MA 2007B: Linear Algebra I
Complementary Note #2

1) Definition: A vector space V over a field F (e.g., R or C) is a nonempty set to-
P & pty
gether with two closed operations:

+ :V x V — V,called vector addition, ie.,v+w € V,Vo,w € V;
-:F x V — V,called scalar multiplication, i.e.,cv:=c-v € V,Vv c V,c €F,

that satisfy the following 8 rules:

)v+w=w+v,Vo,weV
) u+(v+w)=(u+v)+w, Yu,o,wecV
(iii) 3! vector, called zero vector and denoted by 0, such thatv +0=v, Vo € V
(iv) For each v € V, 3! vector, called inverse and denoted by —v, such that
v+ (—v)=0
(v) 1v = v,V v € V, where 1 denotes the multiplicative identity in F
(vi) c1(cov) = (c1c2)v, Vo € Vand ¢y, ¢ € F
(vii) c(v+w) =cov+cw,Vo,w e Vandc € F
(viii) (c1+c)v=civ+ v, Vv € Vandcy,c, € F

(2) Note: Let (V,F) be a vector space.

(i) c0 =0,V ceF.
Proof:
0 =c(0+0) =c0+c0 (by (1)(iii) & (1)(vii)
2.0=c0+ (—c0) = (c0+c0) + (—c0) = c0+ (c0) + (—c0)) =c0+0 = c0
(by (1)(iv) & (1)(ii) & (1)(iii))
c0=0
(i) ov =0,Vov € V.
Proof:
00 = (04 0)o = 0v+ 00 (by (1)(viii))
2. 0= (—0v0)+0v = (—00)+ (00 + 0v) = (—0v +0v) + 0v =0+ 0v = Ov
(by (1)(iv) & (1)(ii) & (1)(iii))
(iii) —o=(—-1)v
Proof:
L 0=00=(14(-1))p=0+(-1)v (by 2)(ii) & (1)(viii) & (1)(iv))
L —v=(-1)v



a1 a2
2 x 2 real matrices. Define two closed operations by

A+B — {an tm]_’_{bn blz]::[anern a12+b12}€M’

(3) Example: Let M := R2%2 — {[ a1 a2 }

aj €R,i,j = 1,2} be the set of all

a1 axp by by ax1 +by1 ax + by

VA:[HM ﬂlz]/B:{bn blz} M,
Ay axm by by

a a ca ca a a
cA = ¢| "W 12— W2 dem, va=| "1 "2 1 e M, ceR.
az1 a2 Cdz1 Cdaps a1 4z

Proof:

(i) VA= [ i1 A1 ] , B= [ b biz ] € M, we have
a1 A b21 b22

A+B — {ﬂn ﬂ12]+{b11 512}:[011+b11 6112+b12]

Ay ax by b ap1 +by1 ax + by

bi1 +ai1 by +ap b1 b an an
{ by1 +az bap +ax by1 by a1 axp

(i) VA = {an au}, B = { by blz},C: {011 Cu] € M, we have

a1 axp by by €21 €22
[ an an bi1 b2 C11 €12
A+(B+C) = | an a22]+<[b21 b22]+[021 szD

| an a2 b1 +c11 bz +cp2
a1 ax by1 +¢21 b+

[ a1+ (b1 +c11) a1z + (bio + c12) ]
| a1 + (by1 4+ c21)  ax + (b +c22)

[ (a11 +b11) +c11 (@12 + b1o) + 12
| (a21 +bp1) +co1 (a2 4 by) + 2

[ a11+ by app+bio ] { €11 C12 ]
a1+ by axn + by €21 €22

_ ([011 ﬂ1z]+{bn b12D+[611 Cu}:(A—i—B)-i—C.
a1 ax by1 by C1 22

00

00

(iii) Let 0 := [ } ThenV A = [““ 12 } € M, we have

az1 ax

aj; ap 00 a1 +0 app+0 aj; A
A — g e — A.
+0 {am a22]+[0 0] [0214-0 a22+0] {ﬂln ﬂzz}

If 0* is another vector in M such that A + 0" = A, VA € M. Then
0=0+0"=0"+0=0"

Therefore, the zero vector is unique!
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(iv) For each A = { e } € M, we define —A = { ~m } e M.

az1 a2 —daz1 —ax
Then
A+ (-A) = I T
az1 ax —day1 —ax

{ apn + (—a11) ap + (—a2) } _ { 00 ] —0
ay1 + (—az1) axp + (—ax) 00 '

If B is another vector such that A + B = 0, then by (iii) & (ii), we have

—-A = -A+0=-A+(A+B)=(—-A+A)+B=(A+(—-A))+B
= 0+B=B+0=B.

Therefore, the inverse —A is unique!

(v) VA= { 1 2 ] € M, we have
az1 a2

1A —1| ™M ﬂ121 _ {10111 lagp ] _ {011 ﬂlz} —A
ap A lay; lax ap1 axp

(vi) Vcp,c0 e RandV A = [ 11 412 } € M, we have
azr Aax

C1(C2A) — ¢ |:Czall C26ll2:| _ |:C1(C2a11) Cl(C2a12) :|
C2ap1 2422 c1(caap1) c1(c2a22)

(C1€2)6111 (Clcz)alz ail 412 ]
— = (cqcC = (c107)A.
{ (cic2)az (cic2)ax (c12) az; ax (c12)

(vil) Vce Rand V A = [ 1 412 ] ,B = { by bz 1 € M, we have
ay1 A by bz

an an b1 b2 apn +by anp+ b ]
c(A+B) = ¢ + =
( ) ([ ax; ax ] { by1 b2 ]) { ax1 + by axn + b
_ caqy + Cbll caip + Cblz _ caip caqn Cb11 Cb12
can1 + Cb21 cay + Cbzz Cdy1 Cdpp Cb21 ij)_z

_ C[ﬂn ﬂlz}jw[bn blz]:cA+cB.
a1 ax by1 by

(viii) V1,00 € Rand V A = [ 11 412 } € M, we have
az1 a2

(C+)A = (c1+c2)an (c1+c2)ann | _ | cian +coann cra1p + a1z
e (c1+c2)aar (c1+c2)axn C1dp1 + Cadp1  C1d22 + €242

B e R L I R — 1A+ A
C1d21 C1422 C2a21 2422



