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Initial-value problems

@ Initial-value problem (IVP): find z(¢) such that

a'(t) = f(t,),
a:(to) = o0,
where f(t, ), to,zo € R! are given.
@ Example 1:
z'(t) = axtan(t+3),
z(=3) = 1.

One can verify that the analytic solution of this IVP is z(t) = sec(t + 3).
Since sect becomes oo at t = ig, the solution is valid only for
-5 <t+3< 3.
@ Example 2:
'(t) = =,
{ z(0) = 1.

Try z(t) = ce™ = cre”™ = ce™ = r =1 = z = ce’ < general solution.

Use (0) = 1 = = = ! « particular solution.




The existence and uniqueness of solutions

@ Existence: do all IVPs has a solution? Answer: No! Some assumptions
must be made about f, and even then we can expect the solution to exist
only in a neighborhood of ¢t = ¢g.

@ Example:
z'(t) = 1+22,
0.

8
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Try z(t) = tant. z(0) = 0.

cos?t +sin? t
.

LHS: (tant) =
(tant) cos? t

sin? t

RHS: 1 +tan?t =1+ -
cos“t

Hence x(t) = tant is a solution of the IVP.

@ If t — m/2 then * — oco. For the solution starting at ¢ = 0, it has to “stop
the clock” before t = /2. Here we can only say that there exists a solution
for a limited time.




Existence theorem

Consider the IVP:
{x’(t) = f(ta),

w(to) = xo,

If f is continuous in a rectangle R centered at (to,zo), say
R=A{(t,z): [t—to|] < o, & —zo| < B},
then the IVP has a solution x(t) for
[t — to] < min{a, B/M},

where M is maximum of |f(t,x)| in the rectangular R.
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Example

Prove that
{ 2/ (t) = (t+sinz)?,
z(0) = 3
has a solution on the interval —1 <t < 1.
@ Consider f(t,z) = (t + sinz)2, where (to,z0) = (0, 3).
@ Let R={(t,z): |t| < o, |z — 3| < B}. Then |f(t,z)| < (a+1)% := M.
@ We want |t — 0] < 1 < min{e, 8/M}.
@ Let a=1then M = (14 1)2 = 4 and force B8 > 4. By the Existence
Theorem, the IVP has a solution on |¢ — ¢9| < min{«, 8/M} = 1.
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Uniqueness

@ If f is continuous, we may still have more than one solution, e.g.,

{:c/(t) = 2?/3
z(0) = 0.

Note that = = 0 is a solution for all ¢. Another solution is z(t) = ¢3/27.

@ To have a unique solution, we need to assume somewhat more about f.
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Uniqueness theorem

Consider the IVP:
{x’(t) = f(ta),

z(to) = =zo,

If f and % are continuous in the rectangle R centered at (to,xo),
R={(t=):[t—to] <o, |z —wo| < B},

then the IVP has a unique solution xz(t) for

[t = to| < min{a, B/M},

where M is maximum of |f(t,z)| in the rectangular R.




Another uniqueness theorem

Consider the IVP:
{w'(t) = [f(t =),

Z‘(to) = o,

If f is continuous in a < t < b, —oo < x < oo and satisfies

[f(t,z1) — f(t,22)] < Llz1 — 22|, (%)

then the IVP has a unique solution z(t) in the interval [a,b].

Note: Inequality (*) is called the Lipschitz condition in the 2nd variable.




Example

Prove that

{x’(t) = 1+ tsin(tz),
z(0) = 0

has a solution on the interval 0 < ¢ < 2.

Since f(t,x) =1+ tsin(tz), we have |%(t7 x)| = |t cos(tx)| < 4 for
0<t<2and —oco <z < 0.

By the MVT, 3 £ between z1 and z2 s.t.

F(t,wo) = f(t,01) = 208 (my — ).

= |f(t,z2) — f(t, 21)| < 4fm2 — 21].

= f satisfies (*) with L =4 and f is continuous in 0 < ¢ < 2,
—oo < x < 0.

—> the IVP has a unique solution z(t) for a <t <b.
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Numerical methods

@ Consider the IVP:

{w’(t) = f(ta),

x(to) xQ.

@ Strategy: Instead of finding z(t) for all ¢ in some interval containing to, we
find z(t) at some fixed points.




Taylor-series method

@ For the Taylor-series method, it is necessary to assume that various partial
derivatives of f exist.
@ We use a concrete example to illustrate the method. Consider an IVP as

2'(t) = cost—sinz + 12,
z(-1) = 3.

@ Assume that we know z(t) and we wish to compute z(¢ + k). By the Taylor
series for x, we have
h? h3

z(t + h) = z(t) + ha' (t) + 5a:”(t) + 5ag”’(t) + %x@*)(t) + O(hd).
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Taylor-series method (continued)

@ How to compute z’(t), =’ (t), "’ (t) and z(*)(¢) in the last equation?

x'(t) = cost—sinz 412,
z'(t) = —sint — (cosz)z’ + 2t,
2""(t) = —cost+sinz(x’)? — (cosx)a’ + 2,
@ () = sint+ (cosz)(a')® + 3(sinz)a’z"” — (cosz)z".

@ If we truncate at h* then the local truncation error for obtaining z(t + h) is
O(h®). We say the method is of order 4.

@ Definition: The order of the Taylor-series method is n if terms up to and
include h™z("™) (t)/n! are used.




Algorithm

Starting t = —1 with h = 0.01, we can compute the solution in [—1, 1] with 200
steps:

input M <+ 200, h < 0.01,t+ —1, 2+ 3

output 0,¢,

for k =1to M do

!

'+ cost—sinz+t?
"  «+ —sint— (cosz)x’ + 2t
" < —cost+sinz(z')? — (cosz)z” + 2
@ sint+ (cosx)(z')3 + 3(sinx)z'2" — (cos )z’
z 4 z+h(@E + L@+ L@+ 2a@))))
t «— t+h

output k,t,x
end do
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Error estimate

@ The estimate of the local truncation error can be done by looking at

1

= mh"+1x<"+l>(t + 60h) for some 0 € (0,1).

En

Hence 1
E4 = gth0<5>(1: +6R) 0€(0,1).

@ We can replace z(5) (t + 6h) by a simple finite-difference approximation

1 @ (4 h) —z® (1) h*
B Lps _ (@) @)
i~ h < - o (a: (t+h)—z (t))

@ Suppose that the local truncation error (LTE) is O(h"*1). An error of this
sort is present in each step of the numerical solution. The accumulation of
all many LTEs gives rise the global truncation error (GTE).

GTE ~ %O(h"“) — O(h™).

And we say the numerical method is of O(h™).
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Advantages and disadvantages of the Taylor-series method

@ Disadvantages:
@ The method depends on repeated differentiation of the differential
equation, unless we intend to use only the method of order 1.
= f(t,z) must have partial derivatives of sufficient high order in the
region where are solving the problem. Such an assumption is not
necessary for the existence of a solution.
@ The various derivatives formula need to be programmed.

@ Advantages:

@ Conceptual simplicity.

@ Potential for high precision.
If we get e.g. 20 derivatives of z(t), then the method is order 20 (i.e.
terms up to and including the one involving h?9).




Euler’s method

If n = 1, the Taylor series method reduces to Euler’s method.
Advantage of the method is not to require any differentiation of f.

Disadvantage of the method is that the necessity of taking small value for h
to gain acceptable precision.

Consider the following IVP:

x'(t) = cost—sinz 4 t2,
z(0) = 3.

Derive Euler’s method based on the Taylor series and compute x(0.1) when
h =0.1.




Basic concepts of Runge-Kutta methods

We wish to approximate the following IVP:

{w’(t) = fta),

z(to) = wo.
@ From the Taylor theorem, we have
2

z(t + h) = x(t) + ha'(t) + %m”(t) +O(h%).

@ By the chain rule, we obtain

{ () = fo+ for' = fe+ faf,
xm(t) ftt +ftzf+ (ft +fzf)fz +f(fmt +fzzf)
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Basic concepts of Runge-Kutta methods (continued)

@ In the Taylor expansion, we have

h2
+ —

p(t+h) = @) +hflte)+ o (felt,2) + folt,2)f(t,2)) + O(h%)

2(0) + 2 F(62) + 5 [F(6,) + Rl ) + hfalt, ) f(1,2))] + O(W®)

z(t) + gf(t,z) + gf(t +h,x + hf(t,z)) + O(h®).

@ Note that the term in the square blankets above can be obtained by the
Taylor expansion in two variables

Ft+hw+ hf(t,x)) = f(t,x) + hfi(t,z) + hf(t,2) fo(t, ) + O(h2).
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A second-order Runge-Kutta method

@ Then a 2nd-order Runge-Kutta (RK) method is given by

Pt B) ~ 2lt) + 5 5(63) + 5 F+ R+ R 0))

or alternating
1
I(t + h) ~ Z‘(t) —+ §(F1 + FQ)7

where

Py = hf(t,fl?),
Fr = hf(t+h,x+F1).

@ It is also known as Heun’s method.
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The general second-order Runge-Kutta method

@ In general, the 2nd order RK method needs

z(t+h) = z(t) +wihf +whf(t + ah,z + Bhf) + O(h®),
= z(t) +wihf +woh[f + ahfi + Bhf fz] + O(h®).

@ Compare with

2
a(t+h) = x(t) + hf + %(ft + fof) + O(R?),

we have
wi twer = 1,
woax = 1/2,
w2 = 1/2.
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The modified Euler method

@ The previous method (Heun’s method) is obtained by setting

w1 =wp = 1/2,
a=p6=1.

@ Setting
w1 =0,
w2 =1,
a=p=1/2,

we obtain the following modified Euler method:
z(t+ h) = z(t) + F»,

where F1 = hf(t,z) and Fo = hf(t+ %h,x + %Fl)
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Fourth-order RK methods

@ The derivations of higher order RK methods are tedious. However, the
formulas are rather elegant and easily programmed once they have been
derived.

@ The most popular 4th order RK is:

1
x(t + h) ~ :l‘(t) + E(Fl + 2F5 4+ 2F5 + F4),

where
Fl = hf(tu*T))
Fy = hf(t+2%2+L1F),
Fs = hf(t+5,0+1m),
Fy = hf(t+h,z+ F3).
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Computer project

@ Use the most popular 4th order RK with h = 1/128 to solve the following
IVP for t € [1, 3] and then plot the piecewise linear approximate solution:

{a:’(t) = 17 2(tx — 2?),
= 2.

8

~

[

=
I

@ Also plot the exact solution:

z(t) = (1/2+1Int) "t
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Algorithm

input M < 256, t < 1.0, h < 0.0078125, = < 2.0
define f(t,x) = (tx — 2?)/t>
define u(t) =t/(1/2+ Int)
e + |u(t) — z|
output 0,¢,z,¢e
for k=1to M do
F;  « hf(t, 33)
Fr « hf(t+22+1m)
F3 < hf(t+2 2+ 1m)
Fy <« hf(t+h,x+ F3)
x « x+ (F1+2F+2F3+ Fy)
t +— t+h

e <+ |u(t)—=z|

output k,t,x,e
end do
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A system of first-order differential equations

The standard form for a system of first-order ODEs is given by

Ill(t) = fl(t,lEl,IQ,---,.’ﬂn),
zh(t) = fa(t,z1,m2, - ,20),
()
‘Z’In(t) = fn(t7$1,1'2,"' 71’.n)'
There are n unknown functions, x1,xs, -+ ,Zn to be determined. Here

dzx;
Zi(t) =

1

dt




Example

Consider the system of first-order differential equations:

'(t) = x+4y—el,
y(t) = z+y+ 2t
The general solution:
z(t) = 2ae3 —2be~t — 2et,
y(t) = aedt +be t + 1/4et,

where a,b € R. If the system of differential equations with the initial conditions,
e.g., z(0) = 4 and y(0) = 5/4, then the solution is unique, and

y(t) = 2e3 —e7t 4 1/4et.

{ z(t) = 4e3t +2e7t —2¢t,




Vector notation and higher-order ODEs

@ Vector notation: let X := [z1,x2,--- ,&n] and F := [f1, f2, -, fa] |,
where X € R” and F : R*t1 — R,

Then an IVP associated with the system of ODEs (x) is given by

X'(t) F(t, X(1)),
{X(to) = Xo€R"

@ A higher-order ODE can be converted to a first-order system.

Consider y™ (t) = f(t,y,v',--- ,y(*~1)) and introduce
z1 =y, 22 =9, ,zn =y~ Y. Then we have
Bt =
zp(t) = w3,
m/ —l(t) = Ty
z,(t) = f(tzi,z2, ,zn).
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Example 1

Convert the higher-order IVP
(sint)y”"" + cos(ty) + sin(y” + %) + (v')® = logt

with y(2) = 7,7/(2) = 3,y"(2) = —4 to a system of lst-order equations with initial
values.

Solution: Let z1(t) = y(t),z2(t) = v/ (), z3(t) = v"/(t). Then,

xll (t) = T2,
x/Q(t) = 3,
ah(t) = {logt— x5 —sin(t? + x3) — cos(tzx1)}/sint,

with z1(2) = 7,22(2) = 3,23(2) = —4.
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Example 2

Convert the system

()2 +te¥ +y' = 2 —um,
y'y"” — cos(zy) + sin(tz’y)

Il
8

to a system of 1st-order equations.
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Taylor-series method for systems

For each variable, use the Taylor-series method

i(t+h) = @i(t) + haj(t) + —z“(t) + x“/(t)

or in the vector form

h3

X(t+h)=X(t)+hX’ (t)+ X”( Y+ X" )+

3!

Math. Dept., NCU
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n
fLX(n) (t).
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Autonomous systems

@ From the theoretical standpoint, there is no loss of generality in assuming
that the equations in system (x) do not contain ¢ explicitly. We can take
zo(t) =t, z((t) = 1. Then z} = fi(x0, 21, -+ ,2n), 1 =0,1,--- ,n, or
X'(t) = F(X), where X (t) = (zo(t),z1(t), -+ ,xn(t))T.

@ Example: convert the following IVP to an autonomous system
(sint)y”"’ + cos(ty) + sin(y” +t2) + (v')® = logt,

with y(2) = 7,7'(2) = 3,vy"(2) = —4.

Solution: Let zo(t) =t. Then z{(t) = 1. Let & (t) = x2 and x}(t) = x3.
Then we have

zh(t) = 1
0 )
xil (t) = =9,
x2(t) = 3,
z4(t) = {logzo — 23 —sin(2Z + z3) — cos(zoz1)}/ sinzo,

with the initial condition X (2) = (2,7,3, —4) .
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RK4 method for X'(t) = F(X)

@ For an autonomous system of equations, X’(t) = F(X), we have 4th-order
Runge-Kutta method:

1
X(t+h) :X(t)-‘rg(Fl +2F + 2F3 + Fy),

where
F; = hF(X),
Fy = hF(X+1/2F1),
F3 = hF(X+1/2F2),
Fy = hF(X + F3).

@ Other methods, they are all similar to the single equation case.

Math. Dept., NCU an Numerical ODEs — 32/52



Collocation method

Suppose that we have a linear differential operator L and we wish to solve the
equation:
Lu(t) = f(t), a<t<hb,
where f is given and u is sought.
@ Let {v1,v2, -+ ,vn} be a set of functions that are linearly independent.
Suppose that u(t) &~ c1v1(t) + cava(t) + - -+ + cnvn(t), where ¢; € R.

@ Then solve L(Z cjv;(t)) = f(t). How to determine ¢;j, j =1,2,--- ,n?

j=1
@ Let t;,9=1,2,--- ,n, be n prescribed points (collocation points) in the
domain of u and f. Then we require the following equations to determine c;,
i1=12.  n:

> i (Luy)(ti) = f(t:), i=1,2,-,n.
j=1

@ This is a system of n linear equations in n unknowns c;. The functions v;
and the points ¢; should be chosen so that the matrix with entries (Lv;)(t;)
is nonsingular.
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Collocation method for Sturm-Liouville BVPs

@ Consider a Sturm-Liouville two-point BVP:

u”(t) + p(O)u' (t) + q(t)u(?) f@®), 0<t<1,
u(0) = 0, (*)
u(l) 0,

where p, g, f are given continuous functions on [0, 1]

@ Let Lu := v/ + pu’ + qu. Define the vector space
V = {u€ C?(0,1) N C[0,1] : u(0) = u(1) = 0}.

If u is an exact solution of (), then u € V.

@ One set of functions is given by

v =71 -t)F € C?0,1], 1<j<m,1<k<n.
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Variational formulation of a 1-dim model problem

Consider the following two-point boundary value problem (BVP):

{ —u'(2) = f(2)

, O<z<l,
u(0) = u(1) =0,

(D)

where f is a given function in C[0, 1].

Remark: problem (D) has a unique classical solution v € C2(0,1) N C0, 1].
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Some notation and definitions

@ (v,w):= fo x)dz for real-valued piecewise continuous and bounded
functions v and w deﬁned on [0,1].

@ V= {v|veC[0,1],v(0) = v(1) = 0,v is piecewise continuous and
bounded on [0,1]}.

@ F:V =R, F(v):= é(v’,v) (f,v) =35 fo )Zd;r—fo f(z)v(z)dz.

(represents the total potential energy)

@ Define the following minimization and variational problems:
Find uw € V such that F(u) < F(v), YoveV. (M)

Find u € V such that (u',v") = (f,v), VveW. (V)
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(D) = (V)

The solution of problem (D) is also a solution of problem (V):
c—u(z) = f(z), O0<z<L1l
", fol —u (z)v(z)dx = fol f(@)v(z)dz, VveV.
E (_ullrv) = (f,’U), VveV.
1
(v — u’(z)v(m)‘o =(f,v), VveV. (integration by parts)

s = (fv), YvevV.
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(V) & (M)

Problems (V) and (M) have the same solutions:

@ (V) = (M): Let u be a solution of problem (V). Let v € V' and
w=v—u€V. Then v=u+w and

F@) = Fatw)= (o), @ w)) = (futw)
1 ’ / ! / 1 /7 /
= E(uvu)+(u7w)+§(w7w)_(f7u)_(fvw)
1 ’ / 1 / ’
= E(uvu)+§(wvw)_(fvu)
> W) - (fu) = Fla).

@ (M) = (V): Let u be a solution of problem (M). Then for any v € V, ¢ € R,
we have F(u) < F(u + ev), since u + ev € V. Define

g(e) = F(u+tev)= %((u—ksfu)', (u+ev)) — (f,u+ev)

= ) SR o) — () — ().

o g'(e) = (W, v') +e(,v) — (f,v) and ¢g’(0) = 0.
0=g'(0) = (v, v") = (f,v).
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Both problems (V) & (M) have at most one solution

It suffices to prove that problem (V) has at most one solution. Suppose that u1

and usg are solutions of problem (V). Then

(Whv') = (fv) VveV.
L(u) —ub,v') =0 YoeeV.

Taking v = u1 — ug, we have (v} —u),u} —uf) =0.

o (i (@) — uh(2))2da = 0.
uj(z) —uh(z) =0, z € [0,1] a.e.
o, u1l — ug is a step function on [0, 1].
" w1 — ug is continuous on [0, 1].
", u1 — ug is a constant function on [0, 1].
s u1(0) =u1(1) =0 and u2(0) = ua(1) = 0.
. u1 —u2 =0 on [0,1].

That is, u1(z) = uz(z), V z € [0, 1].

, Math. Dept., NC Numerical ODEs
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(V) + smoothness = (D)

Let u be a solution of problem (V). Then (v/,v") = (f,v),Vv € V.
fol o' (z)v (z)dx — fol f(z)v(z)de =0, YveV.

Suppose that u’’ exists and continuous on [0, 1], i.e., v € C2[0,1].
Then ffol u (z)v(z)dx — fol f(@)v(z)dz =0, VveV.

s @ (@) + f(2)v(z)de =0, YveEV.

By the sign-preserving property for continuous functions, we can conclude that
u(z) + f(z) =0,V z € [0,1].

.. u is a solution of problem (D).
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FEM for the model problem with piecewise linear functions

Construct a finite-dimensional space V}, (finite element space)
Let 0 =20 < z2 < --- < zxp < zp+1 = 1 be a partition of [0, 1].

[Insert partition figure here!]

Define

@ I :=[zj_1,z5], j=1,2,--- ,M+1.

@ hji=zj—2;1, j=1,2,--- ,M+1

@ h:= j:1‘21?§j>,(M+1 h;, a measure of how fine the partition is.
Define

Vi, :={wvp, € V| vy, is linear on each subinterval I;,vp,(0) = v, (1) = 0}.

Notice that Vv, C V.
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Construct a basis of V),

Here is a typical vy, € Vj,:

[Insert vy, figure here!]

For j =1,2,--- , M, we define ¢; € V}, such that ¢;(z;) :{ (1) iz;;’

[Insert ¢; figure here!]

Then we have
o {p; }g]\il is a basis of the finite-dimensional vector space V},.
@ For each vy, € Vp, v can be written as a unique linear combination of ¢;’s:

M
vp(z) = ancpj(x), where n; = vp, (z;).
=1




Numerical methods for solution of problem (D)

We now define the following two numerical methods for approximating the
solution of problem (D):

@ Ritz method:

Find up, € V3, such that F(up) < F(vg), YV vp € Vp. (Mp)

@ Galerkin method (finite element method):

Find uy, € V}, such that (u/h,va) = (f, ’Uh), Y op € V. (Vh)

One can claim that (M) < (V},).
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(Vi) & Find up € Vi, s.it. (up, ¢)) = (f, i), 1<i< M AL =0

@ (Vi) <= Find up, € V}, such that (u},¢}) = (f, i), 1 <i < M.
Proof.
(=): triviall
(«): For any vy, € V3, we have vy, = sz\il n;p, for some n; € R, 1 <7< M.
M M

(u;L’v;L) = (U;L’Zni<p/li) = Zni(u;w%o;)

_an(f»ﬂoz)_(f»znzﬂoz f7vh)
] Flnd up € Vi such that (u}, ;) = (fr0:), 1<i <M <= Af =b.
Proof. Let up(z) = Zgjcpj , where & = up(x;), 1 <j < M, are

unknown. Then

M

(uh, @5) = (Fr00), 1<i <M & (O &), 0i) = (fre), 1<i<M
j=1

@ij (@), 0) = (frpi), 1<i< M AL =b.

j=1
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AE =

A = (asj)mx e stiffness matrix; b = (b;)arx1: load vector; £ = (&) arx1:
unknown vector.

(Phel)  (eheh) - (D eh) & (f, 1)
(01, 05) (05 95) -+ (Phpeh) & B (f,02)
(@ oh) (Do) o (G 1L e (. on1)
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Some remarks

@ (¢, pp)=0if [i—j|>1 - Ais a tri-diagonal matrix.

@ ay = (ga;-,ga;) = (Lp;,(p;—) =aj; .. A issymmetric!
@ Claim: A is positive definite.
For any given n = (n1,m2,-- ,na) | € RM | define vy, (z Zmapl
Then
M

0 < (vp,,vp,) st@z,stﬂ] Z (05, @5)my = - An.

If (v},,v},) =0, then fol (v}, ())2dx = 0, which implies that v}, (z) = 0 a.e.
- vp € Vi, vy, is continuous on [0, 1] and vy, (0) = vy (1) = 0.
*.vp =0on [0,1], ie., n=0.

“n-Anp>0,VnecRM pn#£o0.
@ - Ais SPD . Aisnonsingular .. A¢ = b has a unique solution!

, Math. Dept., NC



Evaluate a;; and a;_ ;

[Insert a figure of p;_1 and ¢; here!]

For j=1,2,--- , M, we have

/ / “i
(‘Pjy 90]‘) = /
x

/2 it /2
(¥})"dx + (¥5) da

i—1 zj
i1 Ti+1 1 1 1
- /J *2‘1“/] g —dr=-——+-—,
aj-1 zj h51 hj i
i1 1
@s) = Whnep == [ pdr=—.
zj—1 'ty J

For uniform partition: h; = h = M+01' Then A¢ = b becomes

2 -1 0 - 0 & (f, 1)
-1 2 -1 - 0 & (f,2)

o 0 -1 2]len (froar)




Taylor’s Theorem with Lagrange remainder

If f € C™[a,b] and f(™*+1) exists on (a,b), then for any points ¢ and z in [a, b] we
have
f(@) = Pa(z) + En(z),

where the n-th Taylor polynomial Py (z) is given by
"1
P = 3 IO - 0"

and the remainder (error) term E,(z) is given by

Bn(@) = ——— ()@ - o

T (1)

for some point & between ¢ and x (means that either c < £ <z or z < £ < ¢).
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Numerical differentiation

Assume that u € C4[0,1] and 0 =9 < x2 < --- < xpr < Tpr41 = 1 is a uniform
partition of [0,1]. Then h; = h = Al/[:LOl forj=1,2,--- M+ 1.
Fori=1,2,---, M, we have

u(zi + h) = u(a;) + ' (z)h + $u” (@:)h? + $ul® (z)h3 + 57u® (G1)h?,
w(zi —h) = u(z;) — ' (z)h + $u” (2:)h? — $ul® (z)h3 + F1u® (&2)h?,
for some &;1 € (zi,z; + h) and &2 € (x; — h, x;).
sz + k) +u(eg — h) = 2u(z;) + u” (2)h? 4+ o {u® (1) +u® (€2) 12
s (i) = o {ule + h) = 2u(@) + u(@ — h)} — g5 h2{u® (&) + u® (&)}
u € C40,1] and ${u™® (&1) + u® (&2)} between u®) (&1) and u®) (&;2).
- By IVT, 3 ¢&; between &;; and &2 (= & € (z; — h,x; + h)) such that
u® (&) = ${u® (&1) +u® (&2)}-
w(w;) = gz {u(i + h) = 2u(e;) + ulz; —h)} — $5h%uD (&),
for some &; € (z; — h,x; + h).
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Finite difference method for problem (D)

—u'(z) = f(z), 0<z<1,
{ w(0) = u(1) = 0. (D)

Fori=1,2,--- ), M, we have
—%{u(m + h) — 2u(x;) + u(z; —h)} + Li12u(4)(§,-) = f(x;).
= —pz{u(@iv1) = 2u(@;) +u(zi—1)} + 5% (&) = f(z).
We wish to find U; >~ u(z;) for i =1,2,--- , M and Up = Upr41 := 0 such that

_%{Uo—2U1+U2)} = f(xl) (121)
_%{Ul —2U2+U3)} = f(xg) (122)
_%{UMfl — 2 4+ Unmy1)} = flam). (i=M)
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Finite difference method for problem (D) (continued)

Finally, we reach at the following linear system:

2 -1 0 - 0 Ui fz1)
N B | 0 Us f(z2)
= ) =

0o -+ 0 -1 2 Unt f(xar)

A comparison: what is the difference between FEM with piecewise linear basis
functions and FDM for problem (D)? Answer: They are essentially the same!

Consider the first component in the right hand side:

@ Finite difference method: hf(z1).
@ Finite element method:

(o) = [ 1@ei@s = fan) [ er(@)de = i),
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Computer project

Consider the following one-dimensional convection-diffusion problem:

{ —eu'(z) +u/(x) =0 for x € (0,1), (%)
u(0) =1, u(l) =0.

Write the computer codes for numerical solution of problem () by using the finite
difference methods on the uniform mesh of [0, 1] with mesh size h:
@ Replace u” (z;) ~ w and o/ (z;) ~ %

(,h) = (0.01,0.1), (e, k) = (0.01,0.01). Plot uy,.
UL+1—2U +U; 1

and consider

Ui—U;_1

@ Replace v/ (z;) = and v/ (z;) ~ (upwinding) and

R
consider (e, h) = (0.01,0. 1) (e, h) = (0.01,0.01). Plot uy,.

, Math. De N Numerical ODEs — 52/52



