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(1) Definition: A norm on Rn is a real-valued function f : Rn → R that satisfies the
following three conditions:

(i) f (v) ≥ 0, ∀ v ∈ Rn and f (v) = 0 ⇔ v = 0.

(ii) f (αv) = |α| f (v), ∀ v ∈ Rn and α ∈ R.

(iii) f (v + w) ≤ f (v) + f (w), ∀ v, w ∈ Rn. (called the triangle inequality)

(2) Example: Define a function f on Rn by

f (v) := ‖v‖∞ := max{|v1|, |v2|, · · · , |vn|}, ∀ v = (v1, v2, · · · , vn) ∈ Rn.

Then ‖ · ‖∞ is a norm on Rn.

Proof:

(i) (a). Let v = (v1, v2, · · · , vn) ∈ Rn. Then we have

∵ ‖v‖∞ = max{|v1|, |v2|, · · · , |vn|} and |vi| ≥ 0, ∀ i = 1, 2, · · · , n

∴ ‖v‖∞ ≥ 0, ∀ v ∈ Rn

(b). ‖v‖∞ = 0 ⇔ max{|v1|, |v2|, · · · , |vn|} = 0 ⇔ |vi| = 0, ∀ i = 1, 2, · · · , n

⇔ vi = 0, ∀ i = 1, 2, · · · , n ⇔ v = 0

(ii) Let v = (v1, v2, · · · , vn) ∈ Rn and α ∈ R. Then we have

‖αv‖∞ = ‖(αv1, αv2 · · · , αvn)‖∞ = max{|αv1|, |αv2|, · · · , |αvn|}
= max{|α||v1|, |α||v2|, · · · , |α||vn|}
= |α|max{|v1|, |v2|, · · · , |vn|}
= |α|‖v‖∞

(iii) Let v = (v1, v2, · · · , vn), w = (w1, w2, · · · , wn) ∈ Rn. Then we have

‖v + w‖∞ = ‖(v1 + w1, v2 + w2, · · · , vn + wn)‖∞

= max{|v1 + w1|, |v2 + w2|, · · · , |vn + wn|}
≤ max{|v1|+ |w1|, |v2|+ |w2|, · · · , |vn|+ |wn|}
≤ max{|v1|, |v2|, · · · , |vn|}+ max{|w1|, |w2|, · · · , |wn|}
= ‖v‖∞ + ‖w‖∞

By (i), (ii), (iii), f (v) := ‖v‖∞ is a norm on Rn.

(3) Definition: Let ‖ · ‖∗ and ‖ · ‖∗∗ be two norms on Rn. We say that ‖ · ‖∗ and ‖ · ‖∗∗
are equivalent if there exist constants C1, C2 > 0 such that

C1‖v‖∗ ≤ ‖v‖∗∗ ≤ C2‖v‖∗, ∀ v ∈ Rn.
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(4) Example: ‖v‖1 := |v1| + |v2| and ‖v‖2 :=
√

v2
1 + v2

2 for all v = (v1, v2) ∈ R2.

Show that ‖ · ‖1 and ‖ · ‖2 are two equivalent norms on R2.

Proof: Let v = (v1, v2) ∈ R2.

∵ ‖v‖2
1 := (|v1|+ |v2|)2 = v2

1 + 2|v1||v2|+ v2
2 ≥ v2

1 + v2
2 = ‖v‖2

2

∴ ‖v‖1 ≥ ‖v‖2

∵ 2|v1||v2| ≤ v2
1 + v2

2

∴ ‖v‖2
1 := (|v1|+ |v2|)2 = v2

1 + 2|v1||v2|+ v2
2 ≤ 2(v2

1 + v2
2) = 2‖v‖2

2

∴
1√
2
‖v‖1 ≤ ‖v‖2

∴ we have
1√
2
‖v‖1 ≤ ‖v‖2 ≤ ‖v‖1, ∀ v = (v1, v2) ∈ R2.

That is, ‖ · ‖1 and ‖ · ‖2 are two equivalent norms on R2.

(5) Note: In (4), we also have

‖v‖2 ≤ ‖v‖1 ≤
√

2‖v‖2, ∀ v = (v1, v2) ∈ R2.
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