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Interpolation

@ Interpolation: find a function that fits the given data

(z0,y0)s (x1,91)s 5 (Tn, Yn)-

@ Why polynomials? The Weierstrass Approximation Theorem:
Suppose that f € Cla,b]. Then V £ > 0,3 p(z) polynomial defined on [a, b]
such that |f(z) — p(z)| < € for all z € [a,b].

i.e., Every continuous function f on [a, ] is the uniform limit of polynomials.

ie., P = C[a,b].

@ Why not Taylor polynomials?

@ need to calculate f'(z), f”(z),---
@ accurate near at a specific point, not on entire interval.
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Polynomial interpolation

@ We solve the following problem:

Given a table of n + 1 data points (z;, y;),
el @ | @ [@2 |- | 20
yllwo [ [w2] - Tun
we seek a polynomial p of lowest possible degree for which

plzi)=y; (0<i<mn).

@ Such a polynomial is said to interpolate the data.
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Lagrange polynomial

@ Given (xo, f(zo)) and (x1, f(z1)), To # 1.
Consider

T — T T
p(z) =
xrg —

Fao) + 2 f(1) = Lio(@)f(z0) + Lu,1(@) (1),

x1 1

Then degree p(z) < 1 and p(zo) = f(20), pla1) = f(x1).

@ Given n + 1 distinct numbers zg, 1, ,zpn. For each k =0,1,--- ,n, how
to construct a quotient L,, ,(x) such that

it i=k,
L"”“(“):{ 0 ifi#k.

Answer: For k=0,1,--- ,n,
B (x—mo)(w—x1) - (x —xp—1)(T — Tpy1) - (T — Tp)
Lok(@) =
(zr —z0)(wp —21) -+ (Th — Tp—1)(Th — Thg1) -+ (Th — Tn)
— 5 T— T
i=0,itk Tk T Ti
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Theorem on polynomial interpolation

Given n + 1 distinct real (or complex) numbers xo, 1, -+ ,xn and their function
values f(zo), f(z1), -+, f(zn). Then 3! polynomial p(z), degree p(z) < n, such
that

p(xk):f(xk)’ k=0,1,--- ,n.

In fact,

NE

p(@) = f(20)Ln,0(x) + f(21) Ln,1(2) + -+ 4 f(@n) Lan(2) = ) f(@k)Lnk(2).

k

]

(The n-th Lagrange interpolating polynomial)
Proof. (uniqueness) Assume that

p(a’;) =ap t+aixr + a2x2 4+t anz™.

The interpolation conditions, p(zy) = f(zg) for 0 < k < n, lead to the following

system of n + 1 linear equations for determining ag, ai, - ,an:
1 xo acg) ezl ao f(zo)
1z m% s ay f(z1)
1 x a3 - a¥ az | _ | f(z2)
1 @, a2 - an an f(zn)

The coefficient matrix X is called the Vandermonde matrix. It is nonsingular with
det X =T]<;cj<p(j — i) # 0, (but is often ill conditioned.)
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Example

@ Notation: L (z) := Ly i(x) when there is no confusion.

@ Example: zg = 2, f(zo) = 0.5,21 = 2.5, f(z1) = 0.4,22 =4, f(z2) = 0.25
(in fact, f(xz) = 1/z). Find the second (n = 2) Lagrange interpolating

polynomial.
(x—2.5)(x—4) 22—-6.52+10
L = L = =
20(e) @)= B en e 1) 1 ’
(z —2)(z —4) 2 —6x+8
L = L = =
2.1() 1@) = G52 @s-1) 075
(x—2)(x—25) x2—452+5
L = L = = A
2:2(7) 20 = Ty a—2s) 3
22 — 6.5z + 10 22 — 6z +8 22 — 4.5z +5
p(z) = 05(%) 0’4<T) + 025(#)
= 0.052% — 0.4252 + 1.15.
1

= f(3)~p(3) = 0.325.
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Theorem on polynomial interpolation error

Let f be a given real-valued function in C™*1[a,b]. Let xo,x1,--- ,%n € [a,b] be
n + 1 distinct numbers. Then for each z in [a,b], 3 £(z) € (a,b) such that

n

FO @) [ = =),

=0

1

f(x) :p(ai) + m

where p(z) is the n-th Lagrange interpolating polynomial.

Proof. Given z € [a,b]. If x = z}, for some 0 < k < n. Then the assertion holds.
Let © # xj, for any k =0,1,--- ,n. Define g : [a,b] = R by

g(t) = f(t)—pE) = w(t) (function in t),
A= f(@) — p(@) (a constant that makes g(z) = 0),
w(z)
n
w(t) = H(t — ;) (polynomial in t).
i=0
Then g € C™t1[a,b] and g vanishes at the n 4 2 points x, 0,21, - ,Zn. By

generalized Rolle’s Theorem, ¢’ has at least n + 1 distinct zeros in (a, b).
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Theorem on polynomial interpolation error (continued)

Repeating this process, we conclude eventually that g("+1) has at least one zero

£(z) € (a,).
gD (®) = £ @) = p D (1) = e (E) = SO (0) — (n o+ DI

Hence, we have

0= 9" (e(a) = 1T HD(EE) - (n+ DA = £ (e(o) — (n+ LD,

This completes the proof.
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Example

f(z)=e®,z €0,1].
Let zo, 21, ,Zn be a uniform partition of [0, 1] with step size h = 1/n.

Consider [z, z;j41] for some 0 < j <n — 1. Let p(x) be the first Lagrange
interpolating polynomial on [z, 41].

Then for x € [z, xj41],

i@ @ = |T&aape e
ot
< Sle-im@=-G+Dh)| €e o)
< max ef  max (x —jh)(z — (j+ 1)h)

£€l0,1]  z€lzj,x 1]




Divided differences

Let f be a function whose values are known at points (nodes) zo,z1, - ,ZTn.

We assume that these nodes are distinct, but they need not be ordered.

We know there is a unique polynomial p of degree at most n such that

p(zi) = f(z;) for 0 <i<n.

@ p can be constructed as a linear combination of 1,z,z2,- .-, z™.
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Divided differences (continued)

We should use the Newton form of the interpolating polynomial:

qo(z) = 1,

q(z) = (z—=o0),

@2(@) = (z—=20)(z— 1),

(@) = (z—0)(z—x1)(z — x2),

m@) = (z—=z0)(z—x1)(@—2x2) (T —zp_1)

Then the nth Lagrange interpolating polynomial p can be expressed as

px) = cjqi(x).
j=0
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Divided differences (continued)

@ The interpolation conditions give rise to a linear system of equations for the
unknown coefficients:

n
chqj(z'i) = f(zi) for0<i<n.
j=0

@ The elements of the coefficient matrix are

a;; = qj(x;) for 0 <i,5 <n.

@ The (n+ 1) X (n+ 1) matrix A = (a;;) is a lower triangular matrix because




Divided differences (continued)

@ For example, consider the case of three nodes with

p(x) = coqo(®)+ c1q1(x) + c2q2(x)
= co+ci(z—z0)+ calz — zo)(z — z1).

@ Setting x = xg,z = x1, and x = x2, we have a lower triangular system

1 0 0 co f(zo)
1 (zl — a?()) 0 c1 = f(il?l)
1 (x2—z0) (22 —x0)(x2 —121) c2 f(z2)
@ Thus, ¢, depends on f at zg,x1, -+ ,Zn, and define the notation
cn = flro, 21, , Tnl.

The expressions f[zo,z1, - ,%n] are called divided differences of f.
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Divided differences (continued)

@ flzo,x1, - ,xn] is the coefficient of ¢, when Y 7_ cxqy interpolates f at
X0, L1, ,Tn-

@ For example,

f@1) = (o)

T — To

flzo] = f(z0), flwo,z1] =

@ Theorem. (Theorem on Higher-Order Divided Differences) In general,
divided differences satisfy the equation:

flwo, @1, an] = fle1, 2, - ,zn] — flxo, 1, - 7xn—1].
In — 0

Proof. Let pi be the polynomial of degree < k that interpolates f at

0,1, - ,Zk. Let ¢ denote the polynomial of degree < n — 1 that
interpolates f at x1,x2, -+ ,Zn. Then
T —xp

Pal@) = q(a) + (4@) = pa-1(@))-

Ty — X0

(.- same values at zg, 21, - ,2n and same degree < n)
Examining the coefficient of ™ on the both sides, we arrive at the assertion.
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Table of divided differences

@ If a table of function values (z;, f(z;)) is given, we can construct from it a
table of divided differences as follows:

zo  flzo] | flzo,z1]  flzo,z1,22]  flzo,x1, 22, 23]
z1 flea] | flzr,x2]  flen, @2, 23]
w2 flwa] | flze,ws]

3 flxs]

@ The following formula is called Newton’s interpolatory divided-difference
formula:

n

pa(x) = flzol + Y flwo,z1, -+, zkl(z — 20) -+ (T — Tp—1).-

k=1

@ The coefficients required in the Newton interpolatory divided-difference
formula occupy the top row in the divided difference table.
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Example

@ Compute a divided difference table from

z || 10 | 13 | 16 | 1.9 | 22
f(z:) || 07651977 | 0.6200860 | 0.4554022 | 0.2818186 | 0.1103623
Solution.

z; | flei]l  flei,®iga]  flea, - xiqe]  flei, - s @iqp3]  flzs, - Tiqal
zg = 1.0 0.7651977 -0.4837057 -0.1087339 0.0658784 0.0018251
xr1 = 1.3 0.6200860 -0.5489460 -0.0494433 0.0680685
xo = 1.6 0.4454022 -0.5786120 0.0118183
z3 = 1.9 0.2818186 -0.5715210
Ty = 2.2 0.1103623

@ The Newton interpolatory divided-difference formula can be written as

pa(z) = 0.7651977 — 0.4837057(z — 1.0) — 0.1087339(x — 1.0)(x — 1.3)
40.0658784(x — 1.0)(z — 1.3)(z — 1.6)
40.0018251(z — 1.0)(z — 1.3)(z — 1.6)(z — 1.9).
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Properties of divided differences

Theorem. If (20,21, - 2n) is a permutation of (xo, 21, Tn), then
f[z07217"' 727’7’} = f[m(),ilfl,"' ,{L‘n]~

Proof.

@ flz0,21, - ,2n] is the coefficient of ™ in the polynomial of degree < n that
interpolates f at the nodes zg, 21, , zn.-

@ flzo,z1, - ,xn] is the coefficient of ™ in the polynomial of degree < n that
interpolates f at the nodes xg,x1, - ,ZTn.

@ These two polynomials are the same. This leads to the conclusion.

imation — 17/34



Osculating polynomial

@ Definition: Let zg,z1, - ,2Zn € [a,b] be n + 1 distinct numbers. Let
mo, mi,- -+ ,my > 0 integers. m = max{mo,m1, - ,my}. Suppose that
f € C™[a,b]. Then the osculating polynomial approximating f is the
polynomial p(z) of least degree such that

dk ) dk .
p(m)zﬂ fori=0,1,---,n and k=0,1,---,m;.
dxk dzk

@ Note:

n
o degree of p(z) < Zm,— +n:=M.
i=0
o If n =0, then p(z) = mo-th Taylor polynomial of f(z) at zq.
@ If m; =0fori=0,1,---,n, then p(zr) = n-th Lagrange interpolating
polynomial of f(z) at zo,z1, - ,Zn.
@ If m; =1fori=0,1,---,n, then p(z) is the Hermite interpolating
polynomial.
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Theorem on the Hermite interpolation

Let xg,x1, - ,Zn € [a,b] be n + 1 distinct numbers and f € C1[a,b]. The the
unique polynomial of least degree agreeing with f(z) and f/(z) at zo,x1, -+ ,@n is
the Hermite polynomial of degree at most 2n + 1 given by

Hops1(x) = foj (@) + D f (@) Hy (@),

=0
where

Hug@) = (1=2 =)L, ;(@;)) L3 (@),

Hoj@) = (o-a)L} (),

Lnj(x) = (@ —zo)(& —a1) - ( —aj—1)(@ — 1) - (2 — Zn)

(zj —wo)(zj —a1) -~ (25 — xj—1)(xj — xjp1) - (€5 — )

Moreover, if f € C?"*2[a,b], then

Fer ()

f(z) = Hany1(2)+ @nt2)

(x—z0)?(x—2z1)% - (x—zp)%, for somea < £ < b.
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Proof of the existence

@ Claim: Hapi1(zi) = f(a;) forall i =0,1,--- ,n.

If i # j, then H, ;(z;) =0 and H, j(z;) = 0.

Hyi(zi) = (1 — (s — zi)L’n,i(xi)>L%’i(xi) - (1 — 2z — a:i)L;M-(xi)) =1
Hy i (2:) = (@i — 23) L2 () = 0.

coHonga () = > f(@)0+ f@)l+ D> f/ () Hp j (i) = f(wi) for
5=0,5#1 7=0
i=0,1,--- ,n.
@ Claim: Hy, ,(x;) = f'(z;) forall i =0,1,--- ,n.
Hy, (@) = =20, (@) 12 ;@) + (1= 22 = 25) L, ;(25) ) 2L, (@) L), 5 ().

If i # j then H), .(z;) = 0.
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Proof of the existence (continued)

If i = j then

Hy (@) = —2L, ()7 (i) + (1 —2(z; — wj)L/rL,j(xj))QLmj(xi)L;z (@)
= *QLI,LJ(QJJ')L%J(%) + 2Ln,j(xi)L;l’j(:v¢) =-2L) (zj) + 2L, (wl) =0.

Hy,5(2) = L7, (@) + (@ = 25)2Ln, 5 (2) L, 5 (2)-
If ¢ # j then I?;L (zq) = 0.
If i = j then H (@) = ?L’j(l‘i) +(z; — 2)2Lp 5 (2:) L, ;(z:) = 1.

Hén+l(x Z x])Hn](x Zfl(xj)ﬁ:z,](x)
j=1

L Hy, o (xg) = f'(x;) for alli = 0,1,--- ,n
. Hapy1(z) agrees with f(z) and Hj, | (z) agrees with f'(z) at xo,21, - ,n.

Note: For the uniqueness and the error estimate, see page 137, Exercise # 11

(a)(b).
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Example

Ty f(zx) I (zp)
1.3  0.6200860 -0.5220232
1.6 0.4554022 -0.5698959
1.9 0.2818186 -0.5811571

N = O

(x—16)(x—19) 50 , 175 152

20() (—0.3)(—0.6) 9 9 Pt g
100 175
L/Q,O(x) = ?I— 7;
(@—13)(x—19) 100 , 320 247
L = -_ = ——x“ 4+ —x — —_
2.1(2) (0.3)(—0.3) 9 9 9
) 200 320
Lya(@) = —7964‘7%
(¢—13)(z—16) 50 , 145 104
L - (@=13)(@-16) 50 , 145 104
2.2(2) (0.6)(0.3) 0T T 9"ty
100 145
22(0) = g
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Example (continued)

50 175 152

Hao(z) = (mxflﬂ(g z2 -5 )2
100 320 247

Hza(z) = 1(*44* 2+ 9 m‘*‘z;027

50 145 104

Haa(z) = 1m271x§m277;x -

. 50 5 175 152
—x+

)27

H = -13 =
200) = (@135 o+ )
~ 100 320 247
Hyi(x) = (1716)(77 2+Tmf 9 2
~ 50 145 104
Hyp(x) = (x—1. 9)( 22— x4 —)2.
9 9
S Hs(z) = 0.6200860H2,0(x) + 0.4554022H5 1 (x) + 0.2818186Hz 2 (x)

—0.5220232H5 () — 0.5698959Hy 1 (z) — 0.5811571Hs o(z).
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Divided-difference formula

@ The Newton interpolatory divided-difference formula for the nth Lagrange
polynomial at distinct numbers xg,z1, - ,xy is given by

pn(.’E) = f[lO} + Z f[(l}o,:ﬂ],“* 7$k}(‘r 71’0) "'($7$k71)‘

k=1
@ Define 20,21, -, 22n4+1 by 22; = 22441 = x4, for i =0,1,--- ,n. Then the
Newton interpolatory divided-difference formula for the Hermite
interpolating polynomial at distinct numbers xg, x1,--- ,Zn is given by
2n+1
Honyi(z) = flzo] + Y flzo, 21, z)(z — 20)(x — 21) -+ (= 2p—1),
k=1
where flz;,z;] := f/(z;), since
lim flz;,z] = lim f@) = flz:) = f'(x3).

T—T; T—T; xTr—x;
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Spline interpolation

Disadvantages of

@ Lagrange interpolating polynomial: oscillation of high-degree
polynomial.

@ Piecewise linear approximation: no assurance of differentiability at each
endpoints of the subintervals.

@ Piecewise Hermite interpolating polynomial H3(z) of degree 3:
f'(x0), f'(z1), -, f'(xzn) are usually not available.

Goal:
@ piecewise polynomial;
@ no derivative information, except perhaps at zo(= a) and z, (= b);
@ c Cla,b].
—> Spline interpolation

Interpolation a: p ximation



Quadratic spline

Let f be defined on [zo, z2]. Given f(xzo), f(z1) and f(z2).

A quadratic spline function S consists of the quadratic polynomials:
So(z) = ao+bo(x— o)+ colx — $0)2 on [z, 1],
Si(z) = ar+bi(z—z1)+e(z— zl)2 on [z1,z2]

such that

(1) S(wo) = f(xo), S(z1) = f(z1) and S(x2) = f(z2);

(2) Se Cl[(E(),l'Q]‘
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Quadratic spline (continued)

@ From condition (1), we have

a = f(=o),
ao + bo(z1 — o) + co(z1 —20)> = f(z1),
ap = f(z1),
a1 +bi(zs —z1) +ci(ze —z1)? = f(22).

@ From condition (2), we have S{(z1) = S{(z1).
0 Sy(x) = b + 2¢o(x — xg) and S (x) = b1 + 2c1(x — x1).

oobo 4+ 2¢o(z1 — o) = by
@ 6 unknowns, 5 equations = flexibility exists.

@ If we require S € C?[zq, x2], then Sf(z1) = 2co, 57 (z1) =2c1 =>co =1

— 5 unknowns and 5 equations = a solution may not exist!




Cubic spline € C?[zg, z,,]

@ Disadvantage: the derivatives of the interpolant may not agree with the
function f(z), even at the nodes zo,z1, - ,Zn.

@ Definition: Givena =2z¢ < 21 < --- < Zp—1 < n, = b and a set of
function values f(zo), f(z1), -, f(zn). A cubic spline interpolant S for f is
a function that satisfies

(1) thwm”l] is a cubic polynomial for j =0,1,--- ,n —1
(denote S|(z ., )(®) = S;(x));
Q S(z;) = f(z;),j=0,1,--- ,m;
Q Sjti(zjs1) = Si(xjt1), 5 =0,1,-+- ,n =2
Q S i(@ir1) =8(xj41), 5 =01, ,n =2
e S_;'/+1(Ij+1) = S;l(xj+1)7 Jj= 07 1, n— 2;
@ one of the following is satisfied:
e S"(z0) = 8" (zn) =0, free or natural boundary conditions =
natural spline;
o S'(zo) = f'(z0),S'(zn) = f'(zn), clamped boundary conditions
= clamped spline.
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Cubic spline (continued)

@ Condition (1) = denote S;j(z) = a; +b;(z — z;) + ¢j(z — z;)? + d;(z — z;)3,
j=0,1,---,n—1.
@ Condition (2) = Sj(z;) = a; = f(x;) (given), j =0,1,--- ,n— 1.
Define an := Sp—1(zn) = f(zn) (given).
@ Condition (3) = Qj4+1 = Sj+1(xj+1) = Sj (Ij+1) =
aj +bj(zjt1 — 25) + (@i — 25)° +dj(zjpn —25)%, 5 =01, ,n—2.
Define hj = Tj4+1 —Z‘j,j:071,~~- ,N— 1.
= ajy1 = aj +bjh; +cjh? +d;h3, j=0,1,--- ,n—2.
an = f(xn) B Snfl(zn) =
an—1+ bn—l(xn - xn—l) + Cn—l(xn - xn—1)2 + dn—l(xn - xn—1)3~

SoGn =ap—1+bn_1hn_1+ Cnflh%_l + dnflh%_l‘

= aj4+1 = aj +bjhj +th? -‘rdjh?, j=0,1,--- ;n—1. + (3.15)
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Cubic spline (continued)

Define by, := 8" (xn) = S),_; (xn).
o Si(x) =b; +2¢j(z —z;) +3dj(z — z;)%,=0,1,--- ,n— 1.
:Sg(zj):ijj:()’l:"' yn—1.

Condition (4) = bj11 = S;-+1(a:j+1) = S}(ijrl) =bj + 2c;jhj + dehi,
7=0,1,---,n—2.

by = S;,1($n) =bp_1+ 207171(1'71 - -7377.71) + 3dn71(73n - xn71)2 =
bn—1+2cn—1hn—1+ 3dn71h2

n—1°

bj+1 = bj + 2thj + 3djh?, j=0,1,---,n—1. « (3.16)
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Cubic spline (continued)

o 8)(x) = 2¢j +6d;(z —=x;), j=0,1,--- ,n— L
:>S;l(xj)22cjvj:071»"' ;n— 1.

Define
Cn = %S;{_l(fﬂn) = %(2011—1 + 6dn—1(xn - xn—l)) = %(2071—1 + 6dn—1hn—1)-

Condition (5): S, (zj+1) = S} (zj41), j=0,1,--+ ,n—2.
= 2¢j41 = 2¢j + 6djhy, j = 0,1, ,n—2.

= cjy1 =c¢j +3djh;, j=0,1,--- ;n—2.

= ¢jy1 =¢j +3djh;, j=0,1,--- ,n—2,n—1. < (3.17)
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Cubic spline (continued)

(317):>d —T(CjJrl—Cj),j:O,l,“-,n—l.

(3.15) =
aﬁ_l—a]er ihj +c]h2+3h (c]+1fc])h =aj + bjh; + (2C]+CJ+1),
j=0,1,-+,n—1 « (3.18)

(3.16) = bj1 = bj +2¢;h; +355-(cjr1 — ¢)hF = bj + hj(e; + cj1),
=01, ,n—1 « (3.19)

h? .
(3.18) = bjh]' = (aj+1 — aj) — 4(2Cj +C]'+1), j=0,1,---,n—1.

= b; = hij(ajﬂ —a;) = M2+ ¢jp1), = 0,1, ,n— L. « (3.20)

= bj1 = (a —aj-1) = 25201 ), j =1, ,n

Similarly, (319) = b]' = bj—l + hj_l(c]-_l —‘er), 71=12- ,n (*)
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Cubic spline (continued)

Combining (*) and (3.20) with the common index j =1,2,--- ,n — 1, we have

h .
Ay (@41 —a5) = (265 +¢ja) =
hi_ .
(e —aj1) = S5 Q21 o) Hhia(ga + ), j=1,2 = 1.
= hjo1cj—1 +2(hj1 + hy)e; +hicipn = (a1 — a5) — 5 (a5 —aj-1),
j=1,2,--- ,n— 1 « (3.21)

Consider (3.21), we have n + 1 unknowns {c;}7_, and n — 1 equations.

If we impose Condition 6 (i), natural boundary conditions, ¢ =0 and ¢, =0 =
n — 1 unknowns {¢; };L:_ll and n — 1 equations.

The resulting linear system is strictly diagonally dominant =3 unique natural
spline.




Cubic spline (continued)

If we impose Condition 6 (ii), clamped boundary conditions,

S'(x0) = f'(z0)(=bo) and S'(zn) = f'(zn).
(3.20) Wlth]—0$b07 (al—ao)—f(2co+01)
= 3bo — 1> (a1 —ao) = —ho(2¢o + c1).

= 2hgco + hocr = h%)(al —ag) —3bg.  (bo = f'(w0)) + (Additional Eqn1)

(3.19) = S'(zn) = f'(@n) :==bn =bn—1 + hn—1(cn—1 + cn).

(3.20) Wlth]_n—l =
f (wn) =bp = (an an—l) - %hn—l(QCn—l + Cn) + hn—l(cn—l + C’n)-

hp—1

= fl(xn) =bp = 1 ((ln - anfl) + %hnfl(cnfl + 2Cn)~

= hp—1¢n—1+ 2hn—1cn = 3f (zn) — %(an —an—1). < (Additional Eqn2)

= n+ 1 unknowns {c;}7_, and n + 1 equations.

The resulting linear system is strictly diagonally dominant = 3 unique clamped
spline.

, Math. Dep NC Interpolation and Approximation — 34/34



