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The linear least-squares problem

Let A ∈ Rm×n, m > n, and b ∈ Rm. Then the linear system
Ax = b is called overdetermined. It has more equations
than unknowns. In general, such a system has no solution.
The least-squares problem is to find x ∈ Rn that solves the
minimization problem:

min
x∈Rn

∥b − Ax∥2. (⋆)

As the unknown x occurs linearly, this is also referred to as
the linear least-squares problem.
Let A = [a·1 a·2 · · · a·n] and r := b − Ax (residual vector).
Since the columns of A span a hyperplane, we get the
solution by making r orthogonal to the columns of A,

r⊤a·j = 0, ∀ j = 1, 2, · · · , n.
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The linear least-squares problem (cont’d)

Therefore, we have

0 = r⊤[a·1 a·2 · · · a·n] = r⊤A,

which implies the following normal equations:

0 = A⊤r = A⊤(b − Ax) = A⊤b − A⊤Ax

⇔ A⊤Ax = A⊤b.
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Uniqueness of solution of the normal equations

Theorem: If the column vectors of A are linearly independent, then A⊤A is
nonsingular and the normal equations A⊤Ax = A⊤b have a unique
solution x̂, which is the solution of the linear least-squares problem (⋆).
Proof:

(1) Show that the symmetric matrix A⊤A is positive definite.
Let 0 ̸= x ∈ Rn. Let y = Ax. Since the column vectors of A are linearly
independent, we have y ̸= 0 and

x⊤(A⊤A)x = x⊤A⊤Ax = y⊤y = ∥y∥2
2 > 0.

Hence, A⊤A is nonsingular and A⊤Ax = A⊤b has a unique solution x̂.
(2) Let r̂ := b − Ax̂. We want to show that ∥r̂∥2 ≤ ∥r∥2.

Since r = b − Ax = b − Ax̂ + A(x̂ − x) = r̂ + A(x̂ − x), we have

∥r∥2
2 = (̂r + A(x̂ − x))⊤(r̂ + A(x̂ − x))

= r̂⊤ r̂ + r̂⊤A(x̂ − x) + (x̂ − x)⊤A⊤ r̂ + (x̂ − x)⊤A⊤A(x̂ − x).

Since A⊤ r̂ = A⊤(b − Ax̂) = 0, we obtain

∥r∥2
2 = r̂⊤ r̂ + (x̂ − x)⊤A⊤A(x̂ − x) = ∥r̂∥2

2 + ∥A(x̂ − x)∥2
2 ≥ ∥r̂∥2

2.
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Uniqueness of solution of the linear least-squares problem

Theorem: If the column vectors of A are linearly independent, then the
linear least-squares problem (⋆) has a unique solution x̂.

Proof:
From the previous theorem, the unique solution x̂ of the normal equations,
i.e., A⊤Ax̂ = A⊤b, is also a solution of the linear least-squares problem (⋆).

Next, we want to show that x̂ is the only critical point of the function
f (x) := ∥b − Ax∥2

2, which implies that the linear least-squares problem (⋆)
has this unique solution x̂. Let ∇f (x) = 0. Then we have

0 = ∇f (x) = ∇
(
(b − Ax)⊤(b − Ax)

)
= ∇

(
(b⊤ − x⊤A⊤)(b − Ax)

)
= ∇

(
b⊤b − b⊤Ax − x⊤A⊤b + x⊤A⊤Ax

)
= ∇

(
b⊤b − 2x⊤A⊤b + x⊤A⊤Ax

)
= −2A⊤b + 2A⊤Ax.

It leads to A⊤Ax = A⊤b. Since A⊤A is nonsingular, x̂ is the only critical
point. Hence, the linear least-squares problem (⋆) has a unique solution x̂.
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Singular value decomposition

The linear least-squares problem can be solved using the SVD:

Singular value decomposition (SVD): Let A ∈ Rm×n. Then we have

A = UΣV⊤ :=
[
u1 u2 . . . um

]
m×m Σ

[
v1 v2 . . . vn

]⊤
n×n ,

where U and V are orthogonal matrices,

UU⊤ = U⊤U = Im×m, VV⊤ = V⊤V = In×n,

Σ = diag(σ1, . . . , σr, 0 . . . , 0) ∈ Rm×n with

σ1 ≥ · · · ≥ σr > 0 = σr+1 = · · · = σmin{m,n}

is a diagonal matrix of singular values, and r = rank(A).
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Solving the linear least-squares problem using SVD

Let A ∈ Rm×n, m > n, and b ∈ Rm. Assume that A has full column
rank. Consider the overdetermined linear system Ax = b. By the
SVD, we write

A = (U1 U2)

[
S
0

]
V⊤,

where U1 ∈ Rm×n. Then

∥r∥2
2 = ∥b − Ax∥2

2 = ∥b − U
[

S
0

]
V⊤x∥2

2.

Let b̃ = U⊤b, with b̃i = U⊤
i b, i = 1, 2, and y = V⊤x. Since the 2-norm

is invariant under orthogonal transformations, we have

∥r∥2
2 = ∥U

(
U⊤b −

[
S
0

]
V⊤x

)
∥2

2 = ∥
[

b̃1
b̃2

]
−

[
S
0

]
y∥2

2.

Therefore,
∥r∥2

2 = ∥b̃1 − Sy∥2
2 + ∥b̃2∥2

2.
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Solving the linear least-squares problems using SVD (cont’d)

The minimum occurs when y = S−1b̃1. Thus, the least-squares
solution is given by

x = Vy = VS−1b̃1 = VS−1U⊤
1 b.

Since
S−1 = diag(

1
σ1

,
1
σ2

, · · · ,
1
σn

), (rank(A) = n)

the least-squares solution can be written

x =
n

∑
i=1

u⊤
i b
σi

vi.

Note that the assumption that A has full column rank implies σi > 0
for i = 1, 2, · · · , n.
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Plane rotations

A plane rotation matrix is orthogonal:

G =

[
c s

−s c

]
∈ R2×2, c2 + s2 = 1.

Multiplication of a nonzero vector x = (x1, x2)
⊤ by matrix G

rotates the vector in a clockwise direction by an angle θ, where
c = cos θ and s = sin θ.

Therefore, a plane rotation can be used to zero the 2nd element

of a nonzero vector x by choosing c =
x1

∥x∥2
and s =

x2

∥x∥2
:

[ x1
∥x∥2

x2
∥x∥2

− x2
∥x∥2

x1
∥x∥2

] [
x1
x2

]
=

[
∥x∥2

0

]
, ∥x∥2 :=

√
x2

1 + x2
2.
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Plane rotations (cont’d)

By embedding a two-dimensional rotation in a larger unit matrix, one
can manipulate vectors of arbitrary dimension.

Example: Given a vector 0 ̸= x ∈ R4, we transform it to κe1 step
by step as follows:

where κ = ∥x∥2. (why? three orthogonal transformations)
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Householder transformations

Let v ̸= 0 be an arbitrary vector, and define

P := I − 2
v⊤v

vv⊤ := I − 2uu⊤ with u :=
v

∥v∥2
.

Then P⊤P = PP⊤ = P2 = I, P is symmetric and orthogonal and
called a Householder transformation.

Let x ̸= y be given nonzero vectors with ∥x∥2 = ∥y∥2.
Can we determine a Householder transformation P such that Px = y?
Solution: The equation Px = y can be written as

Px = Ix − 2
v⊤v

vv⊤x = x − 2v⊤x
v⊤v

v = y,

which is of the form βv = x − y.
Since P(x/β) = y/β, without loss of generality, we may assume
that β = 1. Then v = x − y ̸= 0.
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Householder transformations (cont’d)

Since v = x − y and x⊤x = ∥x∥2
2 = ∥y∥2

2 = y⊤y, we obtain

v⊤v = x⊤x − 2x⊤y + y⊤y = 2(x⊤x − x⊤y),

and further
v⊤x = x⊤x − y⊤x =

1
2

v⊤v.

Therefore, we have

Px = x − 2v⊤x
v⊤v

v = x − v = y.

Now, we choose y = κe1, where κ = ±∥x∥2. Let v = x − κe1. We
have the Householder transformation,

P := I − 2
v⊤v

vv⊤ := I − 2uu⊤ with u :=
v

∥v∥2
.

Then Px = κe1, which zeros the components in the vector x, except the
first component.
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QR decomposition

Let A ∈ Rm×n, m ≥ n. By a sequence of Householder
transformations, we can transform

A → Q⊤A =

[
R
0

]
,

(
⇔ A = Q

[
R
0

])
where R ∈ Rn×n is upper triangular and Q ∈ Rm×m is orthogonal.

For example, let A ∈ R5×4.

· · · · · ·
After the 4th step we have computed the upper triangular matrix R.
The sequence of transformations can be summarized as

Q⊤A =

[
R
0

]
, Q⊤ = H4H3H2H1.
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QR decomposition (cont’d)

Assume that A ∈ Rm×n, m ≥ n. Then the Householder matrices Hi
have the following structure:

H1 = I − 2u1u⊤
1 , u1 ∈ Rm,

H2 =

[
1 0
0 P2

]
, P2 = I − 2u2u⊤

2 , u2 ∈ Rm−1,

H3 =

 1 0 0
0 1 0
0 0 P3

 , P3 = I − 2u3u⊤
3 , u3 ∈ Rm−2,

· · ·
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QR decomposition Theorem

QR decomposition: Any matrix A ∈ Rm×n, m ≥ n, can be transformed
to the form:

A = Q
[

R
0

]
,

where Q ∈ Rm×m is orthogonal and R ∈ Rn×n is upper triangular. If the
columns of A are linearly independent, then R is nonsingular.

Proof:

The constructive procedure outlined in the preceding can easily be
adapted. If the vector to be transformed already fulfills the
requirement, then Pi is chosen to equal the identity matrix I.

Since [
R
0

]
= Q⊤A,

Q⊤ is nonsingular, and the columns of A are linearly independent, the
columns of the left-hand side matrix are linearly independent, and
hence, the n × n upper triangular matrix R is nonsingular.
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Thin QR decomposition

We illustrate the QR decomposition symbolically:

By partitioning Q = (Q1 Q2), where Q1 ∈ Rm×n, we have the thin QR
decomposition:

A = (Q1 Q2)

[
R
0

]
= Q1R.
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Solving the linear least-squares problem using QR

Let A ∈ Rm×n, m > n, and b ∈ Rm. We can solve the following linear
least-squares problem

min
x∈Rn

∥b − Ax∥2

using QR decomposition of A. Recalling r := b − Ax, we have

∥r∥2
2 = ∥b − Ax∥2

2 = ∥b − Q
[

R
0

]
x∥2

2

= ∥Q
(

Q⊤b −
[

R
0

]
x
)
∥2

2

= ∥Q⊤b −
[

R
0

]
x∥2

2,

where we use the fact that the Euclidean vector norm is invariant
under orthogonal transformation:

∥Qy∥2
2 = (Qy)⊤Qy = y⊤Q⊤Qy = y⊤y = ∥y∥2

2.
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Solving the linear least-squares problem using QR (cont’d)

Now let Q = (Q1 Q2), where Q1 ∈ Rm×n, and denote

Q⊤b =

[
Q⊤

1 b
Q⊤

2 b

]
=:

[
b̃1
b̃2

]
.

Then we can write

∥r∥2
2 = ∥

[
b̃1
b̃2

]
−

[
Rx
0

]
∥2

2 = ∥b̃1 − Rx∥2
2 + ∥b̃2∥2

2.

Since the columns of A are linearly independent, R is nonsingular and we
can solve

Rx = b̃1,

and the solution is given by

x = R−1Q⊤
1 b,

which is the unique minimizer of ∥b − Ax∥2. (cf. page 5)
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