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Review of calculus

@ ¢-¢ definition of limit: Let @ # X C IR, xg be an accumulation
point of X, and f : X — R be a real-valued function. Then

lim f(x) =L <= VYe>0,3J>0, such thatif x € X and

X—r X

0 < |x —xp| < Jthen |[f(x) —L| <e.

@ Definition (continuity): @ # X C R, xp € X,andf : X — R.
e f(x) is said to be continuous at x = x if xlgg(lo f(x) = f(xo).
e fis continuous on X if f is continuous at each number in X.
@ Notation:

C(X) = the set of all functions that are continuous on X.

e.g., C([a,b]) = Cla,b], C((a,b]) = C(a,], etc.
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Sequences

@ Definition: Let {x,,}° ; be an infinite sequence of real (or
complex) numbers and x € R (or C).

limx, =x<=Ve>0, IN €N, st ifn > N then |x, — x| <e.

n—oo
@ Theorem: @ # X C R, xp € X,andf : X = R.
fis continuous atxy <= if lim x, = x(, then
n—00

Tim () = f(x0) = (Jim ).
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Smoothness

@ Definition: Let @ # I C Rbe an open interval, xg € I f : I = R.
o If lim {8 =/ (0)

exists, then we say f is differentiable at
X—X0 X — X0

xo and f'(x) = lim L0 =f(0)

X—X0 X — X
o If f is differentiable at each number in I, then we say f is
differentiable on I.

is the derivative of f at xq.

@ Alternative definition: f'(xy) = }llln}) flxo+ hP)z —f (%) .
—

@ Theorem: f is differentiable at xo = f is continuous at x.

@ Notation:

o C"(X) = the set of all functions that have n continuous
derivatives on X.

o C®(X) = the set of all functions that have derivatives of all
orders on X.
e.g., polynomials, exponential functions, etc., on X = R.
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Algorithm (pseudocode)
An algorithm to compute f'(x) at the point x = 0.5 with f(x) = sin(x):

program numerical differentiation
integer parameter n < 10
integer i
real error, h, x,y
x <+ 0.5
h+1
fori=1tondo
h < 0.25h
y  (sin(x +h) —sin(x))/h
error < | cos(x) — y|
output i, h,y, error
end for
end program
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Mean Value Theorem

Rolle’s Theorem:

If f is continuous on [a, b], f’ exists on (a,b), and f(a) = f(b), then
dce (a,b)st f'(c) =0.

Mean Value Theorem:

If f € Cla,b] and f’ exists on (a,b), then for ¢ € (a,b) such that
f/(C) — f(b)*f(”).

b—a
Generalized Rolle’s Theorem: f € C[a, b, f is n time
differentiable on (4,b). If f is zero at n 4 1 distinct numbers
Xo,X1, "+ ,Xn € [a,b], then I ¢ € (a,b) such thatf(”) (c)=0.

Extreme Value Theorem: If f € C[a,b] then 3 ¢1, ¢ € [a,b] such
that f(c1) < f(x) <f(c2),Vx € [a,b].

Note: Extreme Value Theorem + Fermat’s Lemma — Rolle’s
Theorem = Mean Value Theorem.
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Intermediate Value Theorem

@ Bolzano’s Theorem: If f is a continuous function on [a,b] and

f(a)f(b) < 0,then 3 c € (a,b) s.t. f(c) =0.

@ Intermediate-Value Theorem: If f is a continuous function on
[a,b] and K is any number between f(a) and f(b), that is,
fla) < K<f(b)orf(b) <K< f(a),thendc € (a,b)s.t f(c) =K.

@ Note: The Least-Upper-Bound Axiom + sign-preserving
property = Bolzano’s Theorem = Intermediate Value
Theorem.
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Riemann integral

@ Definition: Let {xo =4a,x1,x2,- - ,x, = b} be a partition of [a, ]|
with Ax; = x; — x;_ a5 i=1,2,--- ,nand z; € [x;_1,x;] is arbitrary

chosen. If  lim 2 f(zi)Ax; exists, then

max Ax; HO

/ﬂf(x)dx:: lim Zf )Ax;

max Ax; —>O

is called the (Riemann) integral of f on [a, b].

@ Lebesgue Theorem: Letf : A C R” — R be a bounded function
on a bounded set A.

f is Riemann integrable <= the set {discontinuous points of f }

is measure zero.

@ Note: f € Cla,b] = f is integrable on [a, ]].

equal spaced, z; = x;

n—oo
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Weighted Mean Value Theorem for integral

Theorem: If f € C[a, b], ¢ is Riemann integrable on [4, b] and does not
change sign on [a, b]. Then 3 ¢ € (a,b) such that

[ gt = o) [ stxia
Sketch of the proof:
f €Cla,b] ..3m,M € R such that m <f(x) <M, Vx € ab].

$g(x) >0on[a,b]. Thenf mg(x)dx < f f(x)g(x)dx < fung(x)dx

$ f g(x)dx > 0, otherwise OK. Then m < M

< M.
12 g(x)dx

Then the assertion holds by the Intermediate Value Theorem. O
Note: g(x) = 1on [a,b] = [ f(x)dx = f(c)(b—a) =
f(c) := blfg fab f(x)dx is called the average value of f on [a, D).
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Taylor’s Theorem

Theorem: Letf € C"1[a,b] and xy € [a,b]. Then for every x € [a,b],
3 &(x) between x and xj such that

f(x) = Pu(x) + Ra(x),
where the n-th Taylor polynomial P, (x) is given by

1
Pu(x) =) Hf(k) (%0) (x — x0)"
and the remainder (error) term R, (x) is given by
R,(x) = = / £ ) (1) dt (integral form)

BCE! 1).f<”+1)(§(x))(x —x)"*! (Lagrange form)

(by the weighted MVT for integral)
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Some remarks

Assume that f € C*®|a, D).
> 1
° kz;) Ef ) (x0) (x — x0 ) is called the Taylor series of f at x.
(when xy = 0, called the Maclaurin series)

o If nlgrolo Ry (x) =0, then nlgxc}o Pu(x) =f(x),1ie.,
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Example: Taylor polynomial of f(x) = cos(x) at xp = 0

f'(x) = —sin(x), f’(x) = — cos(x), f"(x) = sin(x), f* (x) = cos(x).
f0) =1, f(0) =0, f(0) = —1, f"(0) = 0, f¥)(0) = 1.

Casen = 2:

cos(x) =1— %xz + %xs sin(¢(x)), where &(x) is between 0 and x.

c0s(0.01) = 0.99995 + 0.16 x 10~ sin(&(x)), where 0 < &(x) < 0.01.
| cos(0.01) — 0.99995| < 0.16 x 10~¢| sin(&(x))| < 0.16 x 107® x 0.01
= 0.16 x 1078, where we use the fact | sin(x)| < |x|, Vx € R.

Casen = 3:

cos(x) =1— %x + 21436 cos((j( )), where E(x) is between 0 and x.

| cos(0.01) — 0.99995| < ﬂ(0.01)4 x1<42x10710
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Example (cont’d)

Use the Taylor polynomial to estimate

0.1 0.1 1 0.1
/ cos(x)dx = / (1— 52P)dx + / —x 4 cos(&(x))dx
0 0
0.1 0.1
= (x—lx3 —|—/ ix4cos (C(x))dx

= 009983—!—/ —x 4 cos((x))dx.

0.1 0.1
[} costrix —00s983| < o [ cos(l)
0

IN

0.1
47 o 10-8
24/0 Ay = 83 x 1078,

True value is 0.099833416647, actual error for this approximation is
8.3314 x 1078,
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Partial sums of the Taylor series for f(x) = cos(x) atxg =0

Partial sums of the Taylor series for f(x) = cos(x) at %=0

3
f(x)=cos(x)
ol : —— p,(x)=1-(1/2)x* i
P, ()=1-(1/2)x P+ (1/24)x"
e i
R
= A
i O T § pZt
- ~—
_1 [ T
ol i
_al i i i i i i
-3 -2 -1 0 1 2 3
X—axis

Note: A Taylor series converges rapidly near the point of expansion
and slowly (or not at all) at more remote points.
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Taylor’s Theorem in two variables

Iff € C"([a,b] x [c,d]), then for (x,y), (x +h,y+k) € [a,b] X [c,d]
we have

Flethy ) = 1 g k) + R,

1

where

1 a a i’l+1
for some 0 < 6 < 1.

Example: First few terms in the Taylor formula for f(x, y) = cos(xy):

Taylor’s formula withn = 11is

cos((x +h)(y+k)) = cos(xy) — hysin(xy) — kxsin(xy) + Ry (h, k),
Ry(h,k) =

How about n = 2?
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Big O notation for sequences

@ Definition: Suppose that 1i_I>n Bn =0and lgn ap =a. IfIK>0
n—oo n—oo
and ny € N such that |a, — a| < K|B, — 0| for all n > ng, then
we say that {a, } converges to a with rate of convergence O(S,)
and write o, = a + O(By).
@ Examples:

1
oy =14+ —— + :>hmanfzxf1

n+3

0y =2+ = lim a, = a = 2.

n—oo
1 ~ 1 ~
Let B, = p and B, = R Then lglgoﬁn =0= nlglgoﬁn

1 1
n+ S114—11_27_2”%” 0|

n+3 n+3n -
n3 nd

= |ay — 1| =

n2

Vl
and |&, —2| = < 4:11—2 =4[B, —0|.

— a, :1+o(%> and @, :2+o(%).
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Big O notation for functions

@ Definition: Suppose that lim G(h) = 0 and lim F(h) = L. If
h—0 h—0

3K > 0 and small iy > 0 such that |[F(h) — L| < K|G(h) — 0| for
all || < hg, then we say that F(h) converges to L with rate of
convergence O(G(h)) and write F(h) = L+ O(G(h)).

@ Example:
cos(h) =1— 1h2 + ih‘* cos(¢(h)), &(h) is between 0 and .
. |cos(h) + h2 - 1‘ ’ cos(&(h))| h* < %h‘* for all h.

~.cos(h) + 5h2 =1+ 0(h*).
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