get
(a(£)VInp, V(Inp — Hpp))x =0,
where (-, ) denotes the L? inner product of L?(K). Thus, upon using the equation in (3.1), we get
(a(2)V(Inp — Mup), V(Inp — Uup))
= (a(2)V(p — Uup), V(Inp — Upp))x — (a(Z)Vp, V(Irp — 1Inp)) i
= (a(2)V(p — Uup), V(Inp — Upp))x — (f, Inp — Inp) k-
This implies that
[Inp — apli,x < Chlple,kx + || Inp — Hpp llo,x || £ o,k
Hence
[ np — Upplix < Ch(|pl2,x + || f llo.x), (3.10)
where we have used (3.9). Now the lemma follows from (3.8)-(3.10). O
In conclusion, we have the following estimate by using Lemmas 3.2-3.3.

Theorem 3.1. Let p € H?(2) be the solution of (3.1) and py, € Vi, be the solution of (3.5). Then we have

2= pnlle <Ch(lplzo+ I f o) (3.11)

Note that the estimate (3.11) blows up like h/e as € — 0 since |p|2,0 = O(1/¢). This is insufficient for
practical applications. In next subsection we derive an error estimate which is uniform as ¢ — 0.
3.3 Error Estimates (h > ¢)

In this section, we will show that the multiscale finite element method gives a convergence result uniform in
€ as € tends to zero. This is the main feature of this multiscale finite element method over the traditional
finite element method. The main result in this subsection is the following theorem.

Theorem 3.2. Let p € H?(2) be the solution of (3.1) and p, € Vi, be the solution of (3.5). Then we have

en1/2
lp=pnlio <Clh+e)l flloo+ C(ﬁ) Il Po 111,00, (3.12)

where py € H2(2) N W°°(Q) is the solution of the homogenized equation (3.2).

To prove the theorem, we first denote by

J
pi(x) = Iupo(x) = > po(x;)¢’ (x) € V.
=1
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From (3.6) we know that L.pr =0 in K and p; = II;,pg on 9K for any K € 7j,. The homogenization theory
(see (2.26)) implies that

Ip1 = pro — e(pn = bre) [[1,x < Ce(|| fllo,x + P10 |2,5); (3.13)

where pyg is the solution of the homogenized equation on K:

Lopio =0 in K, p=1po on 0K, (3.14)
pr1 is given by the relation
(o) = —00)G2 i K, (3.15)
and 01 € H'(K) is the solution of the problem:
L.t =0 in K, 6(r) =pn(z, %) ondK. (3.16)
It is obvious from (3.14) that
pro = ppo in K, (3.17)

since IIj,py is linear on K. From (3.13) we obtain that

lp—=prle <|po—pole+ el —pn) e
+le(0c — 1) [|1,0 + Cel| f o, (3.18)

where we have used the regularity estimate || po ||2,0 < C| f |lo,o- Now it remains to estimate the terms at
the right-hand side of (3.18).

Lemma 3.4. We have

| Po — P10 [l1.2 < Ch| £ lo.0, (3.19)
[e(p1 —pin) ll1.e < C(h+ o) f o (3.20)

Proof. The estimate (3.19) is a direct consequence of the standard finite element interpolation theory since
p1o = Ipo by (3.17). Next we note that x7(z/¢) satisfies

X [l0.00,2 + €l Vi [lo,00.0 < C (3.21)

for some constant C' independent of h and e. Thus we have, for any K € 7,

.0
le(pr —pn1) llo.x < Cel| ng(po — npo) llo,x < Chelpo |2,k,
J

0(po — I
11 —pn) o = el (o 200 TeP)

) llo,x
J

< Ol V(po — Uupo) llo,x + Celpo |2,k
< C(h+¢)|pol2,x-

This completes the proof. O

Lemma 3.5. We have

€0 [l1.0 < CVel po l|1,00,2 + Cel po |2,0. (3.22)



Multiscale Computations for Flow and Transport in Heterogeneous Media 13
Proof. Let ¢ € C§°(R?) be the cut-off function which satisfies ¢ =1 in Q\Qs/2, ¢ =01in Q5,0 < ¢ < 1in
R2, and |V(| < C/§ in Q, where for any § > 0 sufficiently small, we denote by s as
Qs = {z € Q: dist(x, 0Q) > d}.

With this definition, it is clear that 6. — (p1 = 0. + ((x?po/0x;) € HE(Q). Multiplying the equation in
(3.3) by 0. — (p1, we get

0
(a(£)V0., V(0 + ' 552) =0,
J

which yields, by using (3.21),
[ VOe [lo.o < C|| V(¢x? po/0x;) [lo.0
< C|| V¢ x?0po/0z; |lo,0 + Cll VX Opo/0x; |00
+C| X 9°po/ D o0

D D
< CVI109 -+ Cv10Q - 6— + Clpo 2.0, (3.23)

where D = || po ||1,00,0 and the constant C' is independent of the domain 2. From (3.23) we have

€
| €0: [lo.0 < C(—= + V)| po [|1,00,2 + Ce| po |2,0

Ve
< OVe| po ll1,00,0 + Celpo 2,0 (3.24)
Moreover, by applying the maximum principle to (3.3), we get
[l 0c [l0,00.02 < | Xjapo/axj ll0,00,00 < C|| po ||1,00,0- (3.25)

Combining (3.24) and (3.25) completes the proof. O
Lemma 3.6. We have

en1/2
|| bre [|1,0 < O(ﬁ) Il Po ||1,00,0- (3.26)
Proof. First we remember that for any K € 7y, 0. € H(K) satisfies
cox o(I1
L =0 in K, O = (52 o op (3.27)
e’ Oxj

By applying maximum principle and (3.21) we get

[ 61c 10,00, < Il x? O1p0) /05 [l0,00,0K < Cll D0 [11,00,K -

Thus we have

|| €6re |

0,0 < Cel|po ||1,00,0- (3.28)

On the other hand, since the constant C' in (3.23) is independent of 2, we can apply the same argument
leading to (3.23) to obtain

| eVOie [lo.c < Cell Tnpo ||1.00.5 (V]OK|/ V6 + /|OK| - 6/) + Ce| Tnpo |21

< VI po ||1,OO,K<% +V5)

< CVhe|l po 1,00,

which implies that
eV |

en1/2
0,0 < C(ﬁ) | Po 111,00,

This completes the proof. O
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Proof (of Theorem 3.2.). The theorem is now a direct consequence of (3.18) and the Lemma 3.4-3.6 and the
regularity estimate || po ||2.0 < C|| fllo.o- O

Remark 3.1. As we pointed out earlier, the multiscale FEM indeed gives correct homogenized result as &
tends to zero. This is in contrast with the traditional FEM which does not give the correct homogenized
result as € — 0. The error would grow like O(h?/£?). On the other hand, we also observe that when h ~ ¢,
the multiscale method attains large error in both H! and L? norms. This is what we call the resonance effect
between the grid scale (h) and the small scale (¢) of the problem. This estimate reflects the intrinsic scale
interaction between the two scales in the discrete problem. Our extensive numerical experiments confirm
that this estimate is indeed generic and sharp. From the viewpoint of practical applications, it is important
to reduce or completely remove the resonance error for problems with many scales since the chance of hitting
a resonance sampling is high. In the next subsection, we propose an over-sampling method to overcome this
difficulty.

3.4 The Over-Sampling Technique

As illustrated by our error analysis, large errors result from the “resonance” between the grid scale and
the scales of the continuous problem. For the two-scale problem, the error due to the resonance manifests
as a ratio between the wavelength of the small scale oscillation and the grid size; the error becomes large
when the two scales are close. A deeper analysis shows that the boundary layer in the first order corrector
seems to be the main source of the resonance effect. By a judicious choice of boundary conditions for the base
function, we can eliminate the boundary layer in the first order corrector. This would give a nice conservative
difference structure in the discretization, which in turn leads to cancellation of resonance errors and gives
an improved rate of convergence.

Motivated by our convergence analysis, we propose an over-sampling method to overcome the difficulty
due to scale resonance [50]. The idea is quite simple and easy to implement. Since the boundary layer in the
first order corrector is thin, O(g), we can sample in a domain with size larger than h 4 ¢ and use only the
interior sampled information to construct the bases; here, h is the mesh size and ¢ is the small scale in the
solution. By doing this, we can reduce the influence of the boundary layer in the larger sample domain on
the base functions significantly. As a consequence, we obtain an improved rate of convergence.

Specifically, let 17 be the base functions satisfying the homogeneous elliptic equation in the larger domain
S D K. We then form the actual base ¢’ by linear combination of 7,

d
o' = e
j=1

The coefficients ¢;; are determined by condition ¢'(x;) = §;;. The corresponding 0 for ¢' are now free of
boundary layers. Our extensive numerical experiments have demonstrated that the over-sampling technique
does improve the numerical error substantially in many applications. On the other hand, the over-sampling
technique results in a non-conforming MSFEM method. In [37], we perform a careful estimate of the non-
conforming errors in both H! norm and the L? norm. The analysis shows that the non-conforming error
is indeed small, consistent with our numerical results [50,51]. Our analysis also reveals another source of
resonance, which is the mismatch between the mesh size and the “perfect” sample size. In case of a pe-
riodic structure, the “perfect” sample size is the length of an integer multiple of the period. We call the
new resonance the “cell resonance”. In the error expansion, this resonance effect appears as a higher order
correction. In numerical computations, we found that the cell resonance error is generically small, and is
rarely observed in practice. Nonetheless, it is possible to completely eliminate this cell resonance error by
using the over-sampling technique to construct the base functions but using piecewise linear functions as test
functions. This reduces the nonconforming error and eliminates the resonance error completely (see [48]).

3.5 Performance and Implementation Issues

The multiscale method given in the previous section is fairly straightforward to implement. Here, we outline
the implementation and define some notations that are used in the discussion below. We consider solving
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problems in a unit square domain. Let N be the number of elements in the z and y directions. The mesh size
is thus h = 1/N. To compute the base functions, each element is discretized into M x M subcell elements
with mesh size hy = h/M. To implement the over-sampling method, we partition the domain into sampling
domains and each of them contains many elements. From the analysis and numerical tests, the size of the
sampling domains can be chosen freely as long as the boundary layer is avoided. In practice, though, one
wants to maximize the efficiency of over-sampling by choosing the largest possible sample size which reduces
the redundant computation of overlapping domains to a minimum.

In general, the multiscale (sampling) base functions are constructed numerically, except for certain special
cases. They are solved in each K or S using standard FEM. The linear systems are solved using a robust
multigrid method with matrix dependent prolongation and ILLU smoothing (MG-ILLU, see [85]). The global
linear system on {2 is solved using the same method. Numerical tests show that the accuracy of the final
solution is insensitive to the accuracy of base functions.

Since the base functions are independent of each other, their construction can be carried out in parallel
perfectly. In our parallel implementation of over-sampling, the sample domains are chosen such that they can
be handled within each processor without communication. The multigrid solver is also modified to better
suit the parallelization. In particular, the ILLU smoothing is replaced by Gauss-Seidel iterations. More
implementation details can be found in [50].

Cost and Performance In practical computations, a large amount of overhead time comes from construct-
ing the base functions. On a sequential machine, the operation count of our method is about twice that of
a conventional FEM for a 2-D problem. However, due to good parallel efficiency, this difference is reduced
significantly on a massively parallel computer. For example, using 256 processors on an Intel Paragon, our
method with N = 32 and M = 32 only spends 9% more CPU time than the conventional linear FEM method
using 1024 x 1024 elements [50]. Note that this comparison is made for a single solve of the problem. In
practice, multiple solves are often required, then the overhead of base construction is negligible. A detailed
study of MSFEM’s parallel efficiency has been conducted in [50]. It was also found that MSFEM is helpful
for improving multigrid convergence when the coefficient a. has very large contrast (i.e., the ratio between
the maximum and minimum of a.).

Significant computational savings can be obtained for time dependent problems (such as two-phase flows)
by constructing the multiscale bases adaptively. Multiscale base functions are updated only for those coarse
grid elements where the saturation changes significantly. In practice, the number of such coarse grid elements
are small. They are concentrated near the interface separating oil and water. Also, the cost of solving a base
function in a small cell is more efficient than solving the fine grid problem globally because the condition
number for solving the local base function in each coarse grid element is much smaller than that of the
corresponding global fine grid pressure system. Thus, updating a small number of multiscale base functions
dynamically is much cheaper than updating the fine grid pressure field globally.

Another advantage of the multiscale finite element method is its ability to scale down the size of a large
scale problem. This offers a big saving in computer memory. For example, let N be the number of elements
in each spatial direction, and M be the number of subcell elements in each direction for solving the base
functions. Then there are total (M N)" (n is dimension) elements at the fine grid level. For a traditional
FEM, the computer memory needed for solving the problem on the fine grid is O(M™N™). In contrast,
MSsFEM requires only O(M"™ + N™) amount of memory. For a typical value of M = 32 in a 2-D problem,
the traditional FEM needs about 1000 times more memory than MsFEM.

MsFEM for problems with scale separation If there is a scale separation in representative volumes
smaller than the coarse block, then multiscale finite element basis functions can be computed based on the
smaller regions. To demonstrate this, we first consider a periodic case. In this case, the basis functions can
be approximated by _ _

¢’ (z) = dp(x) + ex"Vidp.
Consequently, the approximation of the basis functions can be carried out in a domain of size € via the
computation of x’. This reduces the computational cost. Moreover, the assembly of stiffness matrix can be
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also performed in a period, because a(z/€)V¢' - V¢’ is a periodic function. The results obtained by this
approximation gives the classical numerical homogenization procedure that is based on the computation of
effective coeflicients based on periodic problems. We would like to note that this approximation procedure
is not limited to periodic problems and can be applied to random homogeneous problems with the strong
scale separation, i.e., the size of representative volume is much smaller than the coarse mesh size. In general,
this holds for problems where homogenization by periodization (see [62]) is true. Random homogeneous case
with ergodicity is one of them. We note that a number of methods used in practice employs this strategy
(e.g., [76,63,44,33)).

Convergence and Accuracy Since we need to use an additional grid to compute the base function
numerically, it makes sense to compare our MsFEM with a traditional FEM at the subcell grid, hs = h/M.
Note that MsFEM only captures the solution at the coarse grid h, while FEM tries to resolve the solution
at the fine grid h,. Our extensive numerical experiments demonstrate that the accuracy of MsFEM on the
coarse grid h is comparable to that of FEM on the fine grid. In some cases, MSFEM is even more accurate
than the FEM (see below and the next section).

As an example, in Table 3.1 we present the result for

2 + Psin(2rz/¢) 2 + sin(2my/e)
2+ Pcos(2ny/e) 24 Psin(2nzx/e)
flx)=-1 and uloa = 0. (3.30)

a(x/e) =

(P =18), (3.29)

The convergence of three different methods are compared for fixed €/h = 0.64, where “-L” indicates that
linear boundary condition is imposed on the multiscale base functions, “os” indicates the use of over-sampling,
and LFEM stands for standard FEM with linear base functions. We see clearly the scale resonance in the

MsFEM-L |MsFEM-os-L LFEM

[|E||;2 | rate | || E]|;2 | rate ||MN| || E||;2
16 | 0.04 |3.54e-4 7.78e-5 256 (1.34e-4
321 0.02 |3.90e-4|-0.14{3.83e-5| 1.02 || 512 |1.34e-4
64 | 0.01 |4.04e-4]-0.05({1.97e-5| 0.96 |{1024|1.34e-4
128]0.005{4.10e-4|-0.02|1.03e-5| 0.94 ||2048|1.34e-4

N| ¢

Table 3.1. Convergence for periodic case.

results of MSFEM-L and the (almost) first order convergence (i.e., no resonance) in MSFEM-os-L. Evident
also is the error of MSFEM-os-L being smaller than those of LFEM obtained on the fine grid. In [52,50],
more extensive convergence tests have been presented.

3.6 Applications

Flow in Porous Media One of the main application of our multiscale method is the flow and transport
through porous media. This is a fundamental problem in hydrology and petroleum engineering. Here, we
apply MsFEM to solve the single phase flow, which is a good test problem in practice.

We model the porous media by random distributions of a. generated using a spectral method. In fact,
a. = al10°?, where p is a random field represents porosity, and « and 3 are scaling constants to give the
desired contrast of a.. In particular, we have tested the method for a porous medium with a statistically
fractal porosity field (see Figure 3.1). The fractal dimension is 2.8. This is a model of flow in an oil reservoir
or aquifer with uniform injection in the domain and outflow at the boundaries. We note that the problem
has a continuous scale because of the fractal distribution.

The pressure field due to uniform injection is solved and the error is shown in Figure 3.2. The horizontal
dash line indicates the error of the LFEM solution with N = 2048. The coarse-grid solutions are obtained with
different number of elements, IV, but fixed N M = 2048. We note that error of MsFEM-os-L almost coincide
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Fig.3.1. Porosity field with fractal dimension of 2.8 generated using the spectral method.
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Fig.3.2. The (*>-norm error of the solutions using various schemes for a fractal distributed permeability field.

with that of the well-resolved solution obtained using LFEM. However, MsFEM without over-sampling is less
accurate. MsFEM-O indicates that oscillatory boundary conditions, obtained from solving some reduced 1-D
elliptic equations along K (see [50]), are imposed on the base functions. The decay of error in MSFEM is
because of the decay of small scales in a.. The next figure shows the results for a log-normally distributed a..
In this case, the effect of scale resonance shows clearly for MsFEM-L, i.e., the error increases as h approaches
e. Here € ~ 0.004 roughly equals the correlation length. Using the oscillatory boundary conditions (MsFEM-
O) gives better results, but it does not completely eliminate resonance. On the other hand, the multiscale
method with over-sampling agrees extremely well with the well-resolved calculation. One may wonder why
the errors do not decrease as the number of coarse grid elements increase. This is because we use the same
subgrid mesh size, which is the same as the well-resolved grid size, to construct the base functions for various
coarse grid sizes (N = 32,64,128, etc). In some special cases, one can construct multiscale base functions
analytically. In this case, the errors for the coarse grid computations will indeed decrease as the number of
coarse grid elements increase.

Fine Scale Recovery To solve transport problems in the subsurface formations, as in oil reservoir simula-
tions, one needs to compute the velocity field from the elliptic equation for pressure, i.e v = —a.Vu, here u is
pressure. In some applications involving isotropic media, the cell-averaged velocity is sufficient, as shown by
some computations using the local upscaling methods (cf. [29]). However, for anisotropic media, especially
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Fig. 3.3. The [>-norm error of the solutions using various schemes for a log-normally distributed permeability field.

layered ones (Figure 3.4), the velocity in some thin channels can be much higher than the cell average, and
these channels often have dominant effects on the transport solutions. In this case, the information about
fine scale velocity becomes vitally important. Therefore, an important question for all upscaling methods is
how to take those fast-flow channels into account.

|

0.6 0.8 1

0 0.2 0.

Fig.3.4. A random porosity field with layered structure.

For MsFEM, the fine scale velocity can be easily recovered from the multiscale base functions, noting that
they provide interpolations from the coarse h-grid to the fine hg-grid. Using the over-sampling technique,
the error in velocity is O(g/h), as proved in [37]. We remark that the resonance effect seems unavoidable
in the velocity. On the other hand, our numerical tests indicate that the error is small when € ~ h. The
cell-averaged velocity can also be obtained and its error is even smaller.

To demonstrate the accuracy of the recovered velocity and effect of small-scale velocity on the transport
problem, we show the fractional flow result of a “tracer” test using the layered medium in Figure 3.4: a
fluid with red color originally saturating the medium is displaced by the same fluid with blue color injected
by flow in the medium at the left boundary, where the flow is created by a unit horizontal pressure drop.
The linear convection equation is solved to compute the saturation of the red fluid (for details, see [30]). To
demonstrate that we can recover the fine grid velocity field from the coarse grid pressure calculation, we plot
the horizontal velocity fields obtained by two methods. In Figure 3.5a, we plot the horizontal velocity field
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14 14
elevation elevation

Fig.3.5. (a): Fine grid horizontal velocity field, N = 1024. (b): Recovered horizontal velocity field from the coarse
grid N = 64 calculation using multiscale bases.

Fig.3.6. (a): Fine grid saturation at ¢ = 0.06, N = 1024. (b): Saturation computed using the recovered velocity
field from the coarse grid calculation.

obtained by using a fine grid (N = 1024) calculation. In Figure 3.5b, we plot the same horizontal velocity
field obtained by using the coarse grid pressure calculation with N = 64 and using the multiscale finite
element bases to interpolate the fine grid velocity field. We can see that the recovered velocity field captures
very well the layer structure in the fine grid velocity field. Further, we use the recovered fine grid velocity
field to compute the saturation in time. In Figure 3.6a, we plot the saturation at ¢ = 0.06 obtained by the
fine grid calculation. Figure 3.6b shows the corresponding saturation obtained using the recovered velocity
field from the coarse grid calculation. The agreement is striking.

We also check the fractional flow curves obtained by the two calculations. The fractional flow of the
red fluid, defined as F = [ S,cqvs dy/ [ vy dy (S being the saturation), at the right boundary is shown in
Figure 3.7. The top pair of curves are the solutions of the transport problem using the cell-averaged velocity
obtained from a well-resolved solution and from MsFEM; the bottom pair are solutions using well-resolved
fine scale velocity and the recovered fine scale velocity from the MsFEM calculation. Two conclusions can be
made from the comparisons. First, the cell-averaged velocity may lead to a large error in the solution of the
transport equation. Second, both recovered fine scale velocity and the cell-averaged velocity obtained from
MsFEM give faithful reproductions of respective direct numerical solutions.
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Fig. 3.7. Variation of fractional flow with time. DNS: well-resolved direct numerical solution using LFEM (N = 512).
MsFEM: over-sampling is used (N = 64, M =8).

Scale-up of one-phase flows The multiscale finite element method has been used in conjunction with
some moment closure models to obtain an upscaled method for one-phase flows, see, e.g. [34,41,22]. Note
that the multiscale finite element method presented above does not conserve mass. For long time integration,
it may lead to significant loss of mass. This is an undesirable feature of the method. In a recent work with
Zhiming Chen [22], we have designed and analyzed a mixed multiscale finite element method, and we have
applied this mixed method to study the scale up of one-phase flows and found that mass is conserved very
well even for long time integration. Below we describe our results in some detail.

In its simplest form, neglecting the effect of gravity, compressibility, capillary pressure, and considering
constant porosity and unit mobility, the governing equations for the flow transport in highly heterogeneous
porous media can be described by the following partial differential equations [65], [86], and [34]

div(k(z)Vp) =0, (3.31)
s
S HV- VS =0, (3.32)

where p is the pressure, S is the water saturation, k(x) = (k;;(z)) is the relative permeability tensor, and
v = —k(x)Vp is the Darcy velocity. The highly heterogeneous properties of the medium are built into the
permeability tensor k(z) which is generated through the use of sophisticated geological and geostatistical
modeling tools. The detailed structure of the permeability coefficients makes the direct simulation of the
above model infeasible. For example, it is common in real simulations to use millions of grid blocks, with
each block having a dimension of tens of meters, whereas the permeability measured from cores is at a scale
of centimeters [68]. This gives more than 10° degrees of freedom per spatial dimension in the computa-
tion. This makes a direct simulation to resolve all small scales prohibitive even with today’s most powerful
supercomputers. On the other hand, from an engineering perspective, it is often sufficient to predict the
macroscopic properties of the solutions. Thus it is highly desirable to derive effective coarse grid models to
capture the correct large scale solution without resolving the small scale features. Numerical upscaling is one
of the commonly used approaches in practice.

Now we describe how the (mixed) multiscale finite element can be combined with the existing upscaling
technique for the saturation equation (3.32) to get a complete coarse grid algorithm for the problem (3.31)-
(3.32). The numerical upscaling of the saturation equation has been under intensive study in the literature
[30,41,65,47,89,87]. Here, we use the upscaling method proposed in [41] and [34] to design an overall coarse
grid model for the problem (3.31)-(3.32). The work of [41] for upscaling the saturation equation involves a
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moment closure argument. The velocity and the saturation are separated into a local mean quantity and
a small scale perturbation with zero mean. For example, the Darcy velocity is expressed as v = vg + v’
in (3.32), where vq is the average of velocity v over each coarse element, v/ = (v{,v}) is the deviation of
the fine scale velocity from its coarse scale average. After some manipulations, an average equation for the
saturation S can be derived as follows [41]:

a8 0 a8
E'FVQ'VS— %(Dij(x’t)%)’ (3'33)

where the diffusion coefficients D;;(z,t) are defined by
Dii(Ia t) = <|V;($)|>L?(Ia t)v Dij(xa t) =0, fori 7é Js

(|[vi(z)|) stands for the average of |V/(z)| over each coarse element. L?(x,t) is the length of the coarse grid
streamline in the x; direction which starts at time ¢ at point x, i.e.

t
LY(x,t) = / yi(s)ds,
0
where y(s) is the solution of the following system of ODEs

d

W) vo(w(s)), v ==
Note that the hyperbolic equation (3.32) is now replaced by a convection-diffusion equation. The convection-
dominant parabolic equation (3.33) is solved by the characteristic linear finite element method [28], [75] in

our simulation. The flow transport model (3.31)-(3.32) is solved in the coarse grid as follows:

1. Solve the pressure equation (3.31) by the over-sampling mixed multiscale finite element method and
obtain the fine scale velocity field using the multiscale basis functions.

2. Compute the coarse grid average v and the fine scale deviation (|v;(z)|) on the coarse grid.

3. At each time step, solve the convection-diffusion equation (3.33) by the characteristic linear finite element
method on the coarse grid in which the lengths LY(z,t) of the streamline are computed for the center of
each coarse grid element.

The mixed multiscale finite element method can be readily combined with the above upscaling model
for the saturation equation. The local fine grid velocity v/ will be constructed from the multiscale finite
element base functions. The main cost in the above algorithm lies in the computation of multiscale bases
which can be done a priori and completely in parallel. This algorithm is particularly attractive when multiple
simulations must be carried out due to the change of boundary and source distribution as it is often the
case in engineering applications. In such a situation, the cost of computing the multiscale base functions is
just an over-head. Moreover, once these base functions are computed, they can be used for subsequent time
integration of the saturation. Because the evolution equation is now solved on a coarse grid, a larger time
step can be used. This also offers additional computational saving. For many oil recovery problems, due to
the excessively large fine grid data, upscaling is a necessary step before performing many simulations and
realizations on the upscaled coarse grid model. If one can coarsen the fine grid by a factor of 10 in each
dimension, the computational saving of the coarse grid model over the original fine model could be as large
as a factor 10,000 (three space dimensions plus time).

We perform a coarse grid computation of the above algorithm on the coarse 64 x 64 mesh. The fractional
flow curve using the above algorithm is depicted in Figure 3.8. It gives excellent agreement with the “exact”
fractional flow curve. The contour plots of the saturation S on the fine 1024 x 1024 mesh at time ¢ = 0.25
and t = 0.5 computed by using the “exact” velocity field are displayed in Figure 3.10. In Figure 3.9, we show
the contour plots of the saturation obtained using the recovered velocity field from the coarse grid pressure
calculation N = 64. We can see that the the contour plots in Figure 3.9 approximate the “exact” ones in
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Figure 3.10 in certain accuracy but the sharp oil/water interfaces in Figure 3.10 are smeared out. This is
due to the parabolic nature of the upscaled equation (3.33). We have also performed many other numerical
experiments to test the robustness of this combined coarse grid model. We found that for permeability fields
with strong layered structure, the above coarse grid model is very robust. The agreement with the fine grid
calculations is very good. We are currently working toward some qualitative and quantitative understanding
of this upscaling model.

Fig. 3.8. The accuracy of the coarse grid algorithm. Solid line is the “exact” fractional flow curve using mixed finite
element method solving the pressure equation. The slash-dotted line is the fractional flow curve using above coarse
grid algorithm.

L L T L
50 60 10 20 30 40 50 60
(b)

Fig.3.9. The contour plots of the saturation S computed using the upscaled model on a 64 X 64 mesh at time
t =0.25 (left) and ¢ = 0.5 (right).

Finally, we remark that the upscaling equation (3.33) uses small scale information v’ of the velocity field
to define the diffusion coefficients. This information can be constructed locally through the mixed multiscale
basis functions. This is an important property of our multiscale finite element method. It is clear that solving
directly the homogenized pressure equation

div(k™(z)Vp*) =0

will not provide such small scale information. On the other hand, whenever one can afford to resolve all
the small scale feature by a fine grid, one can use fast linear solvers, such as multigrid methods, to solve
the pressure equation (3.31) on the fine mesh. From the fine grid computation, one can easily construct the
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Fig. 3.10. The contour plots of the saturation S computed on the fine 1024 x 1024 mesh using the “exact” velocity
field at time ¢ = 0.25 (left) and ¢ = 0.5 (right).

average velocity vg and its deviation v'. However, when multiple simulations must be carried out due to the
change of boundary conditions, the pressure equation (3.31) will then have to be solved again on the fine
mesh. The multiscale finite element method only solves the pressure equation once on a coarse mesh, and
the fine grid velocity can be constructed locally through the finite element bases. This is the main advantage
of our mixed multiscale finite element method. This process becomes more difficult for the nonlinear two-
phase flow due to the dynamic coupling between the pressure and the saturation. We are now investigating
the possibility of upscaling the two-phase flow by using multiscale finite element base functions that are
constructed from the one-phase flow (time independent). In this case, we need to provide corrections to the
pressure equation to account for the scale interaction near the oil/water interface.

It should be noted that some adaptive scale-up strategies have also been developed [30,89]. The idea is to
refine the mesh around the fast-flow channels in order to capture their effect directly. The approach seems
to work well when the channels are isolated.

3.7 Brief overview of mixed finite element and finite volume element methods

Control volume multiscale finite element method In this section, we discuss multiscale finite volume
element method. Finite volume method is chosen because, by its construction, it satisfies the numerical local
conservation which is important in groundwater and reservoir simulations. Let K" denote the collection of
coarse elements/rectangles K. Consider a coarse element K, and let {x be its center. The element K is
divided into four rectangles of equal area by connecting {x to the midpoints of the element’s edges. We
denote these quadrilaterals by K¢, where { € Z;,(K), are the vertices of K. Also, we denote Zj, = Jyx Zn(K)
and Z)) C Zj, the vertices which do not lie on the Dirichlet boundary of 2. The control volume V¢ is defined
as the union of the quadrilaterals K¢ sharing the vertex .

The key idea of the method is the construction of basis functions on the coarse grids, such that these basis
functions capture the small-scale information on each of these coarse grids. As before, the basis functions
are constructed from the solution of the leading order homogeneous elliptic equation on each coarse element
with some specified boundary conditions. We consider a coarse element K that has d vertices, the local basis
functions ¢;,i =1,--- ,d are set to satisfy the following elliptic problem:

V- (k-V¢;)=0 inK (3.34)
¢i =g; ondK,

for some function g; defined on the boundary of the coarse element K. As we discussed earlier, Hou et al. [50]
have demonstrated that a careful choice of boundary conditions would improve the accuracy of the method.
In previous findings, the function g; for each i is chosen to vary linearly along 0K or to be the solution of
the local one-dimensional problems [61] or the solution of the problem in a slightly larger domain is chosen
to define the boundary conditions. For simplicity, we consider linear boundary conditions and also discuss
the boundary conditions obtained from a global solution. We will require ¢;(z;) = d;;. Finally, a nodal basis
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function associated with the vertex x; in the domain € is constructed from the combination of the local
basis functions that share this x; and zero elsewhere. We would like to note that one can use an approximate
solution of (3.34) when it is possible. For example, in the case of periodic or random homogeneous cases, the
basis functions can be approximated using homogenization expansion ¢; = ¢? + exxVi4?, where xy is the
solution of the cell problem and ¢? is standard finite element basis on the coarse mesh (see [36]).

Next, we denote by V" the space of our approximate pressure solution, which is spanned by the basis
functions {¢; }gc],e z0- T hen we formulate the finite dimensional problem corresponding to finite volume el-
ement formulation of pressure equation. A statement of mass conservation on a coarse-control volume V,
is formed from pressure equation, where the approximate solution is written as a linear combination of the
basis functions. Assembly of this conservation statement for all control volumes would give the corresponding
linear system of equations that can be solved accordingly. The resulting linear system has incorporated the
fine-scale information through the involvement of the nodal basis functions on the approximate solution. To
be specific, the problem now is to seek p” € V* with p* = Emjezg p;j¢; such that

/ k-Vp"-ndl =0, (3.35)
AV

for every control volume Ve C Q). Here n defines the normal vector on the boundary of the control volume,
OVe and S is the fine-scale saturation field at this point. The resulting multiscale method differs from the
multiscale finite element method, since it employs the finite volume element method as a global solver, and
it is called multiscale finite volume element method (MsFVEM). We would like to note that the coarse-scale
velocity field obtained using MsFVEM is conservative in control volume elements Ve (not in *).

Mixed multiscale finite element methods For simplicity, we assume Neumann boundary conditions.
First, we review the mixed multiscale finite element formulation following [22] (see also [6], [1], and [7]). We
can rewrite two-phase flow equation as

EFlu—Vp=0 in Q
div(u) =0 in Q (3.36)
k(x)Vp-n=g(x) on 90.

The variational problem associated with (3.36) is to seek (u,p) € H(div,Q) x L?(2)/R such that u-n =g
on 0N and

(k™ u,v) + (dive,p) = 0 Yo € Hy(div, Q)

) ) (3.37)
(divu,q) = 0 Vg€ L*(Q)/R.
where Ho(div, Q) is H(div,?) with homogeneous Neumann boundary conditions. By defining
a(u,v) = (k" u,v),  b(v,q) = (divw, q), (3.38)

we can rewrite the weak formulation as

a(u,v) +b(v,p) =0 Vv € Ho(div,Q),
b(u,q) =0 Vg€ L*(Q)/R.
Let V, C H(div,Q) and Q, C L*(Q2)/R be finite dimensional spaces and V2 = V, N Hy(div, ). The
numerical approximation problem associated with (3.37) is to find (up,pn) € Vi X Qp, such that up - n = gp
on 0f), where g, = go,n,n on 052 and go,p, = Eee{aKﬂaﬂ,Kerh}(fe gds)N., N. € V},, is corresponding basis
function to edge e,
(kYup, vp) + (divop,pr) = 0 Yo, € V)P

3.39
(divuh,qh) = 0 th S Qh- ( )
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One can define a linear operator By, : V! — Q) by b(un, gn) = (Brun, qn)-
Suppose that the following conditions are satisfied

a(up,up) is  ker By — coercive (3.40)

b
inf sup (vn, n) > C.
I €EQK v, eV, thHH(div,Q)||Qh||L2(Q)

(3.41)

Then the following approximation property follows (see e.g., [18]).

Lemma 31 If (u,p) and (up,pp) respectively solve the problem (3.37) and (3.39) and the conditions (3.40)
and (8.41) hold, then

- , + |lp — < inf — ; + inf — . 3.42
[|lu Uh||H(dw,Q) lp = prlloa < Uhe‘}hﬂ [|lu UhHH(dw,Q) thth lp = anllo.e ( )
v —go,n €V}

Following Chen and Hou [22] (see also [6]), one can construct multiscale basis functions for velocity in
each coarse block K

1
div(k(x)Vwl) = & in
v x (3.43)
K, K _ g; one;
E(x)Vw;*n™ = {0 clse,

where g% = L and eX are the edges of K. Then, we can define the finite dimensional space for velocity b
g; [eK] i Yy

Vi = P{ef),
K
VY = Vi, N Hy(div, Q),
where W = k(2)Vwk.

K2

3.8 MSsFEM using limited global information

Motivation Multiscale finite element methods and their modifications are used in two-phase flow simulations
through heterogeneous porous media. First, we briefly describe the underlying fine-scale equations. We
present two-phase flow equations neglecting the effects of gravity, compressibility, capillary pressure and
dispersion on the fine scale. Porosity, defined as the volume fraction of the void space, will be taken to
be constant and therefore serves only to rescale time. The two phases will be referred to as water and oil
and designated by the subscripts w and o, respectively. We can then write Darcy’s law, with all quantities
dimensionless, for each phase j as follows:

vj = —A;(5)kVp, (3.44)

where v; is phase velocity, S is water saturation (volume fraction), p is pressure, A\; = k,;(S)/u; is phase
mobility, where k,; and p; are the relative permeability and viscosity of phase j respectively, and k is the
permeability tensor, which is here taken to be diagonal, k = kI, where I is the identity matrix,
Combining Darcy’s law with conservation of mass, div(v,, + v,)=0, allows us to write the flow equation
in the following form
div(A(S)kVp) = f, (3.45)

where the total mobility A(S) is given by A(S) = Ay (S) + Ao(S) and f is a source term. The saturation
dynamics affects the flow equations. One can derive the equation describing the dynamics of the saturation

oS .
5 + div(F) =0, (3.46)
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where F = v f,,(5), with f,(S5), the fractional flow of water, given by fi, = Ay/(Aw + Xo), and the total
velocity v by:
V =vVy + Vo = —A(S)kVp. (3.47)

In the presence of capillary effects, an additional diffusion term is present in (3.46).
If kpw = S, kro =1 — 5 and py, = o, then the flow equation reduces to

div(kVp?) = f.

This equation, the linear advection pollutant transport equation, will be referred to as the single-phase flow
equation associated with (3.45), and p*? will be referred to as the single-phase flow solution.

As we see from (3.45) and (3.46), the pressure equation is solved many times for different saturation
profiles. Thus, computing the basis functions once at time zero is very beneficial and the basis functions are
only updated near sharp interfaces. In fact, our numerical results show that only slight improvement can be
achieved by updating the basis functions near sharp fronts. However, we have found that for heterogeneous
permeability fields with very strong non-local effects, the use of some type of global information can improve
multiscale finite element results significantly, which will be discussed next.

We present a representative numerical example for a permeability field generated using two-point geo-
statistics. To generate this permeability field, we have used GSLIB algorithm [26]. The permeability is
log-normally distributed with prescribed variance 02 = 1.5 (¢ here refers to the variance of log k) and some
correlation structure. The correlation structure is specified in terms of dimensionless correlation lengths in
the x and z-directions, [, = 0.4 and [, = 0.04, nondimensionalized by the system length. Linear boundary
conditions are used for constructing multiscale basis function in (3.34). Spherical variogram is used [26]. In
this numerical example, the fine-scale field is 120 x 120, while the coarse-scale field is 12 x 12 defined in the
rectangle with the length 5 and the width 1. For the two-phase flow simulations, the system is considered
to initially contain only oil (S = 0) and water is injected at inflow boundaries (S = 1 is prescribed), i.e., we
specify p =1, S = 1 along the z = 0 edge and p = 0 along the z = 5 edge, and no flow boundary conditions
on the lateral boundaries. Relative permeability functions are specified as k., = S?, k., = (1 — S)?; water
and oil viscosities are set to p,, = 1 and p, = 5. Porosity is constant and serves only to nondimensionalize
time. Results are presented in terms of the fraction of oil in the produced fluid (i.e., oil cut, designated F')
against pore volume injected (PVI). PVI represents dimensionless time and is computed via [ Qdt/V,, where
V, is the total pore volume of the system and () is the total flow rate.

In our first numerical test, Figure 3.11, we compare the fractional flows. The dashed line corresponds
to the calculations performed using a simple saturation upscaling (no subgrid treatment), while dotted line
corresponds to the calculations performed by solving the saturation equation on the fine grid using the
reconstructed fine-scale velocity field. We observe from this figure that the second approach is very accurate,
while the first approach over-predicts the breakthrough time. The saturation snapshots are compared in
Figure 3.12. One can observe that there is a very good agreement.

In the next set of numerical results, we consider strongly channelized permeability fields. These perme-
ability fields are proposed in some recent benchmark tests, such as the SPE comparative solution project
[23]. In Figure 3.13, one of the layers of this 3-D permeability field is depicted. All the layers have 220 x 60
fine-scale resolution, and we take the coarse grid to be 22 x 6. As it can be observed, the permeability field
contains a high permeability channel, where most flow will occur in our simulation. In Figure 3.14, the frac-
tional flows are compared. The boundary conditions are taken to be p =1, S = 1 along the z = 0 edge and
p = 0 along the x = 5 edge, and no flow boundary conditions on the lateral boundaries. Again, the dashed
line corresponds to the calculations performed using a simple saturation upscaling (no subgrid treatment),
while dotted line corresponds to the calculations performed by solving the saturation equation on the fine
grid using the reconstructed fine-scale velocity field. We observe from this figure that the second approach
is not very accurate in contrast to the permeability field generated using two-point geostatistics [26]. This
is because the local basis functions can not account accurately the global connectivity of the media. Indeed,
in the next figure, Figure 3.15, the saturation fields at time PVI = 0.5 are compared. We see that multiscale
finite element methods with local basis functions introduce some errors. In the bottom left corner, there is
a saturation pocket which is not in the reference solution computed using a fine grid. The reason for this is
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Fig. 3.11. Fractional flow comparison for a permeability field generated using two-point geostatistics.

fine-scale saturation plot at PVI=0.5 saturation plot at PVI=0.5 using standard MsFVEM
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Fig. 3.12. Saturation maps at PVI=0.5 for fine-scale solution (left figure) and standard MsFVEM (right figure)

that the local basis functions in the lower left corner contains high permeability region. However, this high
permeability region does not have global connectivity, and the local basis functions can not take this effect
into account. Next, we discuss how global information can be incorporated into multiscale basis functions to
improve the accuracy of the computations.

Multiscale finite volume element method The main idea of the modified multiscale finite volume
element method (MsFVEM) is to use the solution of the fine-scale problem at time zero to determine the
boundary conditions for the basis functions. This approach is proposed in [35] to handle the permeability
fields which are strongly channelized. For this type of permeability fields, some type of global information is
needed. Next, we describe the method. We denote the solution of pressure equation at time zero by p*P(x).
In defining p*?(x), we use the actual boundary conditions of the global problem. p*?(z) depends on global
boundary conditions, and, generally, is updated each time when global boundary conditions are changed.
The boundary conditions in (3.34) for modified basis functions are defined in the following way. For each
rectangular element K with vertices x; (i = 1,2,3,4) denote by ¢;(x) a restriction of the nodal basis on
K, such that ¢;(x;) = J;;. At the edges where ¢;(x) = 0 at both vertices, we take boundary condition for
¢i(x) to be zero. Consequently, the basis functions are localized. We only need to determine the boundary



28 Yalchin Efendiev and Thomas Y. Hou

'
e

Fig. 3.13. Log-permeability for one of the layers of upper Ness.

e : :
! —fine
\ - — primitive
0.8f '1 standard MsFVEM ||
|
\
0.6} |
w ‘\
\
\
0.4} SN
02| T
0 ‘ ‘ ‘
0 05 1 1.5 2

PVI

Fig. 3.14. Fractional flow comparison for a channelized permeability field.

condition at two edges which have the common vertex x; (¢;(z;) = 1). Denote these two edges by [z;-1, 2]

and [z;, zi+1] (see Figure 3.16). We only need to describe the boundary condition, g;(z), for the basis function
¢i(x), along the edges [z;, x;41] and [z, x;—1]. If p*P(a;) # p*P(zi4+1), then

p°P(x) — p*P(ziy1)
lwiwiva] = Zop N _ sp(on . gi(2)
PP (xi) — p*P(Tig1)

If p°P(x;) = p*P(xi11) # 0, then

gi(z)

p*P(x) — p*P(xi 1)
peP(xi) — p*P(zic1)

[zi2i-1] =

1 Sp Sp .
QpT(xi)(p (z) = p*P(zit1)),

gi(x) [zs,wip1] — (b?(x) +
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Fig. 3.15. Saturation maps at PVI=0.5 for fine-scale solution (left figure) and standard MsFVEM (right figure).

where ¢?(z) is a linear function on [z;, z;4+1] such that ¢?(x;) = 1 and ¢?(z;41) = 0. Similarly,

1

sy P @) TP @), (3.48)

Ji+1 (‘T)l[xlzl+l] = ¢?+1(.%') +

where ¢, () is a linear function on [z;, ;1] such that ¢9,,(z;41) = 1 and @Y, (z;) = 0. If p*P(z;) =
p*P(zi41) # 0, then one can also use simply linear boundary conditions. If p*P(x;) = p*P(x;4+1) = 0 then
linear boundary conditions are used. In the applications considered in this paper, the initial pressure is
always positive. Finally, the basis function ¢;(z) is constructed by solving (3.34). The choice of the boundary
conditions for the basis functions is motivated by the analysis. In particular, we would like to recover the
exact fine-scale solution along each edge if the nodal values of the pressure are equal to the values of exact
fine-scale pressure. This is the underlying idea for the choice of boundary conditions. Using this property and
Cea’s lemma one can show that the pressure obtained from the numerical solution is equal to the underlying
fine-scale pressure.

Mixed multiscale finite element methods Next, following [1], we present a mixed multiscale finite
element method that employs single-phase flow information. Suppose that p*? solves the single-phase flow
equation. We set bX = (kVp*P |e{<) -n® and assume that bX is uniformly bounded. Then the new basis
functions for velocity is constructed by solving the following local problems (3.43) with g% = bX /3K where
pE = feK kVp*P - n®ds. For further analysis, we assume that 3% # 0. In general, if 3% = 0 one can use
standard mixed multiscale finite element basis functions. Let NX = k(z)VwX and the multiscale finite
dimensional space V}! for velocity be defined by

Vi := @{N/} € H(div,Q),
K
V¥ = Vi, N Ho(div, Q).

First, we will show that the resulting multiscale finite element solution for velocity is exact for single-
phase flow (i.e., A(z) = 1). Let vp|x = BE N[, then 85 is the interpolation value of the fine scale solution.
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Fig. 3.16. Schematic description of nodal points.

Furthermore, a direct calculation yields (vp|.x) - n® = kVp*? - . Because

1 1
divo, = BEdivNE = — EVp®P - nfds = —/ div(kVp°Pd) = 0,
(K| Jox K| Jk
the following equation is obtained immediately
dive, =0 in K (3.49)
v -0 =kVpP - on 0K (3.50)

Because div(kVp®) = 0, we get v, = kVp*? and the following proposition.
Proposition Let g5 = feK kVp®? - n¥ds, then on each coarse block K

kVpP = pENK. (3.51)

Lemma 32 If |3%| > Ch with C is independent of h, then
(1) a(upn,up) is ker Bp,-coercive;

; b(vn,qn)
inf u
(2) qnEQp S pvhthQ H’UhHH(cLiv,Q) ”qhHL2(Q)

Numerical results Next, we show the numerical results obtained using modified multiscale finite element
type methods for the permeability layer depicted in Figure 3.13 and two-phase flow parameters presented
earlier. We consider two types of boundary conditions in a rectangular region [0, 5] x [0, 1]. For the first type
of boundary conditions, we specify p = 1, S = 1 along the x = 0 edge and p = 0 along the x = 5 edge. On the
rest of the boundaries, we assume no flow boundary condition. We call this type of the boundary condition
as side-to-side. The other type of boundary conditions is obtained by specifying p = 1, S = 1 along the x =0
edge for 0.5 < z < 1 and p = 0 along the x = 5 edge for 0 < z < 0.5. On the rest of the boundaries, we
assume no flow boundary condition.

In Figure 3.17, the fractional flows are plotted for standard and modified MsFVEM. We observe from
this figure that modified MsFVEM is more accurate and provides nearly the same fractional flow response
as the direct fine-scale calculations. In Figure 3.18, we compare the saturation fields at PVI=0.5. As we see,
the saturation field obtained using modified MSFVEM is very accurate and there is no longer the saturation
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Fig. 3.17. Fractional flow comparison for standard MsFVEM and modified MsFVEM for side-to-side flow.
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Fig. 3.18. Saturation maps at PVI=0.5 for fine-scale solution (left figure) and modified MSFVEM (right figure).

Side-to-side boundary condition is used.

pocket at the left bottom corner. Thus, the modified MsFVEM captures the connectivity of the media

accurately.

In the next set of numerical results, we test the modified multiscale finite element methods for a different
layer (layer 40) of SPE comparative solution project. In Figure 3.19 and 3.20, the fractional flows and total
flow rates (@) are compared for two different boundary conditions. One can see clearly that the modified
MsFVEM method gives nearly exact results for these integrated responses. The standard MsFVEM tends
to over-predict the total flow rate at time zero. This initial error persists at later times. This phenomena is
often observed in upscaling of two-phase flows. More numerical results and discussions can be found in [35].
These numerical results demonstrate that modified multiscale finite element methods which use a limited
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Fig. 3.19. Fractional flow (left figure) and total production (right figure) comparison for standard MsFVEM and
modified MsFVEM for side-to-side flow (layer 40).
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Fig. 3.20. Fractional flow (left figure) and total production (right figure) comparison for standard MsFVEM and
modified MsFVEM for corner-to-corner (layer 40).

global information are more accurate. Moreover, modified multiscale finite element methods are capable of

capturing the long-range flow features accurately for channelized permeability fields.

For the next set of results, we consider another layer of the upper Ness (layer 59). In Figure 3.21, both
fractional flow (left figure) and total flow (right figure) are plotted. We observe that the modified MsFVEM
gives almost the exact results for these quantities, while the standard MsFVEM overpredicts the total flow
rate, and there are deviations in the fractional flow curve around PVI =~ 0.6. Note that unlike the previous
case, fractional flow for standard MsFVEM is nearly exact at later times (PVI =~ 2). In Figure 3.22,
the saturation maps are plotted at PV I = 0.5. The left figure represents the fine-scale, the middle figure
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Fig. 3.21. Fractional flow (left figure) and total production (right figure) comparison for standard MsFVEM and
modified MsFVEM for corner-to-corner flow.
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Fig. 3.22. Saturation maps at PVI=0.5 for fine-scale solution (left figure), standard MsFVEM (middle figure), and
modified MsFVEM (right figure). Corner-to-corner boundary condition is used.

represents the results obtained using standard MsFVEM, and the right figure represents the results obtained
using the modified MsFVEM. We observe from this figure that the saturation map obtained using standard
MsFVEM has some errors. These errors are more evident near the lower left corner. The results of the
saturation map obtained using the modified MsFVEM is nearly the same as the fine-scale saturation field.
It is evident from these figures that the modified MsFVEM performs better than the standard MsFVEM.

Analysis

Galerkin finite element methods with limited global information We have proposed some analysis
for modified multiscale finite element method in [35] and [2]. The main idea is to show that the pressure
evolution in two-phase flow simulations is strongly influenced by the initial pressure. To demonstrate this,
we consider a channelized permeability field, where the value of the permeability in the channel is large.
We assume the permeability has the form kI, where I is an identity matrix. In a channelized medium, the
dominant flow is within the channels. Our analysis assumes a single channel and restricted to 2-D. Here, we
briefly mention the main findings. Denote the initial stream function and pressure by n = ¢(z,t = 0) and
¢ =p(x,t =0) (C is also denoted by p*® previously). The stream function is defined

6¢/8x1 = —2, a’lb/a%‘g = V1. (352)



34 Yalchin Efendiev and Thomas Y. Hou

Then the equation for the pressure can be written as

For simplicity, S = 0 at time zero is assumed. We consider a typical boundary condition that gives high flow
within the channel, such that the high flow channel will be mapped into a large slab in (1, () coordinate
system. If the heterogeneities within the channel in 7 direction is not strong (e.g., narrow channel in Cartesian
coordinates), the saturation within the channel will depend on (. In this case, the leading order pressure will
depend only on (, and it can be shown that

p(n,(,t) = po(¢,t) 4+ high order terms, (3.54)

where po((,t) is the dominant pressure. This asymptotic expansion shows that the time-varying pressure
strongly depends on the initial pressure (i.e., the leading order term in the asymptotic expansion is a function
of initial pressure and time only). In our analysis, we will assume that |p(z,t) — p(p*P, t)|g is small.

Since the analysis of the multiscale finite element methods is carried out only for the pressure equation, we
will assume ¢ (time) is fixed. Then, assuming the function p is sufficiently smooth, one can state the following.
There exists A in each K, such that ||Vp(z)—Ax Vp*P ()| 2(q) is small. Note that this assumption indicates
that the fine-scale features of pressure solutions of two-phase equations does not change significantly during a
simulation (e.g., streamlines do not vary significantly in each coarse block). This phenomena can be observed
in numerical simulations of two-phase flows when p,/ g, > 1.

The assumption for the case with scale separation indicates that the coarse-scale features of two-phase
flow and single-phase flow are similar (e.g., coarse-scale streamlines do not vary significantly). We will use
the following assumption.

Assumption G. There exists a sufficiently smooth scalar valued function G(n) (G € C3), such that

Ip — G(p*)l,0 < C4, (3.55)

where p*P is single-phase flow pressure and § is sufficiently small.

We note G is po((,t) at fixed ¢ in (3.54). Moreover, one does not need to know the function G for
computing the multiscale approximation of the solution. It is only necessary that G has certain smoothness
properties, however, it is important that the basis functions span p®? in each coarse block.

Theorem 33 Under Assumption G and p® € W15(Q) (s > 2), multiscale finite element method converges
with the rate given by

Ip — prlia < C6+ CR 25 p* P [y1c ) + CR 2% |p*P |1 o + Ch|fllo.o < C8 + Ch*=2/5. (3.56)
The proof of this theorem is given in [2]. Note that Theorem(33) shows that MSFEM converges for
problems without any scale separation and the proof of this theorem does not use homogenization techniques.

Next, we present the proof.

Proof. Following standard practice of finite element estimation, we seek g5, = ¢;¢X, where ¢X are single-phase
flow based multiscale finite element basis functions. Then from Cea’s lemma, we have

lp—prlio < [p— GOP)|0+ |GOP) - cidl |10 (3.57)

Next, we present an estimate for the second term. We choose ¢; = G(p*?(z;)), where x; are vertices of K.
Furthermore, using Taylor expansion of G around Dy, which is the average of p*? over K,

G (21)) = G(i) + G (Pr) (07 (1) — P + 3G ()0 () — P
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where &, =Dy + 0(p°P(z;) — D), 0 < 6 < 1, we have in each K

vl = GPg)or + G Br) ™ (1) — D )i + %G//(fm)(PSp(fi) —Pg)’ol =

3.58)
1 (
GPx) + G Br) 0" (@) = D) + 5G" (&) (0™ (w:) = Dre) 07"
In the last step, we have used ), ¢ = 1. Similarly, in each K,
S — — S — 1 S —
G (@) = Gbg) + G (Br) (™ (2) = Pr) + 5G" (&) (0 (2) = Pk’ (3.59)
where &, =D + 0(p°?(z) — D), 0 < 6 < 1. Using (3.58) and (3.59), we get
- S S 1 S -
|G(P™) = i i < |G Br) (07 (@) = p™ (2i)67 ),k + [5G (&) (0 (2:) = Pr) &) s+ (5.60)
3.60
1 —
3C(E) 0 (@) i)
Because of |p*P(x) — p*P(z;)|1,x < Ch||f]lo,k, the estimate of the first term is the following
|G (B ) (0 () = P (2:)${ )i < Ch fllox.
For the second term on the right hand side of (3.60), assuming p*?(z) € W1*(£2), we have
|G" (€)™ (2:) = Dr)* ] i < OO [P [0 gy < CR' 2 Dl ).
where s > 2. Here, we have used the inequality (e.g., [4])
Ju(@) = u(y)] < Cle —y|' = Julywr..,
for s > 2, where C' depends only on s.
For the third term, since G and G are bounded, we have the following estimate:
|G (&) (0P (2) = Px)? |1k < Ol (2) — B )* VP (2) o, +
Cll(p** () = Br) VD™ (@) o,k < Ch* Y2 Ip*P fs.e (1) PP 111+ (361)
Ch'=2/*|p™ |y i < Ch* 3 |p™P[f1, g [P 1.+ -
Chl—2/s|psp|1)K S Chl—2/s|psp|1)K'
Combining the above estimates, we have for (3.60),
G(p*7) = cidf ik < CR' (s i) + CR' 72 Ip™ |1 i + Ch f o, (3.62)
Summing (3.62) over all K and taking into account Assumption G, we have
Ip = prlia < C6+ ChY 25 p*P |y sy + CR 22 |p™ |1 g + Chl| fllo.q < C6 + Ch' 22, (3.63)

Consequently, if s > 2 (see e.g., [8]) single-phase flow based multiscale finite element method converges.

Extensions of Galerkin finite element methods with limited global information The multiscale
finite element methods considered above employ information from only one single-phase flow solution. In
general, depending on the source term, boundary data, and mobility A(S) (if it contains sharp variations),
it might be necessary to use information from multiple global solutions for the computation of accurate two-
phase flow solution. The previous multiscale finite element methods can be extended to take into account



36 Yalchin Efendiev and Thomas Y. Hou

additional global information. Next, we present an extension of the Galerkin multiscale finite element method
that uses the partition of unity method [11] (also see e.g., [80], [45], [57]).

Assume that uy, ug,..., uy are the global functions such that |p— G(u1, ug, ..., un)|1,o is sufficiently small.
Here, u1, ..., uny can be possible pressure snapshots for different mobility A(S) or pressure fields corresponding
to different source terms and/or boundary conditions. We would like to note that in a very interesting paper
[72], the authors prove under certain conditions on f (source term) and A = 1 that p is a smooth function
of single-phase flow solutions (elliptic pressure equations) with boundary conditions z; and xs (it is also
extended to multi-dimensional case). In this case, u; and uy are the solutions of single-phase flow equations
with boundary conditions u; = z; (i = 1,2), and it was shown that p(uy,us) € H2. Next, we will formulate
the method.

Let w; be a patch (see Figure 3.23), and define ¢! to be piecewise linear basis function in patch w;, such
that ¢?(x;) = d;;. For simplicity of notation, denote u; = 1. Then, the multiscale finite element method for
each patch w; is constructed by

’lﬁij = ¢?’u] (364)
where j = 1,.., N and i is the index of nodes (see Figure 3.23). First, we note that in each K, > " | ¢;; = u;
is the desired single-phase flow solution.

Fig. 3.23. Schematic description of patch

We will use the following assumption. There exists a sufficiently smooth scalar valued function G(n),
n€ RN (G e C?), such that
lp— G(u, ...,un),0 < C6, (3.65)

where § is sufficiently small.

As before the form of the function G is not important for the computations, however, it is crucial that
the basis functions span u1,..., uy in each coarse block. The next theorem shows that MsFEM converges for
problems without scale separation in this case.

Theorem 34 Assume (3.65) and u; € WH*(Q), s >2,i=1,...,N. Then
Ip = prlia < C6 + CR' />,
The proof of this theorem is given in [2].
Mixed finite element methods with limited global information One can carry out the analysis of

mixed multiscale finite element method with limited global information. First, we re-formulate our assump-
tion for the analysis of mixed multiscale finite element methods. From (3.55), it follows that

IVp = G'(p™)Vp™ o0 < €.
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Using the fact that k& and A(x) are bounded, we have
IA(2)kVp — G (p*P)N @) kV D™ 0.0 < C6.

Noting that u = A(x)kVp and v = kVp*P, it follows that there exists a coarse-scale function scalar A(z)
such that
lu — A(x)uP o0 < 4. (3.66)

Since A(x)u®P approximates u, we assume that it has small divergence,
|/ div(A(x)u?)dz| < C61h? (3.67)
K
in each K, where 47 is a small number. For our analysis, we note that (3.67) gives
| [ A(z)uPnfds| < Co1h2. (3.68)
OK
We will assume that A(z) € C7 (0 <y < 1). (3.68) can be written as

|Z Ai/a B uPnfds| < C61h2. (3.69)

Here A;’s are defined as A; = [, x A(x)unds/ [, « uPn*ds, since [, » uPn’ds = B # 0. Note that

not for any A(x), A; is necessarily a value of A(x) along the edge eX because u*n® can change sign.

However, we only need to define A(z) for each edge by its value A4; (e.g., the value of A(z) at the center of
edge). Then, for any such A(z), (3.66) is satisfied provided § < h”. This can be directly verified. Thus, our
main assumption will be (3.66) and (3.69), where A(z) is defined, for example, at the center of each edge
eX. We would like to note that from the fact that div(A(x)u®P) is small in each K, it follows that A(x), for
example, can be taken as an approximation of stream function corresponding to u*P. As before, the form of
A(x) is not important for the computations of multiscale solutions.

The following theorem about the convergence of mixed multiscale finite element methods for problems
without scale separation is proven in [2].

Theorem 35 Assume (3.66) and (5.69) and A(z) € C7, 0 <y < 1. Let (u,p) and (un,pp) respectively solve
the problem (3.37) and (3.39) with single-phase flow based mized multiscale finite element, then

||u— Uh||H(de'rU79) +lp-— ph||07Q <Cd+CH +Ch. (3.70)

4  Multiscale finite element methods for nonlinear partial differential equations

Next, we show that MsFEM can be naturally generalized to nonlinear partial differential equations. The
goal of MsFEM is to find a numerical approximation of a homogenized solution without solving auxiliary
problems (e.g., periodic cell problems) that arise in homogenization. The homogenized solutions are sought
on a coarse grid space S", where h > e. Let K" be a partition of . We denote by S” standard family
of finite dimensional space, which possesses approximation properties, e.g., piecewise linear functions over
triangular elements,

Sh = {w), € C°(Q) : the restriction vy, is linear for each element K and vy, = 0 on 9Q}. (4.1)

In further presentation, K is a triangular element that belongs to K". To formulate MSFEM for general
nonlinear problems, we will need (1) a multiscale mapping that gives us the desired approximation containing
the small scale information and (2) a multiscale numerical formulation of the equation.
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We consider the formulation and analysis of MsFEM for general nonlinear elliptic equations, u, € WO1 P(Q)
—divae(x, ue, Vue) + ag, e (T, te, Vue) = f, (4.2)

where a.(z,7,£) and ag (7, 7n,€), n € R, ¢ € R? satisfy the following assumptions:

|ae(,1,€)] + lao,c(z,n, &) < C (1 + "=t + ¢, (4.3)
(ac(@,n,&1) — ac(w,n,&2), 61 — &) 2 Cl& — &7, (4.4)
(ac(,n,€),€) + ao.c(x,n,§)n = CIEP. (4.5)
Denote
H(n, &,m2,82,m) = (L4 "+ In2l " + [6]" + [€2]7), (4.6)

for arbitrary n1, 172 € R, &1, & € R?, and r > 0. We further assume that

|a€(Ianla€1) - aé($77727§2)| + |a075($77717§1) - aO,e(IaWQafZN
SCH(n17§17n27§27p_1)V(‘771_772|) (47)
+ CH(T]17§177727§27P -1- S) |£1 _§2|57

where n € R and ¢ € R%, s >0, p>1, s € (0,min(p — 1,1)) and v is the modulus of continuity, a bounded,
concave, and continuous function in R such that v(0) =0, v(¢t) =1 for ¢t > 1 and v(t) > 0 for t > 0. These
assumptions guarantee the well-posedness of the nonlinear elliptic problem (4.2). Here 2 C R? is a Lipschitz
domain and e denotes the small scale of the problem. The homogenization of nonlinear partial differential
equations has been studied previously (see, e.g., [73]). It can be shown that a solution u. converges (up to a
sub-sequence) to w in an appropriate norm, where u € Wol "P(Q) is a solution of a homogenized equation

—diva*(x,u, Du) + af(x,u, Du) = f. (4.8)
Multiscale mapping. Introduce the mapping EMsFEM . gh _, /1 in the following way. For each element
vy € S, Ve, = EMsFEM,, i defined as the solution of

—divac(x,n"",Vvey) =0in K, (4.9)

Ve, = vp on 0K and n** = \_Ilq fK vpdzx for each K. We would like to point out that different boundary
conditions can be chosen to obtain more accurate solutions and this will be discussed later. Note that for
linear problems, EMsFEM ig 4 linear operator, where for each v, € S", Ve, p, is the solution of the linear
problem. Consequently, V. is a linear space that can be obtained by mapping a basis of S”. This is precisely
the construction presented in [50] for linear elliptic equations.

Multiscale numerical formulation. Multiscale finite element formulation of the problem is the following.
Find up, € S* (consequently, u (= EMsFEMy,) € V) such that

(Ae,huh,vh> = / fuhd:v Yy, € Sh, (4.10)
Q

where

(Ac pun,vp) = Z / ((ae(z,n"", Vuen), Vog) + ao,c(z,n"", Ve p)vp)de. (4.11)
Kerkh 'K

Note that the above formulation of MSFEM is a generalization of the Petrov-Galerkin MsFEM introduced
in [48] for linear problems. MSFEM, introduced above, can be generalized to different kinds of nonlinear
problems and this will be discussed later.
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4.1 Multiscale finite volume element method (MsFVEM)

The formulation of multiscale finite element (MSFEM) can be extended to a finite volume method. By
its construction, the finite volume method has local conservative properties [43] and it is derived from a
local relation, namely the balance equation/conservation expression on a number of subdomains which are
called control volumes. Finite volume element method can be considered as a Petrov-Galerkin finite element
method, where the test functions are constants defined in a dual grid. Consider a triangle K, and let zx
be its barycenter. The triangle K is divided into three quadrilaterals of equal area by connecting zx to the
midpoints of its three edges. We denote these quadrilaterals by K., where z € Z,(K) are the vertices of
K. Also we denote Zj = |Jx Zn(K), and Z) are all vertices that do not lie on I'p, where I'p is Dirichlet
boundaries. The control volume V. is defined as the union of the quadrilaterals K, sharing the vertex z
(see Figure 4.1). The multiscale finite volume element method (MsFVEM) is to find u;, € S" (consequently,

AN

Fig.4.1. Left: Portion of triangulation sharing a common vertex z and its control volume. Right: Partition of a
triangle K into three quadrilaterals

, = EMsFVEM

Ue up, such that

)

—/ ac (z, 0", Vuep) -ndS +/ ag,e (x,n"", Vuep) do = / fdx Vze€ Z,?, (4.12)
oV, V. V.

where n is the unit normal vector pointing outward on dV,. Note that the number of control volumes that
satisfies (4.12) is the same as the dimension of S"*. We will present numerical results for both multiscale
finite element and multiscale finite volume element methods.

4.2 Examples of Vsh

Linear case. For linear operators, V. can be obtained by mapping a basis of S". Define a basis of S*,
Sh = span(¢}), where ¢} are standard linear basis functions. In each element K € K", we define a set of
nodal basis {¢%}, i = 1,...,nq with ng(= 3) being the number of nodes of the element, satisfying

—diva(r)V¢i =0 in K € K" (4.13)
and ¢! = ¢} on K. Thus, we have
VI =span{¢’; i=1,...,n4, K C K"} C H}R).

Oversampling technique can be used to improve the method [50].

Special nonlinear case. For the special case, a.(, u., Vue) = a.(2)b(ue)Vue, VI can be related to the
linear case. Indeed, for this case, the local problems associated with the multiscale mapping EMsFEM (see
(4.9)) have the form

—diva(x)b(n*")Vve, =0 in K.
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Because n¥" are constants over K, the local problems satisfy the linear equations,
~diva.(r)Vé: =0 in K,

and V! can be obtained by mapping a basis of S as it is done for the first example. Thus, for this case one
can construct the base functions in the beginning of the computations.

V? using subdomain problems. One can use the solutions of smaller (than K € K”) subdomain
problems to approximate the solutions of the local problems (4.9). This can be done in various ways based
on a homogenization expansion. For example, instead of solving (4.9) we can solve (4.9) in a subdomain
S with boundary conditions vy, restricted onto the subdomain boundaries, 0S. Then the gradient of the
solution in a subdomain can be extended periodically to K to approximate Vo, in (4.11). vep can be
easily reconstructed based on Vv . When the multiscale coefficient has a periodic structure, the multiscale
mapping can be constructed over one periodic cell with a specified average.

4.3 Convergence of MsFEM for nonlinear partial differential equations
In [39] it was shown using G-convergence theory that

%ii% 21_1% l[un — UHWOI’P(Q) =0, (4.14)
(up to a subsequence) where w is a solution of (4.8) and wy is a MsFEM solution given by (4.10). This
result can be obtained without any assumption on the nature of the heterogeneities and can not be improved
because there could be infinitely many scales, a(e), present such that a(e) — 0 as e — 0.

For the periodic case, it can be shown that the convergence of MSFEM in the limit as €/h — 0. To show
the convergence for ¢/h — 0, we consider h = h(e), such that h(e) > € and h(e) — 0 as ¢ — 0. We would like
to note that this limit as well as the proof of the periodic case is different from (4.14), where the double-limit
is taken. In contrast to the proof of (4.14), the proof of the periodic case requires the correctors for the
solutions of the local problems.

Next we will present the convergence results for MSFEM solutions. For general nonlinear elliptic equations
under the assumptions (4.3)-(4.7) the strong convergence of MSFEM solutions can be shown. In the proof
of this theorem we show the form of the truncation error (in a weak sense) in terms of the resonance
errors between the mesh size and small scale e. The resonance errors are derived explicitly. To obtain the
convergence rate from the truncation error, one needs some lower bounds. Under the general conditions,
such as (4.3)-(4.7), one can prove strong convergence of MSFEM solutions without an explicit convergence
rate (cf. [78]). To convert the obtained convergence rates for the truncation errors into the convergence rate
of MSFEM solutions, additional assumptions, such as monotonicity, are needed.

Next, we formulate convergence theorems. The proofs can be found in [36].

Theorem 41 Assume ac(z,n,€&) and ag.(x,n,§) are periodic functions with respect to x and let u be a solution
of (4.8) and uy, is a MsFEM solution given by (4.10). Moreover, we assume that Vuy, is uniformly bounded
in LPT(Q) for some a > 0. Then

y_{% [[un — “||W(}~P(Q) =0 (4.15)

where h = h(e) > € and h — 0 as e — 0 (up to a subsequence).

Theorem 42 Let u and up, be the solutions of the homogenized problem (4.8) and MsFEM (4.10), respectively,
with the coefficient a.(x,n,€) = a(x/¢€,€) and ap,. = 0. Then

€\ TTHE=H €\ 72T b
lun = ullfy 1) < (ﬁ)( o +C(ﬁ)p b (4.16)
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4.4 Multiscale finite element methods for nonlinear parabolic equations

We consider

%ue — div(ae(x,t,ue, Vue)) + age(z, t, ue, Vue) = f, (4.17)

where € is a small scale. Our motivation in considering (4.17) mostly stems from the applications of flow in
porous media (multi-phase flow in saturated porous media, flow in unsaturated porous media) though many
applications of nonlinear parabolic equations of these kinds occur in transport problems. Many problems in
subsurface modeling have multiscale nature where the heterogeneities associated with the media is no longer
periodic. It was shown that a solution u. converges to u (up to a subsequence) in an appropriate sense where
u is a solution of

%u — div(a*(z, t,u, Vu)) + ag(z, t,u, Vu) = f. (4.18)
In [38] the homogenized fluxes a* and af are computed under the assumption that the heterogeneities are
strictly stationary random fields with respect to both space and time.

The numerical homogenization procedure presented in the previous section can be extended to parabolic
equations. To do this we will first formulate MSFEM in a slightly different manner from that presented in
[50] for the linear problem. Consider a standard finite dimensional S h space over a coarse triangulation of
Q, (4.1) and define EMsFEM . gh _, 1 in the following way. For each uj, € S" there is a corresponding
element uy, . in Veh that is defined by

0

e ~ div(ae(x,t)Vup,e) = 01in K X [tn, tnt1], (4.19)

with boundary condition up,e = up on 0K, and up (t = t,,) = up. For the linear equations EMSFEM jg 5
linear operator and the obtained multiscale space, V" is a linear space on Q x [t,,, t,,+1]. Moreover, the basis
in the space V. can be obtained by mapping the basis functions of S”. Forthe nonlinear parabolic equations
considered in this paper the operator EMsFEM i constructed similar to (4.19) using the local problems, i.e.,
for each up, € S™ there is a corresponding element up,  in Véh that is defined by

0
o Whe ~ div(ae(z, t,m, Vup)) =0 in K X [tn, tnt1], (4.20)

with boundary condition up . = uj, on 0K, and up, (t = t,,) = up. Here n = ﬁ fK updz. Note EMsFEM g

a nonlinear operator and V. is no longer a linear space.

The following method that can be derived from general multiscale finite element framework is equivalent
to our numerical homogenization procedure. Find uj, € V.* such that

tnt1 ) tnt1
/ —upvpdrdt + A(up,vn) = / / fopdzdt, Yv, € S™,
¢ o Ot tn Q

where .
n+1
A(up, wp) = Z/ / (ae(z, t,n“", Vo), Vwp) + ao,e(z, t,n"", Voe)wp)dzdt,
= Jtn K
where v, is the solution of the local problem 4.20), uj, = [** in each K, n*» = ﬁ fK [*rdx, and uy, is known
at t =1t,.

We would like to note that the operator EMsFEM can be constructed using larger domains as it is done

in MSFEM with oversampling [50]. This way one reduces the effects of the boundary conditions and initial
conditions. In particular, for the temporal oversampling it is only sufficient to start the computations before
t, and end them at t,,,1. Consequently, the oversampling domain for K x [t,, t,11] consists of [t,,tn41] X S,
where t,, < t, and K C S. More precise formulation and detail numerical studies of oversampling technique
for nonlinear equations are currently under investigation. Further we would like to note that oscillatory initial
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conditions can be imposed (without using oversampling techniques) based on the solution of the elliptic part
of the local problems (4.20). These initial conditions at ¢ = ¢, are the solutions of

—div(aec(z,t,m, Vup,)) =0 in K, (4.21)
or

—div(@e(x,n, Vup,)) =0 in K, (4.22)
where @.(z,n,§) = tn+117tn t‘:‘“ a(T (), 7/eV)w,n,&)dr and up . = up on OK. The latter can become

efficient depending on the inter-play between the temporal and spatial scales. This issue is discussed below.

Note that in the case of periodic media the local problems can be solved in a single period in order to
construct A(up,vp). In general, one can solve the local problems in a domain different from K (an element)
to calculate A(up,vp), and our analysis is applicable to these cases. Note that the numerical advantages of
our approach over the fine scale simulation is similar to that of MSFEM. In particular, for each Newton’s
iteration a linear system of equations on a coarse grid is solved.

For some special cases the operator EMsFEM introduced in the previous section can be simplified (see
[39]). In general one can avoid solving the local parabolic problems if the ratio between temporal and spa-
tial scales is known, and solve instead a simplified equation. For example, assuming that a.(z,t,7n,&) =
a(z/P t/e*, n,€), we have the following. If a < 23 one can solve instead of (4.20) the local problem
—div(ae(x, t,n"", Vu.)) = 0, if & > 23 one can solve instead of (4.20) the local problem —div(a.(z, n“*, Vv,)) =
0, where a@.(z,n,£) is an average over time of a.(z,t,7,&), while if & = 23 we need to solve the parabolic
equation in K X [tp, tny1], (4.20).

We would like to note that, in general, one can use (4.21) or (4.22) as oscillatory initial conditions and
these initial conditions can be efficient for some cases. For example, for o > 23 with initial conditions given
by (4.22) the solutions of the local problems (4.20) can be computed easily since they are approximated by
(4.22). Moreover, one can expect better accuracy with (4.22) for the case & > 2 because this initial condition
is more compatible with the local heterogeneities compare to the artificial linear initial conditions (cf. (4.20)).
The comparison of various oscillatory initial conditions including the ones obtained by oversampling method
is a subject of future studies.

Finally, we would like to mention that one can prove the following theorem.

Theorem 43 up, =Y, 0;(t)¢(z) converges to u, a solution of the homogenized equation in Vo = LP(0,T, Wol’p(Q))
as limy,—,0 lim._,o under additional not restrictive assumptions (see [39]).

Remark 4.1. The proof of the theorem uses the convergence of the solutions and the fluxes, and consequently
it is applicable for the case of general heterogeneities that uses G-convergence theory. Since the G-convergence
of the operators occurs up to a subsequence the numerical solution converges to a solution of a homogenized
equation (up to a subsequence of €).

4.5 Numerical results

In this section we present several ingredients pertaining to the implementation of multiscale finite element
method for nonlinear elliptic equations. More numerical examples relevant to subsurface applications can be
found in [36]. We will present numerical results for both MSFEM and multiscale finite volume element method
(MsFVEM). We use an Inexact-Newton algorithm as an iterative technique to tackle the nonlinearity. For
the numerical examples below, we use a(z, ue, Vue) = ae(x, ue) Vue. Let {qﬁf)}fv:dff be the standard piecewise
linear basis functions of S”*. Then MsFEM solution may be written as

Ngoy
up, = Z o O (4.23)
i=1
for some o = (a1, a9, - - - ,Oszof)T, where a; depends on €. Hence, we need to find « such that

Fla) =0, (4.24)
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where F' : RNaos — RNdos is a nonlinear operator such that

Flo)= 3 [ (alan™)Vucn). Voy) o= [ foiae. (4.25)

KeK™hM

We note that in (4.25) « is implicitly buried in n*» and wucp. An inexact-Newton algorithm is a variation
of Newton’s iteration for nonlinear system of equations, where the Jacobian system is only approximately
solved. To be specific, given an initial iterate o, for k =0,1,2,--- until convergence do the following:

e Solve F’'(aF)6F = —F(a¥*) by some iterative technique until | F(a*) + F'(a*)§|| < By [|[F(a¥)]|.
e Update oft! = oF + 6.

In this algorithm F'(aF) is the Jacobian matrix evaluated at iteration k. We note that when 34 = 0 then we
have recovered the classical Newton iteration. Here we have used

= 0001 <|§(k )1|>|||) (4:26)

with By = 0.001. Choosing 3y, this way, we avoid over-solving the Jacobian system when o is still considerably
far from the exact solution.

Next we present the entries of the Jacobian matrix. For this purpose, we use the following notations.
Let KI' = {K € K" : z; isa vertex of K}, I' = {j : z; is a vertex of K € K!'}, and K) = {K € K :
K shares 7;z;}. We note that we may write F;(«) as follows:

Fi(a)= Y (/K (ae(a:,n“h)vue,h,wg)dz_/K f¢gdz>, (4.27)

KeK!
with
—divac(x,n"")Vuep =0in K and  uep = Z Qg on 0K, (4.28)
2m€ZK
where Z is all the vertices of element K. It is apparent that F;(«) is not fully dependent on all cvq, g, -« -, ag.
Consequently, aF (a =0 for j ¢ I'. To this end, we denote ) = aue » . By applying chain rule of differenti-

ation to (4.28) we have the following local problem for 7 :

Up
~divae(x,n"") Vipl = %div% Vuenin K and ! = ¢7 on OK. (4.29)
The fraction 1/3 comes from taking the derivative in the chain rule of differentiation. In the formulation
of the local problem, we have replaced the nonlinearity in the coefficient by 1", where for each triangle
K nv» =1/3 2?21 o which gives On» /Oa; = 1/3. Moreover, for a rectangular element the fraction 1/3
should be replaced by 1/4.
Thus, provided that v, has been computed, then we may compute ¥? using (4.29). Using the above
descriptions we have the expressions for the entries of the Jacobian matrix:

OF; _ 3 1/ (Gadzn™) Vuéh,V(bé)dz—F/ (ac(z, ™) Vb, Vi) da, (4.30)
6061' 3 K ou ' K

KeK!
i > <l / Qo 2n) G ) de + / (ae(:c,n“h')vwi,v%)dx,) (4.31)
aa] Kekh 3 K au K

for j #1i,j €I’
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The implementation of the oversampling technique is similar to the procedure presented earlier, except

the local problems in larger domains are used. As in the non-oversampling case, we denote 7 = 861’;’5 , such
J
that after applying chain rule of differentiation to the local problem we have:
| 0 “h - ;
—divac(x,n"") Vil = = divM Vuenin S and ¢! = ¢} on 98, (4.32)

3 ou

where " is computed over the corresponding element K and qﬁ% is understood as the nodal basis functions
on oversampled domain S. Then all the rest of the inexact-Newton algorithms are the same as in the non-
oversampling case. Specifically, we also use (4.30) and (4.31) to construct the Jacobian matrix of the system.
We note that we will only use ¢/ from (4.32) pertaining to the element K.

From the derivation (both for oversampling and non-oversampling) it is obvious that the Jacobian matrix
is not symmetric but sparse. Computation of this Jacobian matrix is similar to computing the stiffness matrix
resulting from standard finite element, where each entry is formed by accumulation of element by element
contribution. Once we have the matrix stored in memory, then its action to a vector is straightforward.
Because it is a sparse matrix, devoting some amount of memory for entries storage is inexpensive. The
resulting linear system is solved using preconditioned bi-conjugate gradient stabilized method.

We want to solve the following problem:

—~diva(z/e,uc)Vue = -1 in Q C R?

ue =0 on 09, (4:33)
where Q = [0,1] x [0,1], a(z/e, ue) = k(z/e)/ (1 + u)' ™9, with
k(w/e) = 2 + 1.8sin(27xy /€) 2 + sin(27xa /€) (4.34)

2+ 1.8cos(2mwa/e) 2+ 1.8cos(2mry [e€)

and [(z/€) is generated from k(x/€) such that the average of I(z:/€) over Q is 2. Here we use e = 0.01.
Because the exact solution for this problem is not available, we use a well resolved numerical solution
using standard finite element method as a reference solution. The resulting nonlinear system is solved using
inexact-Newton algorithm. The reference solution is solved on 512 x 512 mesh. Tables 4.2 and 4.4 present
the relative errors of the solution with and without oversampling, respectively. In tables 4.3 and 4.5, the
relative errors for multiscale finite volume element method are presented. The relative errors are computed
as the corresponding error divided by the norm of the solution. In each table, the second, third, and fourth
columns list the relative error in L2, H', and L> norm, respectively. As we can see from these two tables,
the oversampling significantly improves the accuracy of the multiscale method.

For our next example, we consider the problem with non-periodic coefficients, where a.(z,n) = k.(x)/(1+
7))@, k() = exp(Bc(z)) is chosen such that §.(x) is a realization of a random field with the spherical
variogram [26] and with the correlation lengths I, = 0.2, [, = 0.02 and with the variance o = 1. a.(x) is
chosen such that a.(r) = k.(x) + const with the spatial average of 2. As for the boundary conditions we use
“left-to-right flow” in Q = [0, 5] x [0, 1] domain, u. = 1 at the inlet (z; = 0), ue = 0 at the outlet (x1 = 5), and
no flow boundary conditions on the lateral sides 2 = 0 and x5 = 1. In Table 4.6 we present the relative error
for multiscale method with oversampling. Similarly, in Table 4.7 we present the relative error for multiscale
finite volume method with oversampling. Clearly, the oversampling method captures the effects induced by
the large correlation features. Both H! and horizontal flux errors are under five percent. Similar results
have been observed for various kinds of non-periodic heterogeneities. In the next set of numerical examples,
we test MSFEM for problems with fluxes a.(z,n) that are discontinuous in space. The discontinuity in the
fluxes is introduced by multiplying the underlying permeability function, k.(z), by a constant in certain
regions, while leaving it unchanged in the rest of the domain. As an underlying permeability field, k.(x), we
choose the random field used for the results in Table 4.6. In the first set of examples, the discontinuities are
introduced along the boundaries of the coarse elements. In particular, k.(x) on the left half of the domain is
multiplied by a constant J, where J = exp(1), or exp(2), or exp(4). The results in Tables 4.8-4.10 show that
MsFEM converges and the error falls below five percent for relatively large coarsening. For the second set of
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examples (Tables 4.11-4.13), the discontinuities are not aligned with the boundaries of the coarse elements.
In particular, the discontinuity boundary is given by y = 2v/2 4 0.5, i.e., the discontinuity line intersects
the coarse grid blocks. Similar to the aligned case, various jump magnitudes are considered. These results
demonstrate the robustness of our approach for anisotropic fields where h and e are nearly the same, and
the fluxes that are discontinuous spatial functions.

As for CPU comparisons, we have observed more than 92 percent CPU savings when using MsFEM with-
out oversampling. With the oversampling approach, the CPU savings depend on the size of the oversampled
domain. For example, if the oversampled domain size is two times larger than the target coarse block (half
coarse block extension on each side) we have observed 70 percent CPU savings for 64 x 64 and 80 percent
CPU savings for 128 x 128 coarse grid. In general, the computational cost will decrease if the oversampled
domain size is close to the target coarse block size, and this cost will be close to the cost of MSFEM with-
out oversampling. Conversely, the error decreases if the size of the oversampled domains increases. In the
numerical examples studied in our paper, we have observed the same errors for the oversampling methods
using either one coarse block extension or half coarse block extensions. The latter indicates that the leading
resonance error is eliminated by using a smaller oversampled domain. Oversampled domains with one coarse
block extension are previously used in simulations of flow through heterogeneous porous media. As it is
indicated in [50], one can use large oversampled domains for simultaneous computations of the several local
solutions. Moreover, parallel computations will improve the speed of the method because MsFEM is well
suited for parallel computation [50]. For the problems where a.(x,n, &) = a.(x)b(n)§ (see section 4.2 and the
next section for applications) our multiscale computations are very fast because the base functions are built
in the beginning of the computations. In this case, we have observed more than 95 percent CPU savings.

Table 4.2. Relative MsFEM Errors without Oversampling

L?-norm || H'-norm || L®-norm
Error|Rate||Error|Rate|| Error |Rate
32 {|0.029 0.115 0.03
64 {|0.053|-0.85({0.156|-0.44|0.0534(-0.94
128 [ 0.10 [-0.94(/0.234|-0.59(| 0.10 |-0.94

N

Table 4.3. Relative MsFVEM Errors without Oversampling

L% norm || H-norm [[ L®-norm
Error|Rate||Error|Rate||Error|Rate
32| 0.03 0.13 0.04
64 || 0.05 |-0.65]| 0.19 |-0.60(| 0.05 |-0.24
128{/0.058 (-0.19]| 0.25 |-0.35(|0.057|-0.19

N

Applications of MSFEM to Richards’ equation are presented in [36].

4.6 Generalizations of MsFEM and some remarks
Next, we present the framework of MsFEM for general equations. Consider
Leue = fu (435)

where € is a small scale and L. : X — Y is an operator. Moreover, we assume that L. G-converges to L* (up
to a sub-sequence), where w is a solution of
L*u=f, (4.36)
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Table 4.4. Relative MsFEM Errors with Oversampling

N

L*-norm

H'-norm

L°°-norm

Error

Rate

Error

Rate

Error

Rate

32
64
128

0.0016
0.0012
0.0024

0.38
-0.96

0.036
0.019
0.0087

0.93
1.14

0.0029
0.0016
0.0026

0.92
-0.71

Table 4.5. Relative MsF'VEM Errors with Oversampling

N

L*-norm

H'-norm

L°°-norm

Error

Rate

Error

Rate

Error

Rate

32
64
128

0.002
0.003
0.001

-0.43

1.10

0.038
0.021
0.009

0.87
1.09

0.005
0.003
0.001

0.72
1.08

Table 4.6. Relative MsFEM Errors for random heterogeneities, spherical variogram, I, = 0.20, I, = 0.02, 0 = 1.0

N

L% -norm

Hl-norm

L°°-norm

hor. flux

Error |Rate

Error [Rate

Error |Rate

Error|Rate

32
64
128

0.0006
0.0002
0.0001

1.58
1

0.0505
0.029
0.016

0.8
0.85

0.0025
0.001
0.0005

1.32
1

0.025
0.017
0.011

0.57
0.62

Table 4.7. Relative MsFVEM Errors for random heterogeneities, spherical variogram, {, = 0.20, I, = 0.02, 0 = 1.0

N

L% -norm

Hl-norm

L°°-norm

hor. flux

Error |Rate

Error [Rate

Error |Rate

Error|Rate

32
64
128

0.0006
0.0002
0.0001

1.58
1

0.0515
0.029
0.016

0.81
0.85

0.0025

0.0013]0.94

0.0005|1.38

0.027
0.018
0.012

0.58
0.58

Table 4.8. Relative MsFEM Errors for random heterogeneities, spherical variogram, I, = 0.20, [, = 0.02, 0 = 1.0,
aligned discontinuity, jump = exp(1)

N

L?-norm

H'-norm

L°°-norm

hor. flux

Error |Rate

Error [Rate

Error |Rate

Error|Rate

32
64
128

0.0006
0.0002
0.0001

1.58
1.00

0.0641
0.0382
0.0210

0.75
0.86

0.0020

0.0010] 1.00

0.0005| 1.00

0.039
0.027
0.018

0.53
0.59

Table 4.9. Relative MsFEM Errors for random heterogeneities, spherical variogram, I, = 0.20, [, = 0.02, 0 = 1.0,
aligned discontinuity, jump = exp(2)

N

L*-norm

H'-norm

L°°-norm

hor. flux

Error |Rate

Error [Rate

Error |Rate

Error|Rate

32
64
128

0.0008
0.0004
0.0002

1.00
1.00

0.0817
0.0493
0.0256

0.73
0.95

0.0040

0.0023] 0.80

0.0011{1.06

0.061
0.041
0.025

0.57
0.71
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Table 4.10. Relative MsFEM Errors for random heterogeneities, spherical variogram, I, = 0.20, [, = 0.02, ¢ = 1.0,
aligned discontinuity, jump = exp(4)

N

L% -norm

Hl-norm

L°°-norm

hor. flux

Error |Rate

Error [Rate

Error |Rate

Error|Rate

32

0.0011

0.1010

0.0068

0.195

64
128

0.0006
0.0003

0.87
1.00

0.0638
0.0349

0.66
0.87

0.0045
0.0024

0.59
0.91

0.109
0.063

0.84
0.79

Table 4.11. Relative MSFEM Errors for random heterogeneities, spherical variogram, [, = 0.20, [, = 0.02, o = 1.0,
nonaligned discontinuity, jump = exp(1)

N

L% -norm

Hl-norm

L°°-norm

hor. flux

Error

Rate

Error

Rate

Error

Rate

Error

Rate

32
64
128

0.0006
0.0002
0.0001

1.58
1.00

0.0623
0.0366
0.0203

0.77
0.85

0.0023
0.0014

0.0006

0.72
1.22

0.035
0.024

0.016

0.54
0.59

Table 4.12. Relative MsFEM Errors for random heterogeneities, spherical variogram, [, = 0.20, [, = 0.02, o0 = 1.0,
nonaligned discontinuity, jump = exp(2)

N

L*-norm

H'-norm

L°°-norm

hor. flux

Error

Rate

Error

Rate

Error

Rate

Error

Rate

32
64
128

0.0010
0.0003
0.0001

1.74
1.59

0.0785
0.0440
0.0239

0.84
0.88

0.0088
0.0052
0.0022

0.76
1.24

0.052
0.031
0.017

0.75
0.87

Table 4.13. Relative MsFEM Errors for random heterogeneities, spherical variogram, [, = 0.20, [, = 0.02, o = 1.0,
nonaligned discontinuity, jump = exp(4)

N

L% -norm

Hl-norm

L°°-norm

hor. flux

Error

Rate

Error

Rate

Error

Rate

Error

Rate

32
64
128

0.0067
0.0016
0.0009

2.07
0.83

0.1775
0.0758
0.0687

1.23
0.14

0.1000
0.0288
0.0423

1.80
-0.55

0.164
0.077
0.039

1.09
0.98

(we refer to [73], page 14 for the definition of G-convergence for operators). The objective of MSFEM is to
approximate u in S”. Denote S” a family of finite dimensional space such that it possesses an approximation
property (see [90], [74]) as before. Here h is a scale of computation and h > €. For (4.35) multiscale mapping,
EMsFEM . gh _, Veh , will be defined as follows. For each element v, € S*, Ve,h = EMsFEM,, s defined as

L7y, =01in K, (4.37)

where L™“P can be, in general, different from L. and allows us to capture the effects of the small scales.
Moreover, the domains different from the target coarse block K can be used in the computations of the
local solutions. To solve (4.37) one needs to impose boundary and initial conditions. This issue needs to be
resolved on a case by case basis, and the main idea is to interpolate v onto the underlying fine grid. Further,
we seek a solution of (4.35) in V.* as follows. Find uj, € S" (consequently u. , € V.*) such that

(L2 s on) = {f o), Yon € ST, (4.38)

where (u,v) denotes the duality between X and Y, and L9°%® can be, in general, different from L.
For example, for nonlinear elliptic equations we have L.u = —divac(z,u, Vu) + ag(x,u, Vu), LT%Py =
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divac(z,n*, Vu) in K, and LI = diva,(z,n%, Vu) + ag.(z,n%, Vu) in K. The convergence of MsFEM is
to show that u;, — u and uep, — ue, where u, p = EMsFEM,,, in appropriate space. The correct choices of
L7 and L% are the essential part of MSFEM and guarantees the convergence of the method.

In conclusion, we have presented a natural extension of MsFEM to nonlinear problems. This is accom-
plished by considering a multiscale map instead of the base functions that are considered in linear MsFEM
[50]. Our approaches share some common elements with recently introduced HMM [33], where macroscopic
and microscopic solvers are also needed. In general, the finding of “correct” macroscopic and microscopic
solvers is the main difficulty of the multiscale methods. Our approaches follow MsFEM and, consequently,
finite element methods constitute its main ingredient. The resonance errors, that arise in linear problems
also arise in nonlinear problems. Note that the resonance errors are the common feature of multiscale meth-
ods unless periodic problems are considered and the solutions of the local problems in an exact period are
used. To reduce the resonance errors we use oversampling technique and show that the error can be greatly
reduced by sampling from the larger domains. The multiscale map for MsFEM uses the solutions of the
local problems in the target coarse block. This way one can sample the heterogeneities of the coarse block.
If there is a scale separation and, in addition, some kind of periodicity, one can use the solutions of the
smaller size problems to approximate the multiscale map. Note that a potential disadvantage of periodicity
assumption is that the periodicity can act to disrupt large-scale connectivity features of the flow. For the
examples similar to the non-periodic ones considered in this paper, with the use of the smaller size problems
for approximating the solutions of the local problems, we have found very large errors (of order 50 percent).

5 Multiscale simulations of two-phase immiscible flow in adaptive coordinate
system

Previously, we discussed some applications of MSFEM to two-phase flows. In this section, we explore the use
of adaptive coordinate system in multiscale simulations of two-phase porous media flows. In particular, we
would like to present upscaling of transport equations and its coupling to MsFEM.

As we discussed earlier, the use of global information can improve the multiscale finite element method. In
particular, the solution of the pressure equation at initial time is used to construct the boundary conditions
for the basis functions. It is interesting to note that the multiscale finite element methods that employ a
limited global information reduces to standard multiscale finite element method in flow-based coordinate
system. This can be verified directly and the reason behind it is that we have already employed a limited
global information in flow-based coordinate system. To achieve high degree of speed-up in two-phase flow
computations, we also consider the upscaling of transport equation and its coupling to pressure equation.

We would like to derive an upscaled model for the transport equation. We will assume the velocity is
independent of time, A(S) = 1, and restrict ourselves to the two-dimensional case. Then using the pressure-
streamline framework, one obtains

S+ U (5% = 0 (5.1)
S(p7w7t:0) 2507

where € denotes the small scale, v§ denotes the Jacobian of the transformation and is positive, and p denotes
the initial pressure. For simplicity, we assume k(z) = k(z)I and we have V4 - Vp = 0. For deriving upscaled
equations, we will first homogenize (5.1) along the streamlines, and then to homogenize across the streamlines.
The homogenization along the streamlines can be done following Bourgeat and Mikelic [16] or following Hou
and Xin [56] and E [32]. The latter uses two-scale convergence theory and we refer to [79] for the results
on homogenization of (5.1) using two-scale convergence theory. We note that the homogenization results of
Bourgeat and Mikelic is for general heterogeneities without an assumption on periodicity, and thus, is more
appropriate for problems considered in the paper. Following [16], the homogenization of (5.1) can be easily
derived (see Proposition 3.4 in [16]). Here, we briefly sketch the proof.

For ease of notations, we ignore the 1) dependence of v§ and S¢, and treat 1 as a parameter. We consider
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Moreover, we assume that the domain is a unit interval. Then, for each ¢, it can be shown that S ¢(p, ¢, t) —
S(p,¢,t) in L*((0,1) x (0,T)), where S satisfies

Si 4+ 90 f(S), =0, (5.2)
and where g is harmonic average of vg, i.e.,
1 1 .
— — — weak in L>(0,1).
Vo Vo

The proof of this fact follows from Proposition 3.4. of [16].

Following [16] and assuming for simplicity fol vgdg; ;= 01 735(27) =1, we introduce
dX<(p) dX°(p) _ o
. vo(X(p)), o o(X7(p))
Then (Lemma 3.1 of [16]):
X — X% inC[0,1] as € — 0. (5.3)

Consequently,
T 1 B T 1 B
/ / 1S(p, 7) — S(p, )| dpdr = / / |SX(p).7) — S(X(p), 7§ (X< (p))dpdr <
0 0 0 0
T 1
/O / ISX (), 7) — S(XO(), ) 0§ (X (p))dpdr+
T 1
/0 / IS(X(p), ) — B(XO(p), 7| (X (p))dpdr <

T 1 B T o1 -
[ [ 1sew)n = 36w nldpar + [ [ 13080, 7) - SC80(0), ) ldpa
0 0 0 0

The first term on the right hand side of (5.4) converges to zero because S¢(X¢(p),7) and S(X°(p), T) satisfy
the same equation u; + f(u), = 0, however, with the following initial conditions S€(X¢(p),t =0) = Sy o X*,
S(XO%(p),7) = Sp o X°. Because of (5.3) and comparison principle

T 1 1
/ / |SE(X(p), 7) — S(X°(p), 7)|dpdr < C / S0 0 X° — S 0 X°|dp,
0 0 0

the first term converges to zero. The convergence of the second term for each 1 follows from the argument
in [16] (page 368) using Lebesgue’s dominated convergence theorem. .

Next, we provide a convergence rate (see also [79]) of the fine saturation S¢ to the homogenized limit S
as e — 0.

Theorem 51 Assume that v§(p) is bounded uniformly

< v 2y < D.
€

Denote by F(t,T) the solution to Sy + f(S)r = 0. The solution S of (5.2) converges to S (assuming initial
conditions that don’t depend on the fast scale) at a rate given by

15€ = Slloe < G,
when F' remains Lipschitz for all time, and
15 = Sl < Ge'/7,

when F develops at most a finite number of discontinuities.
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Proof. First, we note that the velocity bound implies that C~' < %(p) < D, uniformly in v, (. We transform
the equations for S€ (5.1) and S (5.2) to the time of flight variable defined by

are  _ 1 ar  _ 1 R
dp v6(PY) for §€ and P 5. 2) for S.
T(0)= 0 TO)= 0
Both equations reduce to
Se+ f(S)r =0.

The solution to this equation is F'(¢,T). Since the initial condition does not depend on € neither does
F. Then S = F(t,T¢(P,V¥)), S = F(t,T(P,¥)). Using these expressions for the saturation we can obtain
the desired estimates by following the same steps as in the linear case. When F' remains Lipschitz for
all times we can easily obtain a pointwise estimate in terms of the Lipschitz constant M ||S€ — S|lo =
|F(t,T) — F(t,T)|loo < M||T¢ - T|loc < Ge. Otherwise we will need the time of flight bound that we
derived for the linear flux that reduces here to

|T¢(P) — T(P)| < 2Ce. (5.5)

We will divide the domain in regions where F' is Lipschitz with constant M in the second variable, denoted
by Az, and shock regions, denoted by A;, and estimate the difference of S¢ and S in each region separately.
To fix the notation, let that there be n discontinuities in F(¢,-) of magnitude less than AF', which does not
have to be small, at {T'=T;},_; . We will denote the thin strips of width 2Ce around the discontinuities
with Al

Ay = {T such that |T — T;| < 2Ce, for some i=1,...,n}

and with Ay its complement. We selected the width of the strip based on (5.5), so that for any point P, if
T<(P) ¢ Ay, then T<(P) and T(P) are on the same side of any jump T;. When T(P) € A, F' is Lipschitz
in the region between T and T, and we can show

Ja, (8¢ = 8)2dpdyp = [, (F(t,T¢) — F(t,T))%dpdy) < M?(|T° = T||%,|T(As) |
S N2€2|TE(A2)_1|,

where we used the time of flight bound (5.5). By |T¢(A2)~!| we denoted the image of Ay under the inverse
of T¢(P). Inside the strip A, even though S€ and S differ by an O(1) quantity we can use the smallness of
the area of the strip to make the Lo norm of their difference small

Ja, (5= S)2dpdip = Ja, (F(,T¢) — F(t, T))2dpdyp < (AS + Ne)?|T¢(Ay) Y
< (AS + Ne¢)24CDne.

We estimated the area |T¢(A;)~!| by using the definition of A; and the fact that the Jacobian of the
transformation T(P)~! is v§ and is bounded uniformly in p,+. Putting together the two estimates for
regions A; and Ay we obtain [|S€ — S|z < Ge'/2. Estimates in terms of the other L, norms follow similarly.

The homogenized operator given by (5.2) still contains variation of order e through the fast variable %,

however there it does not contain any derivatives in that variable. Its dependence on % is only parametric.

We can homogenize the dependence of the partially homogenized operator on % and arrive at a homogenized
operator that is independent of the small scale. In the latter case, we will only obtain weak convergence
of the partially homogenized solution. When we homogenized along the streamlines, the resulting equation
was of hyperbolic type like the original equation. In a seminal and celebrated paper, Tartar [83] showed
that homogenization across streamlines leads to transport with the average velocity plus a time-dependent
diffusion term, referred to as macrodispersion, a physical phenomenon that was not present in the original
fine equation. In particular, if the velocity field does not depend on p inside the cells, that is, 0(1, %), then

the homogenized solution, S , (weak™ limit of 5', which will be denoted by S), satisfies

S, + 505, = /O / Sp(p = Alt = ), 0. 7)das (N)dr. (5.6)
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Here, dvy the Young measure associated with the sequence 7y(%),-) and duw is a Young measure that

dve(N\ s dps (N)
< = oo — | —=—
/27fiq+/\ omig T 0 /Q;iq+/\

We have denoted by Ty the weak limit of the velocity. This equation has no dependence on the small scale and
we consider it to be the full homogenization of the fine saturation equation. Efendiev and Popov [42] have
extended this method for the Riemann problem in the case of nonlinear flux. Note that the homogenization
across streamlines provides a weak limit of partially homogenized solution. Because the original solution S¢
strongly converges to partially homogenized solution for each ), it can be easily shown that S¢ — S weakly.
We omit this proof here.

In numerical simulations, it is difficult to use (5.6) as a homogenized operator, and often a second order
approximation of this equation is used. These approximate equations can be also derived using perturbation
analysis. In particular, using the higher moments of the saturation and the velocity, one can model the
macrodispersion. In the context of two-phase flow this idea was introduced by Efendiev, Durlofsky, and Lee
[41], [40], Chen and Hou [22] and Hou et al., [49]. In our case, the computation of the macrodispersion is
much simpler because the transport equations have been already averaged along the streamlines, and thus
we will be applying perturbation technique to one dimensional problem.

We expand S, vy (following [41]) as an average over the cells in the pressure-streamline frame and the
corresponding fluctuations

satisfies

770 60(p7¢7t)+66(p7¢7<ut)
We will derive the homogenized equation for f(S) = S. Averaging equations (5.2) with respect to 1 we find
an equation for the mean of the saturation

S+ f)o_Sp + m =0.
An equation for the fluctuations is obtained by subtracting the above equation from (5.2)
S0+ (@0 — ), + 108, — 5] = 0.
Together, the equations for the saturation are
S+ 7005, + 5,5, =0 (5.8)
Si+ 0,5y + 005, — 7Sk = 0.

We can consider the second equation to be the auxiliary (cell) problem and the first equation to be the
upscaled equation. We note that the cell problem for a hyperbolic equation is O(1) whereas for an elliptic it
is O(e). We can obtain an approximate numerical method by solving the cell problem only near the shock
region in space time, where the macrodispersion term is largest. In that case it is best to diagonalize these
equations by adding the first to the second one

St + mp = _%(S —5p)
St + 0oSp

Il
o

Compared to (5.8), it has fewer forcing terms and no cross fluxes, which leads to a numerical method with
less numerical diffusion that is easier to implement .

5.1 Numerical Averaging across Streamlines

The derivation in the previous sections contained no approximation. In this section, we follow the same
idea as in the derivation to solve the equation for the fluctuations along the characteristics, but with the
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purpose of deriving an equation on the coarse grid. To achieve this, we will not perform analytical upscaling
in the sense of deriving a continuous upscaled equation as in the previous section. We will first discretize
the equation with a finite volume method in space and then upscaled the resulting equation. Our upscaled
equation will therefore be dependent on the numerical scheme.

We use the same definition for the average saturation and the fluctuations as in (5.7) and follow the same
steps until equation (5.8). We discretize the macrodispersion term in the equation for the average saturation

— it o
oS — 7,5
Ap

7o _
UOSp =

+ O(Ap).

A superscript -? refers to a discrete quantity defined at the center of the conservation cell. Instead of solving
the equation for the fluctuations on the fine characteristics as before, which would lead to a fine grid algorithm,
we solve it on the coarse characteristics defined by

dP

Compared to the equation that we obtained in the previous section for S’, this equation for S’ has an extra
term, which appears second

S/__/O (ﬁé(P(p,T)a¢)§p(P(p,T)a¢,T)—|—ﬂé(P(p,T),¢)S;(P(p77)7¢7T)+m)) dr

The second term is second-order in fluctuating quantities, and we expect it to be smaller than the first term
so we neglect it. As before, we multiply by 9( and average over v to find

t
T = - / o0 (Pr 1), D)5y (P o), 0 ).

In this form at time ¢ it is necessary to know information about the past saturation in (0,t) to compute
the future saturation. Following [41], it can be easily shown that S,(P(p,7) depends weakly on time, in
the sense that the difference between S,(P(p,7) and S,(P(p,t) is of third-order in fluctuating quantities.
Therefore we can take S,(P(p,T) out of the time integral to find

t
908" = —/0 0y 0h (P (p, 7),¥)dTS).

The term inside the time integral is the covariance of the velocity field along each streamline. The macrodis-
persion in this form can be computed independent of the past saturation.

The nonlinearity of the flux function introduces an extra source of error in the approximation. We expand
f(S) near S (cf. [40]) and keep only the first term

S = Sp,,t) + 5" (p, 9, (1)
_’Dq = 170&1)71/)70 t%(pﬂffﬂ% t) (5 9)
F(S) = f(S) + fs(S)S" + O(57?) '

f(S)p = fs(S)S,+ fF(S)S" +...

This approximation is not accurate near the shock because S’ is not small near sharp fronts. The region
near the shock is important because the macrodispersion is large. Due to the dependence of the jump in
the saturation on the mobility we expect this approximation to be better for lower mobilities. Nevertheless
this approximation works well in practice. For more accuracy, it is also possible to retain more terms in the
Taylor expansion. We will show that in realistic examples these higher-order terms are not important in our
setting.
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Using these definitions we derive the following equations for the average saturation and the fluctuations
(see [79] for more details)

St +00f(S)p +0(fs(5)S")p =0 (5.10)

Sy + 0, fs(S)S, + f)ofs(§)SI’7 — 9,57 = 0.

P

The macrodispersion is discretized as

- ———itl  — —i

00 fs(S)S"  — 0 fs(S)S’
Ap

p(fs(8)8")p = +O(Ap).

We solve the second equation on the coarse characteristics defined by

— = ofs(S), with P(p,0) = p

and form the terms that appear in the macrodispersion

’D(/st(g)sl = _/0 56f5(_)1~)6(P(p7T)7¢)fs(§(P(p, T)ﬂw77—))§p(P(p7T)7¢7T)dT'

As before we have dropped terms that are second-order in fluctuating quantities. It can be shown (see [79])
that fs(S(P(p,7),%,7))Sp(P(p,7),1, ) does not vary significantly along the streamlines and it can be taken
out of the integration in time:

5 s(3)8 = — / T (P.7), O)dr f5(5)°5, (5.11)

This expression is similar to the one obtained in the linear case, however the macrodispersion depends on
the past saturation through the equation for the coarse characteristics.

Even though the macrodispersion depends on the past saturation it is possible to compute it incrementally
as it is done in [40]. Given its value D(t) at time ¢ we compute the values at ¢+ At using the macrodispersion

at the previous time
t+At t t+At
D(t—l—At):/ ...dT:/...dT+/ ...dr.
0 0 t

This is possible because in the derivation for the approximate expression for the macrodispersion we took
the terms that depend on S(7) outside the time integration. The integrand, the average covariance of the
velocity field along the streamlines, needs to be computed only once at the beginning. Then updating the
macrodispersion takes O(n?) computations, as many as it takes to update S.

5.2 Numerical Results

In this section, we first show representative simulation results for A(S) = 1 for flux functions f(S) = S and
nonlinear f(S) with viscosity ratio p,/u, = 5. For such setting, the pressure and saturation equations are
decoupled and we can investigate the accuracy of saturation upscaling independently from the pressure up-
scaling. At the end of the section we will present numerical results for two-phase flow. We consider two type
of permeability fields. The first type includes a permeability field generated using two-point geostatistics with
correlation lengths [, = 0.3, [, = 0.03 and 02 = 1.5 (see Figure 5.1, left). The second type of permeability
fields correspond to a channelized system, and we consider two examples. The first example (middle figure of
Figure 5.1) is a synthetic channelized reservoir generated using both multi-point geostatistics (for the chan-
nels) and two-point geostatistics (for permeability distribution within each facies). The second channelized
system is one of the layers of the benchmark test (representing the North Sea reservoir), the SPE compar-
ative project [23] (upper Ness layers). These permeability fields are highly heterogeneous, channelized, and



54 Yalchin Efendiev and Thomas Y. Hou

Fig. 5.1. Permeability fields used in the simulations. Left - permeability field with exponential variogram, middle -
synthetic channelized permeability field, right - layer 36 of SPE comparative project [23]

difficult to upscale. Because the permeability fields are highly heterogeneous, they are refined to 400 x 400
in order to obtain accurate comparisons.

Simulation results will be presented for saturation snapshots as well as the oil cut as a function of
pore volume injected (PVI). Note that the oil cut is also referred to as the fractional flow of oil. The oil
cut (or fractional flow) is defined as the fraction of oil in the produced fluid and is given by ¢,/q:, where
Gt = Go + Guw, wWith g, and g, being the flow rates of oil and water at the production edge of the model.
In particular, qu = [yq0u f(S)V-ndl, ¢ = [,00u v - 0dl, and g, = ¢ — qu, where dQ°% is the outer flow
boundary. We will use the notation € for total flow ¢; and F for fractional flow ¢,/¢: in numerical results.
Pore volume injected, defined as PV I = Vip fg q.(T)dr, with V, being the total pore volume of the system,
provide a dimensionless time for the displacement.

When using multiscale finite element methods for two-phase flow, one can update the basis functions near
the sharp fronts. Indeed, sharp fronts modify the local heterogeneities and this can be taken into account
by re-solving the local equations, (3.34), for basis functions. If the saturation is smooth in the coarse block,
it can be approximated by its average in (3.34), and consequently, the basis functions do not needed to be
updated. It can be shown that this approximation yields first-order errors (in terms of coarse mesh size). In
our simulations, we have found only a slight improvement when the basis functions are updated, thus the
numerical results for the MsFVEM presented in this paper do not include the basis function update near
the sharp fronts. Since a pressure-streamline coordinate system is used the boundary conditions are given
by P=1,5 =1 along the p =1 edge and P = 0 along the p = 0 edge, and no flow boundary condition on
the rest of the boundaries.

For the upscaled saturation equation, which is a convection-diffusion equation, we need to observe an
extra CFL-like condition to obtain a stable numerical scheme At < A2—]Z2, where v is the diffusivity. In our case

the diffusivity is [, fg 04 (p(7), )0} (p, 1)drdip. If the macrodispersion is large this can be a very restrictive
condition. To remedy this, we used an implicit discretization for the macrodispersion. This is straightforward
since the problem is one-dimensional. The resulting system was solved by a tridiagonal solver very fast. Since
the order of the highest derivative in the equation has increased, we require extra boundary conditions. For
the computation of the macrodispersion term, we impose no flux on both boundaries of the domain.

In the upscaled algorithm, a moving mesh is used to concentrate the points of computation near the
sharp front. Since the saturation equation is one dimensional in the pressure-streamline coordinates, the
implementation of the moving mesh is straightforward and efficient. For the details we refer to [79]. We
compare the saturation right before the breakthrough time so that the shock front is largest. For this
comparison we also average the fine saturation over the coarse blocks, since the upscaled model is defined
on a coarser grid. In Figures 5.2 5.3, we plot the saturation for linear and nonlinear (with p,/p, = 5) f(.9).
As we see in both cases, we have very accurate representation of the saturation profile.

We proceed with a quantitative description of the error. We will distinguish between two sources of errors.
We will refer to the difference between the upscaled and the exact equation as the upscaling or modeling
error and to the difference between the solution of continuous upscaled equations and the solution to the
numerical scheme as the discretization error. We will refer to the difference between the solutions of the
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Fig. 5.2. Saturation snapshots for variogram based permeability field (top) and synthetic channelized permeability
field (bottom). Linear flux is used. Left figures represent the upscaled saturation plots and the right figures represent
the fine-scale saturation plots.

continuous fine equations and the numerical scheme of the upscaled equations as the total error. To separate
the upscaling error from the total error we will solve the upscaled equations on the fine grid, which is the
grid on which we solve to the fine equation. We will also solve them on the coarse grid to compute the total
error. The errors are computed in the p,1 frame and are relative errors. We display the upscaling error
against the number of coarse cells for the computations of the previous section in Tables 5.14, 5.15, 5.16. As
we see from this table that upscaling using macrodispersion decreases the upscaling errors. We also see that
the effects of macrodispersion are more significant in the case of linear flux when the jump discontinuity in
the saturation profile is larger.

In Tables 5.17, 5.18, 5.19, we show the total error, that is, the modeling and discretization error when
we use a moving mesh to solve the saturation equation. It is interesting that the convergence of S to S is
observed even though the upscaling error is larger than the numerical error of the fine solution, which is
0.02 for the linear flux and 0.002 for the nonlinear flux in the L norm, as mentioned before. The reason is
that the location of the moving mesh points was selected so that the points are as dense near the shock as
the fine solution using the parameter hy,:,. This was done to observe the upscaling error clearly and also
to have similar CFL constraints on the time step, which allows a clean comparison of computational times.
We compare the require CPU times in Table 5.20. We note that it took 26 units of time to interpolate one
quantity from the Cartesian to the pressure-streamline frame. The upscaled solutions were computed on a
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Fig. 5.3. Saturation snapshots for variogram based permeability field (top) and synthetic channelized permeability
field (bottom). Nonlinear flux is used. Left figures represent the upscaled saturation plots and the right figures
represent the fine-scale saturation plots.

Table 5.14. Upscaling error for permeability generated using two-point geostatistics

| LINEAR FLUX [25x25] 50x50 | 100x100 | 200x200 ]
Ly error of S 0.0021[6.57 x 10~ *[2.15 x 10~ *[8.75 x 10"

L, error of S with macrodispersion 0.115 0.0696 0.0364 0.0135

L1 error of S fine without macrodispersion||0.1843| 0.0997 0.0505 0.0191
NONLINEAR FLUX [25x25] 50x50 | 100x100 | 200x200 ]
Ly error of S 0.0023|8.05 x 107%2.89 x 10~%{1.29 x 10™*

L error of S with macrodispersion 0.116 0.0665 0.0433 0.0177

L error of S fine without macrodispersion|| 0.151 0.0805 0.0432 0.0186
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Table 5.15. Upscaling error for for synthetic channelized permeability field

LINEAR FLUX [ 25x25 | 50x50 [100x100]200x200

Ly error of S 0.0222|0.0171| 0.0122 | 0.0053
L error of S with macrodispersion 0.0819]0.0534| 0.0333 | 0.0178
L, error of S fine without macrodispersion|| 0.123 [0.0834| 0.0486 | 0.0209

| NONLINEAR FLUX [ 25x25 [ 50x50 [100x100]200x200]
Ly error of S 0.0147/0.0105| 0.0075 | 0.0040

L, error of S with macrodispersion 0.084210.0658| 0.0371 | 0.0207

L1 error of S fine without macrodispersion|| 0.119 |0.0744| 0.0424 | 0.0214

Table 5.16. Upscaling error for SPE 10, layer 36

LINEAR FLUX [ 25x25 | 50x50 [100x100]200x200

Ly error of S 0.0128(0.0093| 0.0072 | 0.0042
L error of S with macrodispersion 0.0554|0.0435| 0.0307 | 0.0176
L, error of S fine without macrodispersion|| 0.123 [0.0798| 0.0484 | 0.0258

| NONLINEAR FLUX [ 25x25 [ 50x50 [100x100]200x200]

L7 error of S 0.0089{0.0064| 0.0054 | 0.0033
L1 error of S with macrodispersion 0.0743]10.0538| 0.0348 | 0.0189
L error of S fine without macrodispersion||0.0924|0.0602| 0.0395 | 0.0202

25 x 25 grid and the fine solution was computed on a 400 x 400 grid so we expect the S computations to
be 256 times or more faster. The extra gain comes from a less restrictive CFL condition since we use an
averaged velocity. The computations in the Cartesian frame are much slower.

Table 5.17. Total error for permeability field generated using two-point geostatistics

| LINEAR FLUX [25x25]  50x50 | 100x100 | 200x200 ]
L1 upscaling error of S 0.0021[6.57 x 107%{2.15 x 107%[8.75 x 10~°
Ly error of S computed on coarse grid||0.0185| 0.0062 0.0019 0.0015
L1 upscaling error of S 0.115 0.0696 0.0364 0.0135
Ly error of computed on coarse grid || 0.139 0.0779 0.0390 0.0144
| NONLINEAR FLUX [25x25] 50x50 | 100x100 | 200x200 ]
L1 upscaling error of S 0.0023[8.05 x 10~%{2.89 x 107*[1.29 x 10~*
Ly error of S computed on coarse grid||0.0268| 0.0099 0.0027 [9.38 x 10~*
L1 upscaling error of S 0.116 0.0665 0.0433 0.0177
Ly error of S computed on coarse grid|| 0.146 0.0797 0.0461 0.0184

The application of the proposed method to two-phase immiscible flow can be performed using the implicit
pressure and explicit saturation (IMPES) framework. This procedure consists of computing the velocity and
then using the velocity field in updating the saturation field. When updating the saturation field, we consider
the velocity field to be time independent and we can use our upscaling procedure at each IMPES time step.
First, we note that in the proposed method, the mapping is done between the current pressure-streamline
and initial pressure-streamline. This mapping is nearly the identity for the cases when p, > p,. In Figure
5.4, we plot the level sets of the pressure and streamfunction at time ¢ = 0.4 in a Cartesian coordinate
system (left plot) and in the coordinate system of the initial pressure and streamline (right plot). Clearly,
the level sets are much smoother in initial pressure-streamline frame compared to Cartesian frame. This also
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Table 5.18. Total error for synthetic channelized permeability field

LINEAR FLUX || 25x25 | 50x50 |100X100 200x200

L1 upscaling error of S 0.0222|0.0171| 0.0122 | 0.0053

Ly error of S computed on coarse grid||0.0326/0.0161| 0.0107 | 0.0113
L, upscaling error of S 0.0819(0.0534| 0.0333 | 0.0178

L error of S computed on coarse grid|| 0.135 [0.0849] 0.0477 | 0.0274

| NONLINEAR FLUX [ 25x25 [ 50x50 [ 100x100]200x200]
L1 upscaling error of S 0.0147/0.0105| 0.0075 | 0.0040

Ly error of S computed on coarse grid||0.0494|0.0295| 0.0150 | 0.0130
L1 upscaling error of S 0.084210.0658| 0.0371 | 0.0207

Ly error of S computed on coarse grid|| 0.17 | 0.11 | 0.0541 | 0.0303

Table 5.19. Total error for SPE10 layer 36

| LINEAR FLUX [ 25x25 [ 50x50 [ 100x100]200x200]
L1 upscaling error of S 0.0128]0.0093| 0.0072 | 0.0042

Ly error of S computed on coarse grid|| 0.023 |0.0095| 0.0069 | 0.0052
L, upscaling error of S 0.0554(0.0435| 0.0307 | 0.0176

L1 error of S computed on coarse grid|[0.0683] 0.052 | 0.0361 | 0.0205

| NONLINEAR FLUX [ 25x25 [ 50x50 [100x100]200x200]
L1 upscaling error of S 0.0089|0.0064| 0.0054 | 0.0033

Ly error of S computed on coarse grid||0.03380.0148| 0.0074 | 0.0037
L1 upscaling error of S 0.0743]0.0538| 0.0348 | 0.0189

L, error of S computed on coarse grid|| 0.115 [0.0720] 0.0406 | 0.0204

Table 5.20. Computational cost

||ﬁne x.y|ﬁne D, 1/1| S |§|

layered, linear flux 5648 257 |91
layered, nonlinear flux 14543 945 |28
percolation, linear flux 8812 552 |12
percolation, nonlinear flux|| 23466 579 |12
SPE10 36, linear flux 40586 | 1835 |34
SPE10 36, nonlinear flux || 118364 | 7644 (25

N DN = =]

explains the observed convergence of upscaling methods as we refined the coarse grid. In Figure 5.5, we plot
the saturation snapshots right before the breakthrough. In Figure 5.6, the fractional flow is plotted. Again,
the moving mesh algorithm is used to track the front separately. The convergence table is presented in Table
5.21. We see from this table that the errors decrease as first order which indicates that the pressure and
saturation is smooth functions of initial pressure and streamline.

6 Conclusions

In these lecture notes, we reviewed some of the recent advances in developing systematic multiscale methods
with particular emphasis on multiscale finite element methods and their applications to fluid flows in hetero-
geneous porous media. In particular, the local approaches and their convergence properties for various flow
problems are discussed. Moreover, improved subgrid capturing techniques through a judicious choice of local
boundary conditions or through oversampling techniques or through the use of limited global information
are reviewed. Other topics, such as homogenization, the sampling techniques in numerical homogenization,
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Fig. 5.4. Left: Pressure and streamline function at time ¢t = 0.4
function at time ¢ = 0.4 in initial pressure-streamline frame.
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in Cartesian frame. Right: pressure and streamline

Fig.5.5. Left: Saturation plot obtained using coarse-scale model. Right: The fine-scale saturation plot. Both plots
are on coarse grid. Variogram based permeability field is used. po/pw = 5.

Table 5.21. Convergence of the upscaling method for two-phase flow for variogram based permeability field

with S [[ 50x50 |100x100]200x200]
Ls pressure error at t = % 0.0014| 0.007 | 0.004
Ly velocity error at t = “2ne [10,0235] 0.0137 | 0.0072
L, saturation error ¢t = Tyinar ||0.0105| 0.0052 | 0.0027

with S [ 50x50 [100x100]200x200
Lo pressure error at t = L};”‘” 0.0046( 0.0021 | 0.0008
Ls velocity error at t = “Lin2 [10,0530] 0.0335 | 0.0246
L saturation error ¢t = Tfina; ||0.0546| 0.0294 | 0.0134
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Fig. 5.6. Comparison of fractional flow for coarse- and fine-scale models. Variogram based permeability field is used.
Mo/ Hw = 5.

and multiscale simulations of two-phase flows in heterogeneous porous media are also presented. Although
the results presented in this paper are encouraging, there is scope for further exploration. These include
the development and mathematical analysis of efficient numerical homogenization techniques for nonlin-
ear convection-diffusion equations with various Peclet numbers (e.g., convection dominated), inexpensive
approximations of multiscale basis functions, further exploration of accurate boundary conditions based
on local multiscale solutions, the use of limited global information for nonlinear problems, development of
adaptive criteria for multiscale basis functions (selection of coarse grid), applications of MsSFEM to more
multi-phase/multi-component porous media flows, and etc.
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