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Introduction

@ If the values of function f are given at a few points xg, xq, - - - , Xy,
can that information be used to estimate a derivative f’(c) or an

integral | ab f(x)dx?

@ Taylor’s Theorem: Letf € C"*![a,b] and xq € [a,b]. Then for
every x € [a,b], 3 {(x) between x and x( such that

f(x) = Pn(x) +Rn(x)/

where the n-th Taylor polynomial P, (x) is given by
1
Pu(x) = 3 5" (x0) (x — x0)"

and the remainder (error) term R, (x) is given by

Ru(x) = ﬁf”’“) (E(x))(x —x9)"™!  (Lagrange’s form).
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Numerical differentiation

efﬂm):k%f“0+m—f&w.

Y if the limit exists. Intuitively, we
+h) —f(xo)
h ! f (xO
ave f'(xg) = I
@ Assume thath > 0 and f € C2[xg, xg + h]. By Taylor’s Theorem,

if h is small.

W2
fxo+1) =f(x0) +1f'(x0) + 5f"(¢), forsomeg € (xo,x0 +1).
Rearranging the expansion, we obtain
h
£1(x0) = 3 (Flxo +) — () — " (2).
If —2f"(¢) is small, then we have an approximation of f'(x),
1
f(x0) = £ (f(x0 + 1) = f(x0)),

called the forward-difference formula. The term “—4f"(&)” is
called truncation error, O(h). When h < 0, we only have to change
the assumption to f € C%[xg + h, xo] = backward-difference formula.
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Higher order method

@ Assume thath > 0and f € C3[xg — I, xg + h]. By Taylor’s
Theorem, we have

h? 5

flro+h) = f(xo) +1f (x0) + 5f" (x0) + f" (1),
2 3

Flxo—h) = flxo) ~hf (o) + 2" () ~ oy (g2,

for some ¢1 € (x,x9 +h) and &, € (xg — h, xp). After subtracting
and rearranging, we have

f (xo zh(f x0+h f(xo— ) 6 2(f/// “rf/// 62))

@ This is a more favorable result, because of the h? term in the
error. Notice that, however, the presence of f in the error term.
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The truncation error

From the Intermediate Value Theorem, we have that there is a
¢ € (xg — h,xg + h), such that

/l/ (f/// +f/// ))

Hence,
hZ

F/(x0) = 55 (Fx0 + ) = f(xo ) — 7" (2).

Therefore

f(x0) = (fx0+h —f(xo —h)),

which is a second-order formula, O(h?).
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Approximation of /" (x)

Assume thath > 0 and f € C*[xy — h, xo + h]. From Taylor’s Theorem,
/ h? 1 w (3) K (4)
flxo+h) = flxo) +hf (x0) + 5f" (x0) + 53/ (x0) + 57f 7 (61),

Fln 1) = o) —I'(x0) + s (x0) — r (o) + 79 @),

for some &1 € (xo,xp +h) and &, € (xg — h,xp). After sum and
rearrangement, we obtain the following central difference formula for
the 2nd derivative at xg:

2
Fr(0) = o (Flxo ) ~ 2F(x0) o — 1) — 2 (F9(G) ¥ (62)

2
= %(f(m%—h) —2f(x0) +f(x0 —h)) — %f<4)(§),

where at the last equality we use the Intermediate Value Theorem
again. Thus, we have a second-order approximation of f”(xg)

F(x0) = 3y (F (0 + 1) = 2 (x0) + o — ).
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Richardson’s extrapolation

@ Richardson extrapolation is a general procedure to improve
accuracy.

© Assume that f is sufficiently smooth and

o) = L ), S0 =i = L g (=190 ).

HMS

After subtraction and rearrangement, we obtain

Flx) = o (Flxo+1) —f(xo—h))
2

6
(B ) + ) + D )+,
or in an abstract form
M = N(h) + (k2h2+k4h4+k6h6—|— . ~~),
where M := f'(xg) and N(h) := (f(xo + h) — f(xo — h)) / (2h).
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Richardson’s extrapolation (cont’d)

@ In general, suppose that
M=N(h)+ (kh+kh? +kh®>+---) < (1) = M—N(h) = O(h)
M=N(G) +hi+h(3) +h() + < @)
2% (2) = (1) = M=2N(%) = N(h) + ko ("2 = 1) + ks (" —13) + -
Define

Ni(h):=N(t) and Na() := Ni(3)+ {N(l) —Naa) ).

=M =Ny(h) —f2n2 - Fap3 ...« (3)
= M — Ny (h) = O(h?).

@ This formula is the first step in Richardson extrapolation. It
shows that a simple combination of Ny (k) and Ny (’%) furnishes
an estimate of M with an accuracy of O(h?).
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Richardson’s extrapolation (cont’d)

From (3), we have

M:NZ(Z) k2h2 zkzg’h3—---<—(4)
4% (4)—(3)=3M= 4N2(g) — No(h) + 3k3h3
= M=Na() 1 3 {Na(h) ~ Mo} + 3"3h3

Define N3 (h) = Na(5) + 3{Na(%) — Na(h)}.
= M — N3(h) = O().
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Richardson’s extrapolation (cont’d)

Using the same techniques, we have

Nu() = Na(h) + 2{Na(h) — Ns) ),
M — Ny(h) = O(h*),

h 1 h
Ns(h) = Na(3) + 7= {Na(3) = Na(h)},

M —Ns(h) = O(),

: m—1 )
In general, if M = Ny (h) + Z kil + O(h™) then forj = 2,3,--- ,m,
=1

Ni() = Nja(3) + gt (N1 () = N},
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Example

Below, we are going to derive an O(h*) approximation of f'(x):

f'(xo) =
fl(xo) =
flx) =

fl(xo) =
4f'(xo) =

(© Suh-Yuh Yang (

o (30 1) = o = ) = ) (x0) — b7 (x0) —

Ny (h) + O(K?)

Ni(h) — g2 (x0) — oo (x0) -

Ni(3) = ) x0) - 1;—20h4f<5><xo> -

ANy (5) = 297 (x0) — o) o) -

AN () = Ny () + g (x0) -

Ni(3) + 3 {Ni(E) — Ni )} + s (o) -
2 3 2 480

Ny (h) + O(h*)
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Differentiation via polynomial interpolation

@ Suppose that f € C?[a,b], xg € (a,b) and x1 := xo +h € [a,]].
Then 3 &(x) € [a, b] such that

£3) = 222 )+ 22 g+ LE oy )
X — X Xg f(E(x))

_ _h_hf(xOﬁx_h o)+ =5 = x)(x =x0 =)
Ifwexistsﬁf’() f(xO) 1f(x0+h)

fN( (x))( —x0)(x —xo —h) +

h o
TG0 =160) R (o)

o) ~ flxo+h) —f(xo) 1

with error bound - max |f”(x)].
I 5 xewv (x)]

2= x0) M),

@ Wehave f'(xg) =
= f'(x

h > 0 : the forward-difference formula
h < 0 : the backward-difference formula
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General case

Suppose that xg, x1, - - - ,x, € [ distinctand f € C™1(I). Then

u (n+1)
= L ()te() +f(%<él<)f>>(x x0)(x =) (=),
where C(x) el

n+1 n

} exists = f'(x) = )_ f(x)Li(x)

If Dy
{ k=0
n+1)
e Z (§§T)>}<x—xo><x—xl> e

)

T Dl x—a) - ).
ey — Y / FrD(E(x)
= f(x) = I;)f(xk)Lk(xj) + W kzo/k#(x] — Xk)

We obtain an (1 + 1)-point formula.
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Three point formula: xo, x1, x2

First, we compute
(x —x1)(x —x2)
xo — x1)(x0 — x2)
(x—x2) + (x —xq) 2x — X1 — Xo

LO(x) = (

— Lol = (xo—x1)(x0 —x2)  (x0—x1)(x0 — x2)
(x —x0)(x — x2) fon o 2x—Xp— X
ba(x) = (x1 = x0) (x1 — x2) = hi = (x1 = x0) (x1 — x2)
(x —x0)(x —x1) Py 22X —Xp— X
La(x) = (x2 —x0) (x2 — x1) = L) = (x2 —x0) (x2 — x1)
2xj —x1 — X2 2xj —x0 — X2

Then f'(x;) = f(x0) +

(x0 — x1)(x0 — x2)
n ZX]' — X0 — X1
(x2 —x0) (%2 — x1)

where ¢; := ¢(x;).
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Equal spaced

Consider the case of equal spaced: xg,x1 = x¢9 + h, x2 = x9 + 2h. Then

Fao) = ] SF0) +2f o+ B) — f o+ 20) b+ ) Go),
Fo+h) = {560+ 3o +20} - RO ),
Flro+2n) = o{3f(0) ~2f(xo+h) + of (v +20) } + 3FO(Ga).

These three formulas can be reformulated as

Fw) = o {-3700) + 40+ 1) — flxo + 20} + 2O (@), (x1)
o) = ] ~Flo—m) 450 +1)} — RO,
Fa) = g {fro— 20— 4o — ) 3 ()} + 3RO @). ()

(%2) and (x7) are essentially the same! (h > 0 or & < 0, respectively)
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Three-point and five-point formulas

@ Three-point formula:

F) = o ~3 (o) + 4o 1) — fxo +20) b+ 37O Go),

for some ¢y between xy and xg + 2k,

o V0 + 1) = fx0 — ) } = 2RO Ga),

for some ¢ between xg — h and xy + h.

f'(x0)

© Five-point formula:

Fx0) = o U0 —20) — 8 (x0 — ) + 8 (x0 +) — £ (x0 + 20)}
+Z—3f (%) (&), for some & between xo — 2k and xo + 2k, (%)
F0) = {25 (x0) + 48 (x0 + ) — 36 (xp + 20)

+16f (xo + 3h) — 3f (x0 + 4h) | + (*/5)f®) (),
for some ¢ between xy and x( + 4h.

(© Suh-Yuh Yang (#57#8), Math. Dept., NCU, Taiwan Differentiation and Integration — 16/36



Use Taylor’s Theorem + extrapolation to derive (%)

An alternative way to derive (x): Assume that f € C°[xq — 2h, x + 2]
and i > 0. Then

, n, Ve s
Floxo ) = £x0) +f (o) + orf (x0) + 2 F O (x0) + 4,f 120f
2 3
Flao =) = Fls0) —F'(0) + =" (x0) — "= F9) ) + 0 1) — 20000

where 1 between x( and xg + h, &, between xy and xy — h.

= f(xo +1) —f(xo — ) = 24" (x0) + 5 (x0) + I {f®) (&) +/O (@) }

= f(x0) = F{f o+ 1) —flxo =) } = 5O (x0) = pf O (D), (1)
Replacing h by 2h, we have

= f'(x0) = F{F(x0 +21) — f(xo — 20) } — 22O (xg) - 3£ (@), (2)

where 5 between xo — I and xy + h, E between xg — 2h and xg + 2h.
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Use Taylor’s Theorem + extrapolation to derive (%) (cont'd )

Performing “4 x (1) — (2)”, we obtain
2
3 (xo) = {fo+h) —flxo—1)}
W sz, 2H s e

1
— g {fo+2m) —flxo—2m) } - fO @) + O @).
The error term can be expressed as

4t sy o K sy = WY ~ ~
20770 = 350 ©) = 35 1O - O @)} = o).

Therefore, we have

F/(30) = 23 L (0 — 20) — 8 (xo — 1) + 8F(xo + 1) — f(x0 -+ 20) } + O3,
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Homework

The forward-difference formula can be expressed as

2
F(x0) = {F(o-+ ) —fx0) } — of (x0) — " (x0) + O().

Use extrapolation to derive an O(h®) formula for f/(xg).
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Numerical integration

b n
Numerical quadrature: / fx)dx = Y aif (x;).
a i=0

Let xg,x1, -+ , X, € [a,b] be n + 1 distinct nodes.

Let Py (x Z f(x;)L;(x) be the nth Lagrange polynomial. Then

b b n fn+1)
/af(x)dx = /a;)f dx—i—/ n—|—1 g(x—xi)dx
= Y af(x) +E(),

i=0

b
where ai:/ L;(x)dx.
a
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Trapezoidal rule

Letxg=a,xy =b,and h = b — a. Then
[ o= [ ,ﬁ;_’ﬁjlﬂ;co) + X0 fa) )
by [ 1) =) e d
- ((x—xl)z)f(x())+ ()C_m)if(xﬂ) ]+f”(§)/xxl(xx0)(xx1)dx,

2(xo —x1 2(x1 — xg % 2 0
for some & € (xg,x1)

X1

_ %ﬂﬂxl) - @f( )+ 30 (5 — C U )

(31 = %) (f(x0) () + () () (31 = 70)’

= 2 p0) + )} — (@),

If f (x) is a polynomial with degree(f) < 1, then the trapezoidal rule
gives exact result! The error is large if the interval size is large.

X0

N\E‘I\)M—‘
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Error term in the trapezoid rule

@ The error term in the trapezoid rule: Assume that f € C2[a,b].
Using the error term in the Lagrange interpolation and the
mean-value theorem for integrals, we have

[ 1@ -pac= [ e BT 4,
1

b
— Efﬂ(g)/ﬂ xz_(u—|—b)x+gbdx:... _ 12( )3f//( )

where f” (&;) = 2(f(x) — p(x))/ (x> — (a + b)x + ab) is continuous
on (a,b) and can be continuously extended to [4, b] by using the
L'Hospital rule to calculate lim,_,,+ f”(¢y) and lim,_,;- f"(&x).

@ The mean-value theorem for integrals: Assume that u € Cla,b),
v e R[a b] and v doesn’t change sign on [a,b]. Then 3 & € (a,b) such

that [7u(x)o(x) dx = u(g) [ o(x)dx.
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Simpson’s rule

Letxg=a,xy =a+h,x; =b,and h = (b —a)/2. Then

b Y (x—x1)(x—x2) (x —x0)(x — x2)
[t = [ T () + ()
)
)

(x1 —x0)(x1 — x2

+ (X — X0 (X — xl))f(xz)}dx

<x2 — X0 (x2 - X

+ xz]ds)(;:(m(x —x0)(x —x1)(x — x2)dx

— O(h*) error term.

© Suh-Yuh Yang (

/%), Math. Dept., NCU, Taiwan Differentiation and Integration — 23/36



Alternative approach to derive Simpson’s rule

Let x € [xg, x2]. Then by Taylor’s Theorem, 3 ¢(x) € (xp, x2) such that

£ = ) £ ) ) + 0 (o2
" (x1) w(}c B x1)4,
6 /24
— [ et = ()= ) + 5 )2
T T8y

g [ A (e =)

1 (x—x1)° +

x—x1)3+

X0

X2

o [P0 -t = L) [
Y e .

= (x—x1)°

X2
o for some &1 € (xg, x2).
0

- 3 (@
/x f(x)dx = 2hf(x1) + %f”(xl) +f 12(51)2115-

0
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Simpson’s rule/degree of precision

Applying the central difference formula to f”/ (x1), we have

/x:zf(x)dx

3 2
2f (1) + o o (F(xo) — 2 ) £ (12)) — o (5) )

f(4 (61) 5
60
= r0) + a1 + i .
= 2 (FG0) +41(0) +£() — £ {3V (@) - @) )

5

h h
= S (fl0) + 4 (x) +£(x2)) — 55/ (@),
for some ¢ € (xp,x2).
Definition: The degree of accuracy (precision) of a quadrature formula is
the largest positive integer n such that the formula is exact for x*, k = 0 : n.

Note: Trapezoidal rule: degree of precision = 1
Simpson'’s rule: degree of precision = 3
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Midpoint rule

b
Consider the smooth function f on [a, b]. Let xg = %.

©Q Intuition:

[ f@e [ ) dx = o) 6 —a) = )6 ).
© Based on Taylor’s Theorem:
[ #@d [ fao) o) (x— x0)
= (E0 0 -0 + 0 e T = (T2 ) 0
£) — (F(x0) +£'(x0)(x — 30)) = f"“”(x—xo)z.
_ / fd ("S- = | 1) L)) (e 22
IO [ )de fé@( =Lk =f2(4)( b—a)’, & € (a,b).
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Composite numerical integration

@ Large integration interval = large & = inaccurate;
small i = high-degree polynomial = inaccurate.

© Example: Using Simpson’s rule with 1 = 2, we have

4
/ dx ~ %(60 1 46% + ) = 56.76958..
0
(exact value = 53.59815...)
Composite Simpson’s rule:
4 2 4
o (h=1) / exdx:/ exdx—f—/ efdx ~
) 0 . 0 2
g(eO +4de! +¢%) + §(e2 + 46> +¢*) = 53.86385 - - -.
4 1 4
o (h=1/2) / exdx:/ exdx+---+/ rdx
0 0 J3

1 1
6(e" + 462 pely 44 6(e?’ + 4635 + %) = 53.61622 - - -
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Composite Simpson’s rule

Let n be an even integer. Divide [a, ] into n subintervals.

Leth = b—

4 andxj:a+jhforj:O,1,--- ,n. Then

/ clx—ii:2

xZ]

{g(f(x2j72) +4f (x2j-1) +f(x ) 90f }

M\

-
Il
-

@

{F(r0) +4f (x1) +£(x2) +f(x2) + 4 (x3) + £ (a) + -+ +f ()}
hS n/2

Zf

n/2—1 n/2 ;5 /2

Z{ XO +2 2 fX2] +4Zf X2i—1 -I—f xn} 90 Zf g] .
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Composite Simpson’s rule (cont’d)

Iff € C*[a,b] then min f@ (x) <f®(g) < max f¥(x).

x€lab] - x€lab]

— 3 min V() < ’:Zlf<4><f;j> < % max /),

2 xefa,b) 2 x€la,b]
@ < 2Y @)
<
= min f Zf (&) max fH(x).

By the Intermediate Value Theorem, 3 u € (a,b) such that
o n /2 Ho /2 Won

£ Zf 6 = 5. LS = 1/ ()
‘,'h:b_u:>n:b_a
" 5"/2h W (b—a) (b —a)
=2 a0 1/ ) = g 00 = g O
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Composite rules

@ Composite Slmpson s rule: Let 1 be an even integer, h = —”,

Xo=a<x <- <xn—bandx]—a+]h.Iff€C4[a,b]then
Ju e (ab) such that

b h n/2-1 n/2
/ﬂf(x)dx = 5{ xo) +2 Z f(xa) +4fo2] +f(xn)}
(b—a) 4.
© Composite trapezoidal rule: Leth = =2, xg =a <x < --- <x, =D
and xj = a+jh. If f € C?[a,b] then 3 e (a,b) such that
b—a
[ £ %+2Zf )+ £}~ L),

© Composite midpoint rule: Let n be an even integer, h = +2,
Xx_1=a<xg<x<- <xn<x,,+17bandx]—a+(]+1)h.lf
f € C?a,b)thenIp € (a,b) such that

W2 (b_a) 201
/f s = 21 ) foy) + R )
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Gaussian quadrature

@ Degree of precision + use values of function at equally spaced
points, e.g. the trapezoidal rule.

n
@ Gaussian quadrature: / f(x)dx = Y cif (x;), where ¢; € R and
i=1
x; € [a,b] fori = 1: n to be determined == 2n parameters.

The greatest degree of precision < 2n — 1.

© Example: Let [a,b] = [—1,1] and n = 2. We want to determine
1,00 €R,x1,xp € [*1, 1} such that

[ Fwir s ) + e )

and gives exact value whenever f(x) is a polynomial with
degree(f) <3 (=2n—-1).
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Example (cont’d)

We determine c1,¢; € R and x1,x; € [—1, 1] such that the formula
gives exact value when f(x) = 1,x, X2, x3.

2= fil ldx =cif(x1) +oof () =a+ta  (fix)=1),

0= fil xdx = c1f (x1) + cof (x2) = c1x1 + c2x2 (f(x) =x),

% = fil x?dx = c1f (x1) + cof (x2) = clx% + czx% (f(x) = x?),

0= [1Pdx = cif () +of () =+ (Fx) = ).

=+ =2 cx1+cx =0, clx% + czx% = %, clx:l3 + czx% =0.

= =1c=1x= *T\/g,xz = ?
—-V3 V3
3

1
:>L1f(x)dx%le( )—i—le(?).

This formula has degree of precision 3.
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Legendre polynomials

In Chapter 8, some Legendre polynomials are given by

1

p(x) =1  pix)=x px) =2 3
3 6 3
p3(x) = 2 — 5% pal) = Xt - fxz + 35

The Legendre polynomials have the following properties:

@ For each n, p,(x) is a polynomial of degree n.
1
° / p(x)pn(x)dx = 0 whenever p(x) is a polynomial of degree
-1
<n-—1.

@ The roots of p,(x) are distinct, lie in (—1,1), have a symmetry
with respect to 0. e.g., pa(x) = x> — % has roots \[ and \[
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Theorem on Gaussian quadrature

Theorem: Suppose that x1,x, - - -, xy, are the roots of the nth Legendre
polynomial p,(x). Fori=1,2,--- ,n, define

—/ x_ij)dx

1j=1i
If p(x) is a polynomial and degree(p(x)) < 2n — 1. Then

[ piax = 3 el
- i=1

Proof: Let R(x) be a polynomial and degree(R(x)) < n — 1. Then R (x) = 0
and by the Lagrange interpolating theorem, we have

n n — x
X x]

R(x) = Z H

i=1j=1,j41 M

Therefore,

/ dx—/z

i=1 j= 1]7&1 x]
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Proof of the theorem on Gaussian quadrature (con’d)

Let p(x) be a polynomial with degree(p(x)) < 2n — 1.

Then p(x) = Q(x)pn(x) + R(x) for some Q(x) and R(x) with
degree(Q(x)) < n—1and degree(R(x)) <n—1.

*.~degree(Q(x)) <n-—1

1
L Q(x)pu(x)dx = 0
s xjisarootof py(x) fori=1:n

sop(x) = Qxi)pn(xi) + R(x;) = R(xi)

= /1 p(x)dx = /jl (Q(x)pn(x) +R(x)) dx = /1 R(x)dx

J1
= iCiR(xi) = icip(xi)'
i=1 i=1

This completes the proof. [
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Change of variables

b 1.
Change of variables: / f(x)dx — / f(t)dt
a -1

_2x—a—b
b—

/ dx—/f —at—i—a—i—b}) — 2.

—x=_((b—a)t+a+b).

I\J\P—‘

15 1 2 1 2
Example:/ e dx:/ e_(%(0'5t+2'5)) Ozjdt: }L/ e st dt.
1 -1 -1
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