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The linear least-squares problem

@ LetA € R™", m > n,and b € R". Then the linear system
Ax = b is called overdetermined. It has more equations
than unknowns. In general, such a system has no solution.

@ The least-squares problem is to find x € IR" that solves the
minimization problem:

min ||b — Ax||,. (%)
x€R"

As the unknown x occurs linearly, this is also referred to as
the linear least-squares problem.

@ LetA=aq a, -+ a,|andr:= b — Ax (residual vector).
Since the columns of A span a hyperplane, we get the
solution by making r orthogonal to the columns of A,

rTai]' =0, Vj=12---,n
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The linear least-squares problem (cont’d)

Therefore, we have
0=r" [a1 ap -+ ay = r'A,

which implies the following normal equations:
0=A"r=A"T(b-Ax) =A"b—-ATAx

& [Alax=aTb]

b
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Uniqueness of solution of the normal equations

Theorem: If the column vectors of A are linearly independent, then AT A is
nonsingular and the normal equations AT Ax = A" b have a unique
solution X, which is the solution of the linear least-squares problem (x).

Proof:
(1) Show that the symmetric matrix AT A is positive definite.
Let 0 # x € R". Let y = Ax. Since the column vectors of A are linearly

independent, we have y # 0 and
" (ATA)x=x"ATAx =y "y = |y|3 > 0.
Hence, AT A is nonsingular and ATAx=A"bhasa unique solution ¥.
(2) Let7:= b — AX. We want to show that ||72 < ||7||2.
Sincer=b—-Ax=b—-Ax+A(RX —x) =7+ A(X — x), we have
F+AFR—x) GF+AR—x))
= 747 AG-2)+E—x)AF+E—x)"ATAR—x).

I3

Since AT# = AT (b — A%) = 0, we obtain
73 =77+ & —x)TATAR —x) = |FI3 + AR — )3 = |[7l13-
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Uniqueness of solution of the linear least-squares problem

Theorem: If the column vectors of A are linearly independent, then the
linear least-squares problem (x) has a unique solution X.

Proof:
From the previous theorem, the unique solution ¥ of the normal equations,
ie., ATAx = ATb, is also a solution of the linear least-squares problem (x).

Next, we want to show that ¥ is the only critical point of the function
f(x) := ||b — Ax||3, which implies that the linear least-squares problem (%)
has this unique solution ¥. Let Vf(x) = 0. Then we have

0 = Vfx)=V((b-Ax)"(b—Ax)) =V (" —x"AT)(b - Ax))
= Vb'b-b'Ax—x"ATb+x AT Ax)
= V(b'b-2x"ATb+x"TAT Ax)
= —2A"b+2A4"Ax.

Itleadsto ATAx = A'b. Since ATA is nonsingular, ¥ is the only critical
point. Hence, the linear least-squares problem (x) has a unique solution ¥.
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Singular value decomposition

The linear least-squares problem can be solved using the SVD:
Singular value decomposition (SVD): Let A € R™*". Then we have

T

A=UxV' = [ul u ... um] Z[vl 02 .. v”}nxn’

mxm
where U and V are orthogonal matrices,

UUT =U"U =Lim, VV' =V'V =Ty,
L =diag(oy,...,0+,0...,0) € R™" with

01Z---Z(Tr>0:‘7~r+1:"':‘7min{m,n}

is a diagonal matrix of singular values, and r = rank(A).
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Solving the linear least-squares problem using SVD

Let A € R™" m > n,and b € R™. Assume that A has full column
rank. Consider the overdetermined linear system Ax = b. By the
SVD, we write

S

-
OV’

A= (U W) {

where U; € R™*", Then

S
Il = lo—axlp = Jo-u | § | vTxl3

Letb = U'b, with Ei = UZ-T bi=12,andy = V T x. Since the 2-norm
is invariant under orthogonal transformations, we have

|ﬂ@—|u@ﬂb[§}v%ﬁﬁ—|[§;][ﬁ}mé

Therefore, B _
7115 = [1b1 — SylI5 + [|b2]}5-
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Solving the linear least-squares problems using SVD (cont’d)

The minimum occurs when y = §~'b;. Thus, the least-squares
solution is given by

x=Vy=VS1h =VS'ujb.

Since 11 1
-1 .
- S, K(A) =
S dlag(al,gz, ,Un), (rank(A) = n)

the least-squares solution can be written

Note that the assumption that A has full column rank implies 0; > 0
fori=1,2,--- ,n.
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Plane rotations

@ A plane rotation matrix is orthogonal:

G—{ c S}EIRZQ, At =1
-5 c

@ Multiplication of a nonzero vector x = (x1,%;) " by matrix G
rotates the vector in a clockwise direction by an angle 6, where
¢ = cosf and s = siné.

@ Therefore, a plane rotation can be used to zero the 2nd element

of a nonzero vector x by choosing ¢ = L ands= 2
112 %[l
o[ I 22
x
Ml Tl { xl } = { 02 }, [[x][2 == \/x3 + 22
lxllz Ilx]2 2
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Plane rotations (cont’d)

® By embedding a two-dimensional rotation in a larger unit matrix, one
can manipulate vectors of arbitrary dimension.

@ Example: Given a vector 0 # x € R*, we transform it to xe; step

by step as follows:

10 0 O X X
01 0 0 x| _Ix
00 a s x| 7| *
0 0 —s1 1 X 0
1 0 0 0 X X
0 C2 sy 0 X1 _|*
0 —8g C2 0 x| 0
0 0 0 1 0 0
c3 s3 0 O X K
—s3 ¢33 0 O x| _ |0

0 0 10 o] (o

0 0 0 1 0 0

where « = [|x|[. (why? three orthogonal transformations)
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Householder transformations

@ Let v # 0be an arbitrary vector, and define

2
P:=1-— ?va =I—2uu' withu:= .
v'o [o]l2

Then P'P = PP" = P? = I, P is symmetric and orthogonal and
called a Householder transformation.

@ Let x # y be given nonzero vectors with ||x||> = [|y]|2.
Can we determine a Householder transformation P such that Px = y?
Solution: The equation Px = y can be written as

2 20" x
Px = Ix — 7vax:xf
v'v

0 =
vlv L

which is of the form v = x —y.

Since P(x/B) = y/ B, without loss of generality, we may assume
that B =1. Thenv =x—y # 0.
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Householder transformations (cont’d)

@ Sincev =x—yandx'x = ||x||3 = ||y||3 = y "y, we obtain

vio=x'x—2x"y+y'y=20x"x—x"y),

and further ,
vlx=x"x— yTx = EvTv.

Therefore, we have

20 x

v=x—0v=1.
vlv Y

Px=x—

= =£/||x||2. Letv = x — xe;. We

@ Now, we choose y = ke, where x
have the Householder transformation,

=1—-2uu' withu:=

2
P=1—-— oo’ .
[v]]2

oo
Then Px = xey, which zeros the components in the vector x, except the

first component.
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OR decomposition

Let A € R™*", m > n. By a sequence of Householder
transformations, we can transform

7. | R o R
A—>QA_[0}, (@A—Q{O])
where R € R™*" is upper triangular and Q € R"*"™ is orthogonal.

For example, let A € R3*4.

H,A=H,

X X X X X
X X X X X
X X X X X
X X X X X
I
cooco+
++++ 4+
++ 4+t
++ 4+t

After the 4th step we have computed the upper triangular matrix R.
The sequence of transformations can be summarized as

R
Q'A= { 0 } , Q' = HyH;HH;.
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QR decomposition (cont’d)

Assume that A € R™*", m > n. Then the Householder matrices H;
have the following structure:

H, = I-2uu!, u €R",
1 0 _

H, = |:0 Pz]' P2:I—2u2u2T, MZEIRm 1,
10 0

H; = 01 0 |, Ps=I-2usu;, uzcR"?2
0 0 P
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QR decomposition Theorem

R decomposition: Any matrix A € R™ " m > n, can be transformed
p Y

to the form:
R

where Q € R™*™ is orthogonal and R € R"*" is upper triangular. If the
columns of A are linearly independent, then R is nonsingular.

Proof:

@ The constructive procedure outlined in the preceding can easily be
adapted. If the vector to be transformed already fulfills the
requirement, then P; is chosen to equal the identity matrix I.

@ Since

R
HEZ

Q' is nonsingular, and the columns of A are linearly independent, the
columns of the left-hand side matrix are linearly independent, and
hence, the n x n upper triangular matrix R is nonsingular.
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Thin QR decomposition

We illustrate the QR decomposition symbolically:

R
A = Q 0
m X n mXm mXmn

By partitioning Q = (Q; Q,), where Q; € R™*", we have the thin QR
decomposition:

R
A=(Q Q) { 0o | = QR

m X n mXn nxn
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Solving the linear least-squares problem using OR

Let A € R™", m > n,and b € R™. We can solve the following linear
least-squares problem

min ||b —Atz

xeR"

using QR decomposition of A. Recalling r := b — Ax, we have
Il = lo-axiz=lo-| § |3

lo(Q7v-| ¢ | %)I2

~ s | § |43

where we use the fact that the Euclidean vector norm is invariant
under orthogonal transformation:

1Qyl3=(Qy)' Qy=y"Q ' Qy=vy"y = |yl
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Solving the linear least-squares problem using QR (cont’d)

Now let Q = (Q; Q,), where Q; € R"*", and denote

. [Qb]_ | b
Qb‘{Qib]"[EZ]'

Then we can write

b Rx = =
I3 = | [ b ] ] 1B = 1~ Rl + 1
2

Since the columns of A are linearly independent, R is nonsingular and we

can solve
Rx = bl,

and the solution is given by
x=R'Q/b,

which is the unique minimizer of ||b — Ax||,. (cf. page 5)
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