MA 2007B: Linear Algebra I
Complementary Note #1

(1) Definition: A norm on IR" is a real-valued function f : R” — IR that satisfies the
following three conditions:

(i f(v)>0,VveR" and f(v)=0 < v=0.
(i) f(av)=l|a|f(v), Vv € R"and a € R.
(i) f(v+w) < f(v)+ f(w),Vo,w e R". (called the triangle inequality)

(2) Example: Define a function f on R" by

f(©) == ||9]|e := max{|v1], 02|, - , o]}, Vo= (v1,02,- - ,0,) € R
Then || - || is @ norm on R".
Proof:

() (a). Letv = (vq,v,- -+ ,v,) € R™. Then we have
o |o]lee = max{|v1],|v2|, - ,|vn|} and |v;] > 0,Vi=1,2,--- ,n
2o |l9llee >0, Vo € R"

D). [|[7]|l0 =0 & max{|vq|,|v2|, -, |on|} =0 < |v;| =0,Vi=1,2,---,n
S 0,=0VvVi=12,---,n < 0v=0
(ii) Letv = (v1,v2,- -+ ,v,) € R" and & € R. Then we have

lavflw = [[(av1, a0 -+, avn) [0 = max{[av1], |ava], - - -, |avn|}
max{|a|[o1], [a[[va], - - a][on] }

= |afmax{|o1], [va], - -, [on]}
= |afl[oflo

(iii) Let v = (v1,v0, - -+ , ), w = (w1, Wy, - -+ ,wy,) € R". Then we have

”v+w||0° = ||(Ul +wy, 02 +wp, -, Uy +wn)||oo
maX{|Ul +Z/U1|,"02+ZU2|,' t ;|Un+wn|}

< max{|oy| + [wi|, [v2] 4 [w2], - -, 0] + [wn]}
< max{|oy], |val, -+, [ou|} + max{[wy], [wa], - -, |wal}
= |olleo + [lw]leo

By (i), (ii), (iii), f(v) := ||v||eo is @ norm on R".

(3) Definition: Let || - ||« and || - ||+« be two norms on R". We say that || - ||« and || - ||+«
are equivalent if there exist constants C1, C; > 0 such that

Ciloll« < lloll«s < Goffo]l+, Vo € R™.
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(4) Example: ||[v; := |v1| + |02 and |||z := (/07 + 03 forall v = (v1,02) € R2
Show that || - ||; and || - ||, are two equivalent norms on R?.
Proof: Let v = (v1,v2) € R2.
lolf = (lor] + [02])? = oF +2Jo1][v2] + 05 > 07 + 03 = [[0]13
~ ol = lo]l2
w0 2o |[o2] < 0F 403

Ll = (o] + [02])? = 0] + 2[v1 [[o2] + 03 < 2(0] +03) = 2|03

~ eIl < ol
v L e
". we have ,
—||olly < ||loll, < ||0ll1, Vo= (vq,v € R2
\/EH I < [loll2 < [[vllx (v1,v2)
Thatis, || - ||; and || - ||2 are two equivalent norms on R?.

(5) Note: In (4), we also have

loll2 < llolli < V2lloll, Vo= (v1,02) € R



