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Introduction

@ If the values of a function f are given at a few points xg,x1,--- ,Zn, can that

b
information be used to estimate a derivative f’(c) or an integral / f(z)dz ?
a

@ Taylor’s Theorem: Let f € C"t1[a,b] and o € [a,b]. Then for every
z € [a,b], 3 £(z) between z and zo such that

f(x) = Po(z) + Ru(2),
where the n-th Taylor polynomial P, (x) is given by
L1
Pa(@) = 37 15" o) (@ — wo)*
k=0
and the remainder (error) term R, (x) is given by

1

mf(n""l) (6(x))(x — 20)"T (Lagrange’s form).

Rn(z) =
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Numerical differentiation

@ f/(zo) = limp_0 M, if the limit exists. Intuitively, we have

F'(wo) = Lot _1(x0) it p is small.
@ Assume that h > 0 and f € C?%[xg,x0 + h]. By Taylor’s Theorem, we have

2
f(zo +h) = f(zo) + hf'(z0) + %f”(&), for some € € (2o, xo + h).

@ Rearranging the expansion, we obtain

1 h
!/ I _ _ et
Fw0) = L (5o 1) - 1@0) - L),
@ If the term f%f”(g) is small, then we have an approximation of f’(zo),

/(o) = 1 (Flwo + 1) = f(z0)),

called the forward-difference formula. The term “f%f”(f)” is called the
truncation error, O(h).

@ When h < 0, we only have to change the assumption to f € C?[xg + h, z0].
(= the backward-difference formula)
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Higher order methods

@ Assume that h > 0 and f € C3[xg — h,z + h].
By Taylor’s Theorem, we have

h?2 h3
f@o+h) = f(xo)+hf'(z0)+ ?f”(xo) + gf"'(flh

h? h3
fl@o—h) = flzo) —hf (xo) + 7f”(w0) - Ff"'(éz)v

for some &1 € (zo,z0 + h) and & € (zo — h, x0).
@ After subtracting and rearranging, we have

Fw0) = o (FGo b — flao — 1) = 21 (56 + 7).

2h

@ This is a more favorable result, because of the h? term in the error. Notice
that, however, the presence of f’”/ in the error term.
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Higher order methods (continued)

@ From the Intermediate Value Theorem, we have that there is a
£ € (xo — h,zo + h), such that

7€) = 5 (€0 + £7(€2)).

Hence,
! 1 h’2 1"
F@o) = o (F(@o + k) = flao 1)) = = £"(6).
Therefore
’ 1
F(@o) ~ o (o +h) = flao = b)),

which is a second-order formula, O(h?).
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Approximation of f”(z)

Assume that h > 0 and f € C4[xg — h,z0 + h]. From Taylor’s Theorem, we have

h? h? B
fl@o+h) = flwo)+hf (@) + r " (w0) + 5 fP(wo) + U (&),

h2 h3 h4
fwo—h) = f(wo) = hf'(w0) + 5p " (w0) = 7 1O (wo) + 5 f PV (2),

for some &1 € (zo, 20 + h) and &2 € (xg — h,zo). After sum and rearrangement, we
obtain the following central difference formula for the 2nd derivative:

f”(IO)

L (Fao + 1)~ 26 o) + flao ~ 1) ~ 1 (596 4 1)
= 5 (Feo+h) ~2f(0) + flwo — ) f<4><s>,

where at the last equality we use the Intermediate Value Theorem again. Thus, we
have a second-order approximation of f//(zg)

1" (@0) = 1 (w0 + ) = 2f(w0) + S0 — ).
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Richardson’s extrapolation

@ Richardson extrapolation is a general procedure to improve accuracy.

@ Assume that f is sufficiently smooth and

flwo+h) = 2:%WﬂWmL
k=0 """
flao—h) = 3 (DM o),

£l
I
<}

After subtraction and rearrangement, we obtain

oy — L W23 (o ) gy B D)
F'@o) = o (Fl@o+h)—F(wo—h) )= (57 (@o)+ 77 FP (@o) 4 2 F D (@o)+-- ).
or in an abstract form
M = N(h) + <k2h2 4 kah?t + kgh® + - )

where M := f’(zo) and N(h) := (f(zo + h) — f(zo — h))/(2h).
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Richardson’s extrapolation (continued)

@ In general, suppose that

M:N(h)+(k1h+k2h2+k3h3+~--) “ ().
= M — N(h) = O(h).
h

M:N(g)+k1g+k2 (g)2+k3 (5)3+-~ « (2).

2><(2)—(1):>M:2N(§)—N(h)+k2 (%—hQ)-i—kg (%3_h3)+...

Define

Ni(h) := N(h),

NQ(h) = Nl(g)-f—{Nl(g)—Nl(h)}
= M = Na(h) — k2p% — 3kap3 .. « (3).

= M — Na(h) = O(h?).

@ This formula is the first step in Richardson extrapolation. It shows that a
simple combination of Ni(h) and Np(h/2) furnishes an estimate of M with
an accuracy of O(h2).
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Richardson’s extrapolation (continued)

From (3), we have

k22 3ks

h
M=N(3)-3 32

B3 —... — (4).
3]63

4% (4) = (3) = 3M = 4Na (5 )—Nz(h)—f— Ry T

3k3

= m=n( 4l {NZ(E) - Na) |+ Z20

Define N3(h) = Na(2) + 2{No(%) — Na(h)}.

= M — N3(h) = O(h3).
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Richardson’s extrapolation (continued)

Using the techniques, we have

Ny(h) = ( )+ {Ns(g)—Ns(h)},
M — Ny(h) = O(h4),
Na(h) = Na(2 >+—{N4< ) N4(h>},

M — Ns(h) = O(h%),

m—1
In general, if M = Ny(h) + Z kjhj + O(h™) then for j =2,3,--- ,m,
j=1
1
Nj(h) = Nj-1(5 )+F '—1( ) = Nj—1(h)

M = Nj(h) + O(h?).
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Example

f(xo) =
fl(xo) =

fwo) =
f(xo) =
4f'(zo) =
3f'(w0) =
f(xo) =

f(xo) =

Suh-Yuh Ya

1 1 1
57 (F@o+h) = f(wo = 1) = <h?FP (o) = b £ (ao) -
Ni(h) + O(hQ)
Ni(h) — h2f<3)(a: ) — h4f(5)(x0)
Ni(5) — oo b2 o) - Wh“f“)(xo)
4N1(g) - %}ﬂf@)(xo) - —h4f(5)(:c0) -

ANI(G) = Ni () + b7 (o) -

M)+ 3 {m) —M(h)} .

Na(h) + O(h*).

—h4 (5) _
wo T @)

Math. Dept., NCU, Taiwa Differentiation and Integration — 11/40



Another approach: differentiation via polynomial

interpolation

@ Suppose that f € C2%[a,b] and zg € (a,b). Suppose that h # 0 and small,
z1 :=x0 + h € [a,b]. Then 3 £(x) € [a, b] such that

@) = I )+ E2 gy + LD o) - o)
- x_f(;l_hf(xg)+x_hxof(a:0+h)+@(ggfxo)(xfxofh)
:>fl(x):*%f(ﬂﬂo)wL%f($0+h)+wwfmo)(xfxofh)

()
f(@o +h) — f(=zo)

h 1
i — 5" (€(@0)

@ Hence we have f/(zo) =
L oy e L0 1) = G20)

h
M = max |f"(z)|.
z€[a,b]

with error bound by @M ,

h > 0 = the forward-difference formula; h < 0 = the backward-difference
formula.
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General case

Suppose that xo, 21, -,z € I distinct & f € C*T1(I). Then

" (n+1) (¢(g
= Z Fer)Ly(@) + f(T(f;!))@ —@0)(@ — 1)+~ (& — @), where £(z) € I.

n / f(n+1)(§(x))
FOrD(E())
+WDE{(Z‘—Z‘0)(:E—551)(Z-_I”)}
n (n+1) (¢(p. n
= f'(z;) :Z f(@g) L () ]C(T(ﬁl()'])) [T (&5 — e

k=0,k#j

We obtain an (n + 1)-point formula.
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Three point formula: zg, 1,2

o) — (z — z1)(x — z2) ' x :(:137:1:2)+(x7x1): 2 — x1 — X2
folz) = (zo — x1) (w0 — 72) = Lo(@) (o —21)(wo —x2)  (z0 — 21) (w0 — x2)’
_ (z—=0)(z — 22) ’ g — 2x — xo — X2
fale) = (z1 — zo)(21 — x2) = h@ (z1 —wo)(z1 — @2)’
-~ (z — z0)(z — x1) ) = 2T — xg — T1
Lo(x) = —(xz T p— = Ly(z) = —(wz 2o @ — o)
S fley) = S ELTER gy P TT0T82 g,

(1 — xo) (%1 — x2)

(3)(¢. 2
N EACCIN, §

+— [
(2 — x0)(x2 — 1) 3! k=0 k)

where fj = {(z])

(xo — x1) (w0 — 2)

2z; —x0 — T1
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Equal spaced: zg,r1 = xg + h,x2 = g + 2h

Feo = {00+ 210+ ) = FiG@o+2m |+ 5n2 1O 6o)
Flootn) = {5+ 3reo+ 2w - LirOe)
Peotan) = 3 {3reo) =200+ m)+ i+ 2m) |+ 12O @),
E=S
J(e0) = 5 {-3f(x0) +4f(@o +h) — flzo+ 20} + h3 D), ()
Jeo) = o {—flwo— )+ f(zo+ W)} — ch2 P (e),
F(eo) = 5o {f(zo—2) — 4f(zo — )+ 3] @)} + RO (&). ()

Formula (*) and formula (*) are essentially the same! (h > 0 or h <0,
respectively)
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Three-point and five-point formulas

@ Three-point formula:

Fleo) = o {=3f(@0) +4f (o + ) — (w0 + 200} + TH2TO) (o),
for some &y between zg and xg + 2h,
o) = 5 AT+ h) — fleo — W)} - ch ),

for some &; between xzg — h and xg + h.

@ Five-point formula:

4
F(e0) = oy (w0 — 2h) — 8F(z0 — ) + 85 (0 + ) — (w0 + 2} + o FO) (g
for some & between xg — 2h and xo + 2h, < (%)
flw0) = —{-25f(z0) + 48/ (0 + h) — 36f(z0 + 2h)

12h
4
16 (o0 + 34) — 37 (x0 + 40)} + = 19 €),

for some & between zg and xg + 4h.

Suh-Yuh Y: f , Math. De NCU, Taiwan Differentiation and Inte



Use Taylor’s Theorem + extrapolation to derive (%)

h ht h? 17 h3 (3) ht (4) h® (5)
f(zo+h) f(zo) + f($0)+§f (I0)+§f ($0)+Zf (950)‘*‘5010 (&1),

- B h2 o " @) h? ey h° )
f(zo —h) f(zo) — f(xo)'i‘af (xo)—gf (IO)+If (Cvo)—ﬁf (é2),

where £; between xg and xg + h, {2 between zg and xg — h.

3
= f(zo +h) = f(zo = h) = 2hf'(z0) + %f”’( + o5 {f (e + 1O},
2
= F@0) = o Lo+ B~ S~ W)}~ o ) — @), ()
Replace h by 2h,
2 ~
= Fa0) = 50 +2m) — o —2m)) — ) - I 0@ (gna)

where gbetween xg — h and xg + h, gbetween xg — 2h and xqg + 2h.
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Use Taylor’s Theorem + extrapolation to derive (%)
(continued)

4 x (Eqnl) — (Eqn2) = 3f'(x0) =
2 h Ry} — 2h ot — P e 34 2 o)
E{f(xo-i- ) — f(zo— )}—E{f(xo-i- )— f(zo— )}—%f (§)+T5f (6.

If f € C3lxo — 2h, x + 2h] (h > 0) then we have
4h* ~ R4 ~ h* ~ ~ ht
G — ) ) = ZogarB)(E) — £3) =2 3¢ W
L TO@ - 2 fOE) = OO - FO@) = 3OO (why?).

4
(o0 —20) = 87 (a0 — ) +85 20 + 1) — {0 + 200} + 5= 1 €),

for some £ € [zg — 2h, zg + 2h].

= f'(z0) =
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Example

The forward-difference formula can be expressed as

, 1 h 1" h2 " 3
I (o) = E{f(l“o +h) = f(zo)} — 5'f (zo) — Ff (wo) + O(h?).

Use extrapolation to derive an O(h3) formula for f/(zo).
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Numerical integration

Numerical quadrature: / f(x)dx = X:alf(xZ

=0
Let o, 21, ,Zn € [a,b] be n + 1 distinct nodes.
Let P, (z) = Z f(xi)L;i(z) be the nth Lagrange polynomial. Then
i=0
b n (n+1)
/ flx)de = / Z (zi)L;(z)dx + f (€ H(z—z
a @ =0 i=0

i=0

b
where a; :/ Li(x)dx.
a
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Trapezoidal rule

Let x9p = a,x1 = b,h = b — a. Then

/a " @)

/: { ==L f(wg) + f(m)}da:Jr%/x:l f(€@)) (@ = z0)(z — x1)dx

o — T1 T1 — Zo

_ (-’E - -'131)2 (z - z0)2 . 1., o1
= (mf(xo) + mf@l))xo + gf €3] /ZO (x — zo)(z — z1)dz,
for some & € (zo, 1)
a3 T x1)x? *1
= 5@ )~ e e+ 5@ (5 - T rane)

= (1 - o) (f(eo) + F@) + 5 O ) —wo)?

= Do) + @) - S h ).

Remark: If f(z) is a polynomial with degree(f) < 1, then the Trapezoidal Rule
gives exact result!
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Simpson’s rule

Let zo = a,z1 = a+ h,z2 =b,h = (b —a)/2. Then

' _ [ )@ oo @oz)@—m) Lo
/a fle)dz = /aco {(xo—xl)(xo—wz)f( 0)+ (zl—:co)(xl—xg)f( R
(z — x0)(x — 21)
(1_2 7370)(:[2 — .’Zl)f(x2)}dm
w2 £(3)(¢(x
w(m—xo)(x—xl)(a:—xg)da:

= O(h*) error term.
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Alternative approach: Taylor’s Theorem

Let x € [zo,z2]. Then 3 £(z) € (zo, z2) such that

f(x)=f(x1)+f’(:cl)(w7w1)+@(xfmf
111 T ( ) =
T ALCY T )
:/12 flx)de =
(e =) 4 L g2 g L0 oy S0

+a1 / I (E@) (@ —a1) de

o [ i@ - et _ /Y& )(51/ (o — 2)hda
' f® (&)

_ ol
= Sixs o)

)
zo

for some &1 € (z9,z2).

zo 3 (4)
- 0 F@)de = 2nfGen) + 1 @) + T o,

(z—

(x

z1)%.

x2
_ 5,;1)4)
o

4
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Simpson’s rule/degree of precision

[ sar = ansen + 5L (1) - 2060 + 160) - 2 0}

. 3 \n2
ARI(SY)
S S
5
= S0+ 45 + flea)) - 5 {31V @) - 1}

Wl wlz

5
(F(e0) +4f(e1) + f(22)) — 5= FD(@), for some € € (w0, 72).

Definition: The degree of accuracy (precision) of a quadrature formula is the
largest positive integer n such that the formula is exact for z¥, k =0,1,--- , n.

Note: Trapezoidal rule: degree of precision = 1;
Simpson’s rule: degree of precision = 3.
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The (n + 1)-point closed Newton-Cotes formula

Let a=x0 < z1 < -+ < Tp—1 < Tn, = b be the uniform grid points of [a, b] with
b—
h = 7(1. Then
n

b n
/ flx)dx = Zaif(azi), where
@ i=0

T Tn n R
a; ::/ Li(x)dx:/ H (&= 25) dz.
z0 z0 i (IEZ — Zj)
J=0,j#i
Theorem: the (n + 1)-point closed Newton-Cotes formula

@ If nis even and f € C™12[a,b] then 3 £ € (a,b) such that
b B n . . hn+3f(n+2) (f) n )
/a f($)d$*§0azf(mz)+w/ t“(t—1)---(t — n)dt.

0
@ Ifnis odd and f € C™*1[a,b] then 3 ¢ € (a,b) such that

’ N fay 4 RID@
/af(w)dz—gazf(zzw CEE /Ot(t 1)---(t — n)dt.
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Examples

@ n = 1: trapezoidal rule

T 3
[ #@)s = S50 + S} — T 176 for some € € (ao, ).

@ n = 2: Simpson’s rule

xo 5
[ #@)de = S (o) + 47 (1) + f(a2)} — 5= FD(E) for some € € (z0,22).

@ n = 3: Simpson’s three-eight rule

T 5
@tz = B (fw0) + 87 (e1) +87(z2) + f(as)} — S fD(€) for some

z0
€ € (wo,3).
@ n=4:

/: Flz)dz =

7
2 {17 (w0) +82f(1) + 121 (w2) + 82 (25) + T (24)} = 5=/ €) for some
€ € (z0,4).
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The (n + 1)-point open Newton-Cotes formula

Leta=2x_1<z0<21 < <ZTp-1<zn <Tpt1 = b be the uniform grid points

of [a,b] with h = T(;. Then use {xg, 21, - ,2n} to find the Lagrange
n

interpolating polynomial.

/b f(x)dx = /mn+1 f(z)dx ~ iaif(mi), where a; := /mn+1 Li(x)dx.

-1 i=0
Theorem: the (n + 1)-point open Newton-Cotes formula
@ If nis even and f € C™12[a,b] then 3 £ € (a,b) such that
b n hn+3f(n+2) (5) n+1
/a f(z)de = ;aif(ﬂ%) + W/
@ Ifnis odd and f € C™*1[a,b] then 3 ¢ € (a,b) such that

’ I o PN i Aaied (OB K
/ D S [0 - mar

t2(t — 1) (t — n)dt.
—1
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Examples

@ n = 0: midpoint rule

h3
— f" (&) for some ¢ € (z—_1,71).

[ t@as = ongeo) +

@ n=1:
r2 3h

3
F)de = 25 (0) + f(e0)} + 2 £(€) for some € € (-1,22).

5
" f@)de = T 425(@0) ~ J@1) + 27 @)} + o FDE) for some

¢ € (z_1,23).
@ n—=24:

T4

f(z)ds = —{nf(:ro) + F@1) + Flaa) + 117 ()} + 2 f(4)(£) for

T
some & € (z_1,%4).
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Midpoint rule

Consider the smooth function f on [a,b]. Let zo = %—Fb.
o Intuition: /bf(m)d:r ~ /b Flzo)dz = f(z0)(b—a) = f(aer)(bf a).
@ Based on Taylor’s Theorem:
b b
[ r@iz x| o)+ 5 wo) e — zo)de
_ a+b - f'(@o) , atbyb
- s e
- e ) +0.
7@) = (o) + @)@ —20)) = T (o g2

b a b g1 T
:/ F(z)de — f( ;rb)(bfa):/ ! (;( ) (6 — w0)2ds

(b—a)3, € € (a,b).

// " 7043 "
_ 9/(9; i = LO O _1'©
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Composite numerical integration

@ Large integration interval = large h = inaccurate;
small h = high-degree polynomial = inaccurate.

@ Idea: piecewise approach + low-order Newton-cotes formulas.

@ Example: Using Simpson’s rule with A = 2, we have

4 2
/ e’dr ~ g(eo +4e% +e?) =56.76958 - - - (ezact value = 53.59815- )
0

Composite Simpson’s rule:

4 2 4
o (h=1) / e“dr = / e’dx +/ evdr ~
0 0 2

1 1
g(e0 +4e! +e?) + g(e2 +4e3 +e*) =53.86385 - - .
4 1 4
o (h=1/2) / ezdm:/ ezdx+---+/ e’dr ~
0 0 3

1 1
8(e0 +4et/2 4 ey 4o+ 8(e3 +4e3% 4 ¢*) =53.61622- - -.
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Composite Simpson’s rule

Let n be an even integer. Divide [a, b] into n subintervals.

Let h = ba and z; = a + jh for j =0,1,--- ,n. Then
n/2
/b flx)dz = Z/ f(z)dz
n/2 h B \
= ;{50(123‘72) +4f(x25-1) +f(x2j)) - %f( >(Ej)}
= g{f(xo) +4f(z1) + f(z2) + f(z2) + 4f(x3) + f(z4) +"'+f(mn)}
ho n/2
QOZM( )

h n/2—1 n/2
= 3{f(ﬂvo)Jr2 > f($2j)+42f(x2j1)+f($n)}

j=1 j=1
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Composite Simpson’s rule (continued)

If f € C*[a,b] then ?%H“ngfw()< %%#@N)
zEla, r€|a

B n min f(4) ) < Zf(4)(§ E f(4)(1.)

2 z€la,b] = T 2z
n/2
= min f®(z) < Zf(4)(§] )< max f®(z).

z€[a,b] z€la,b]

By the Intermediate Value Theorem, 3 u € (a, b) such that
5 n/2

5
7w = Zf<4> &) =5 Zf(‘*)(fy LR 50 ()
] 1
“h b—a :bfa
n /Qh
RS o R5(b— a) (b—a)
ol (4) (4) 4 ¢(4)
:»goj;f (&) = g TV = g P )
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Composite rules

@ The composite Simpson’s rule: Let n be an even integer, h = >=2,
zo=a<z1 < <Tn=>band z; =a+jh. If f€ Ca, b]thenﬂu € (a,b)

such that

b h n/2—1 n/2 (b—a)
/f(ﬂ?)dﬂf:g F@o)+2 D flza)+4)  fzaj-1) + f(zn) —Tgoh‘lf(‘l)(
a j=1 j=1

@ The composite trapezoidal rule: Let h = b’Ta,
To=a<z1 < <Tp=>band x; =a+jh. If f€ C?[a,b] then 3 p € (a,b)
such that

' h IS (0 =) 2
[ t@de =38 o) +2 3 flay) + flon) p = CDR2 ).
a ]:1

—a
n+2’
r_1=a<z0<x1 < - <xp<Tpt1=bandz; =a+ (j+1)h. If
f € C?%[a,b] then 3 p € (a,b) such that

@ The composite midpoint rule: Let n be an even integer, h =

n/2

/ f(@)dw = 2h2f(:r2]) TR

h2fll( )
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Gaussian quadrature

@ Degree of precision + use values of function at equally spaced points, e.g.
the trapezoidal rule.
b n
@ Gaussian quadrature: / f(z)dz =~ Z cif(z;), where ¢; € R and
a i=1
z; € [a,b] for i =1,2,--- ,n = 2n parameters to choose.

The greatest degree of precision < 2n — 1.
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Example

Let [a,b] = [—1,1] and n = 2. We want to determine c1,c2 € R, 1,22 € [—1,1]
such that

1
[ f(@)de e f(on) + 2 (z2)

and gives exact value whenever f(x) is a polynomial with
3

degree(f) < 3(= 2n — 1). <= gives exact value when f(z) = 1,z, 22, 23.




Example (continued)

1
2 = / lde = c1f(z1) + eaf(x2) =c1 +c2 (f(z) =1),
-1
1
0 = /wd:r::clf(xl)—i—cgf(xg):clxl—i—czazz (f(z) =),
-1
2 1
3 = /dex:clf(xl)-i—czf(zg):clx%—i-CQ:cg (f(z) = z2),
-1
1
0 = /x3dz:clf(:r1)+czf(:r2):clx:erCQZS (f(z) = 23).
-1
=
c1+c2 =2,
c1x1 + cax2 =0,
2
clx% +czx§ = g,
clx?Jrczxg:O.
—/3 \/g
:>Cl—1,62—1:t1— ,IQZT.
1
= f(z)dx =~ lf(i)#»lf(\gg) This formula has degree of
-1
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Legendre polynomials

(Chapter 8) Some Legendre polynomials are given by

1

po(z) =1, p1(z) =z, pa(z) = 2° — 3
3 6 3

p3(x) =2 — 5% p4(z):$4—;w2+£7

@ For each n, pn(x) is a polynomial of degree n.

1
] / p(z)pn (z)dx = 0 whenever p(z) is a polynomial of degree < n — 1.

-1
@ The roots of p,(z) are distinct, lie in (—1,1), have a symmetry with respect

to the origin. e.g., p2(z) = 22 — % has roots _T\/g and @
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Theorem

Suppose that z1, 3, - ,zy are the roots of the nth Legendre polynomial py, (z).
Fori=1,2,---,m, ¢; := / H ( Sl ] > dz. If p(x) is a polynomial and
T; — X,
J=1,3#i J

degree(p(z)) < 2n. Then / p(z)dx = Z cip(xy).

- i=1

Proof: Let R(x) be a polynomial and degree(R(z)) < n —1. Let z1,x2, - ,Zn be
the roots of the nth Legendre polynomial py(z). Then

n n
R(z) = Z H T — T R(z;) | + nth derivative of R(x) =
i=1 \j= 1,;;&1 Tj

S 2%k +o
=1 \j=Ljzi "

=1 i —
1 " o —
/ R( x)dm—/ Z L R(x;) | dx
1 —1 5= Ti — Ty
Jj= LJ#Z
=S ([ 2| R = YRt
im1 \7 71 =1, T T TS i=1
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Proof (continued)

Let p(x) be a polynomial with degree(p(z)) < 2n — 1.
Then p(z) = Q(z)pn(x) + R(z) for some Q(x) and R(x)
with degree(Q(x)) < n — 1 and degree(R(z)) <n — 1.

1
. degree(Q(z)) <m—1 .. /_1 Q(x)pn (z)dr = 0.

xg is aroot of pn(z) for i =1,2,--- ,n . p(z;) = Q(xi)pn(zi) + R(z;) = R(x;).
= / z)dr = /11 (Q(z)pn(a:) + R(m)) dr = /711 R(z)dz

= ZCiR(ﬂfi) = Z cip(xs).
i=1 i=1

This completes the proof.
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Concluding remarks

b 1
Change of variables: / f(z)dz — / F(@)de.
a -1

_2x—a-b
- b—a

/:f(ac)da; = /jl f(%{(b—a)t—‘,—a—i—b}) b;adt.

t <:>a:=%((bfa)t+a+b).

2
1.5 1 (L5 25) .
Example:/ e_zzd:rz/ e <2( 25) %dt:
-1

1

1 b s
- / e 16 dt
4./
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