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Introduction

@ If the values of function f are given at a few points xg, xq, - - - , X,
can that information be used to estimate a derivative f’(c) or an

integral | ub f(x)dx?

@ Taylor’s Theorem: Letf € C"*![a,b] and xq € [a,b]. Then for
every x € [a,b], 3 &(x) between x and xj such that

f(x) = Pu(x) + Ra(x),
where the n-th Taylor polynomial P, (x) is given by
- L) k
Pu) = L )0

and the remainder (error) term R, (x) is given by

Rn(x) = ﬁf "D (E(0)) (x —x0)"" (Lagrange’s form).
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Numerical differentiation

Q f'(x) = limy,_, JM, if the limit exists. Intuitively, we
have f'(xp) ~ fw if h is small.

© Assumethath > 0andf € C? [x0, Xp + h]. By Taylor’s Theorem,
]’12
fxo+h) =f(xo) +hf (x0) + Efﬂ(é)’ for some ¢ € (xo, x0 + h).
Rearranging the expansion, we obtain
1 h
Fx0) = 1 (F(xo +H) —(x0)) — (@),
If —4f"(&) is small, then we have an approximation of f'(xo),
1
f(x0) = £ (f(x0 + 1) = f(x0)),

called the forward-difference formula. The term “—4f"(&)” is
called the truncation error, O(h). (When h < 0, we only have to
change the assumption to f € C*[xg + h, xo] == backward-difference
formula)
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Higher order methods

@ Assume thath > 0and f € C3[xg — h,xq + h]. By Taylor’s
Theorem, we have

2
Floxo) 1 (x0) + " o) A ),

Flroth) =
3
)

hZ
fro—h) = Flxo) —hf'(x0) + 5 f" (x0)
for some ¢1 € (x,xp +h) and &, € (x9 — h, xp). After subtracting
and rearranging, we have
f(x() Zh(f x0+h f(x()— )

@ This is a more favorable result, because of the #? term in the
error. Notice that, however, the presence of f”” in the error term

6 2 (f/// +f/// ))
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The truncation error

From the Intermediate Value Theorem, we have that there is a
¢ € (xg — h,xg + h), such that

/// - (f/// +f/// ))

Hence,

2
F1(x0) = 5 (Flxo +) —Flxo — ) — 4" (2).
Therefore
f(x0) = (fx0+h —f(xo —h)),

which is a second-order formula, O(h?).
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Approximation of f(x)

Assume that h > 0 and f € C*[xg — h, xo + h]. From Taylor’s Theorem,
/ h? 1 W (3) K (4)
flxo+h) = flxo) +hf (x0) + 55f" (x0) + 55 (x0) + 55 (61),

2 3 4
Flxo—h) = flxo) I (x0) + " (x0) — f O (o) + @ 8a),

for some &1 € (xp,x0 +h) and & € (xg — h,xp). After sum and
rearrangement, we obtain the following central difference formula for
the 2nd derivative at xg:

2
F1(0) = o (F(x0 + 1) — 2 (x0) + £z — ) — 1= 2 (9 () +£9 (@)

2
= (Fo+ ) — 2 (x0) £ (0 — 1)) — oD 2),

where at the last equality we use the Intermediate Value Theorem
again. Thus, we have a second-order approximation of f” (xo)

£ (o) = 7 (F(x0 + 1) — 2 (x0) +Fxo — ).
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Richardson’s extrapolation

@ Richardson extrapolation is a general procedure to improve
accuracy.

© Assume that f is sufficiently smooth and
flxo+h) = 2 o hkf(k (x0), f(xo— Z k' 1RHEF® (xp).
After subtraction and rearrangement, we obtain
f'(x) = %(f (x0 +h) —f(xo—h))
(10 0) + ) ) + D 0) -,

or in an abstract form
M = N(h) + (koh?* + kgh* + keh® + - - -),
where M := f'(xg) and N(h) := (f(xo +h) — f(xo — h)) / (2h).
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Richardson’s extrapolation (cont’d )

@ In general, suppose that

M =N(h)+ (kh+kh? + ksh®* +---) + (1) = M — N(h) = O(h)
M=N" +kt+(d)+k(2)’ +- «(2)
2% (2) = (1) = M=2N(5) = N(h) + ko (12 = 12) + ks (1 —13) + -

Define

Ni():=N(t) and Na(i) := Ni(3) + i (5) ~ Ny}

=M= Ny(h) - 2n2 —Fapd ...« (3)
= M — Ny (h) = O(h?).

© This formula is the first step in Richardson extrapolation. It
shows that a simple combination of Ny (/) and N ( %) furnishes
an estimate of M with an accuracy of O(h?).
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Richardson’s extrapolation (cont’'d )

From (3), we have

M:Nz(g)—%hZ 3;"3113 e (4.
4% (4)—(3) =3M = 4N2(g) — Ny(h) + 3k3h3
:>M:N2(g)+%{N2(g)—Nz(h))}+%k3h3+

Define N3 (h) = Na(5) + §{Na(%) — Na(h)}.
= M — N3(h) = O(h®).
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Richardson’s extrapolation (cont’d )

Using the techniques, we have

Ny(h) = Ns(g) + ;{N3(g) —N3(h)},

M — Ny(h) = O(h%),

Ns(h) = Na(3) + 1 {Na(

M —Ns(h) = O(h5>,

"N},

m—1 .
In general, if M = Ny (h) + Z kjh7 +O(W") thenforj=2,3,--- ,m
=1

Ni() = Nja(3) + gt (N1 () = N},

M = N;(h) + O(l).
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Example

Flao) = gl +h) = flxo — ) = ) (x0) = 60 (x0) — -
fw) = Nafh)+00R)

F) = Nalh) = b (1) — s (x0) — -

flx) = Nl(g) - 21*4h2f(3) (x0) — 191720h4f(5) (x0) —- -

o) = M)~ g (x0) — ggoh O (x0)

Flxo) = N(h)~Nih) + 1o (x0) -

Fa) = Nia) 5 (Ni(E) — Ni()} 4 g (o) —

f'(x0) = Na(h)+O(h)
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Differentiation via polynomial interpolation

© Suppose that f € C%[a,b], xo € (a,b) and x1 := xg + I € [a,b].
Then 3 &(x) € [a,b] such that

f(x) = Ji;__’;;lf(x()) + ;__?Of(m) +f~(g!(x)) (x — x0) (x — x7)
=223 ) 1 52+ LEOD (g )
If W exists = f'(x) = —%f(xO) + %f(xo +h)
Dof"(&(x) 2(x

200 =g ),

@ We have f'(x) = f(xo +h})l —f(x0) _ %f”(g(xo))
I

flxo+h) =f(x0) , with error bound = max |[f”(x)|.
h 2 xeab]

—i—T(x—xo)(x—xo—h)—i-

= f'(x) =

h > 0 : the forward-difference formula
h < 0 : the backward-difference formula
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General case

Suppose that xg, x1, - - - ,x, € I distinct & f € C"*1(I). Then

9= 3 flaonatn + LG

(x —x0) (x —x1) -+ (x = xu),

(n+1)!
where §( ) el
Flt)( ,
If Dx{ } exists = f'(x) = )_ f(xx)Li(x)
k=0
+Dx{f n(+1 (€ ()J'C)) }(x —x)(x—2x1) - (x — %)
(m+1) (F(x
+f(n+(61()!))Dx{(x — xo)(x — xl) . (x_xn)}‘
n (n+1) "
= f1(x) = 3 f(x)Li(x) +Ji I @
=0 k=0

We obtain an (1 + 1)-point formula.
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Three point formula: xo, x1, x2

(x —x1)(x —x2) (x—=x2) + (x — x7)

L) = ) —m) P T o am w)
N <xozf Li‘éx; izxz)'
falx) = <i’fiiﬁiiiffii> = L) = <x12f e
12(0) = ooy = B = el
=10 = o )+ <x12ijx_o>x <0x:2x2>f )
e o

where ¢; := ¢(x;).
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Equal spaced: xo, x; = xo +h,x2 = xo + 2h

-3 1 15.3)
£(x0) + 2 (x0 + ) = 3f(xo +2) } + 21 (Go),
o)+ 2o+ 2m} - DO ),

—

fl(xo) =

f'(xo+h)

I e I

2
2
S (x0) = 2f (o + 1) + S (xo +20) } + 577 (a).

—

f'(x0 + 2h)

—

_—
Fo) = gp] ~3 () +4f (o + k) — flxo +20) } + 3RO Go), ()
1
%

F) = {0~ ) +flo+ 1)} - O (@),
Fla) = o L0 —20) —4f (0 — )+ 3 (x0) } + 3O ). (0)

(*) and (*x) are essentially the same! (h > 0 or h < 0, respectively)
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Three-point and five-point formulas

© Three-point formula:
o) = a3 o) + 4o+ ) —Flxo +20) } + 51 (),

for some ¢ between xy and xy + 2,
1
Fao) = o+ —flo -} - 0P @),
for some ¢1 between xy — h and xy + h.

© Five-point formula:
flx) = 1§h{f<xo—zh> 8 (xo — ) + 8 (v + ) —Flxo +21)}

+3—Of(5) (¢), for some & between xo — 2h and xg + 2k, (%)

fl(xo) = éh{ —25f (x0) + 48f (xo + ) — 36f (xo + 2h)
+16f (xo -+ 3h) — 3f (0 + &) } + (1 /5)f)(¢),

for some ¢ between xg and x + 4h.
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Use Taylor’s Theorem + extrapolation to derive ()

f(xo+ 1) = F(x0) + hf'(x0) + " (x0) + Sf® (x0) + S D (x0) + 55/
flxo = 1) = f(xo) = bf'(x0) + " (x0) = faf @ (w0) + lf W (w0) — I (&2
where ¢; between xy and xg + h, {» between xy and xy — h.

= f(xo +h) — f(xo — ) = 2hf" (x0) + 5" (x0) + I3 {f©) (&) +O) (&) },

= f'(x0) = F {f(x0+ 1) = flxo =) } = 2" (x0) = 5D (@),  (Eqn1)

Replacing h by 2h, we have

~

= f'(x0) = g {f(x0+2h) —f(x0 = 2h) } = 2" (xo) — 15/ (€), (Eqn2)

where g:fv between xg — h and xy + h, (f between xg — 2h and xg + 2h.
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Use Taylor’s Theorem + extrapolation to derive (%) (cont’d )

4 x (Eqnl) — (Eqn2) =
F ) = Afo+h)—fo-h)
L r o+ 2 —fxo 2w}~ 1) 4 2005,

Iff € Colxg — 2h,x + 2h], h > 0, then we have

4n* ~ h4 n
I240@) - L@ = L@ @) = L) (why2)

Therefore, we have
f'(x0) =
1
7 {0 — 20) = 8 (0 — ) + 8 (0 + h) — f(x0 +2) | + 3 Of
for some ¢ € [xg — 2h, xp + 2h].
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Homework

The forward-difference formula can be expressed as

2
() = g {Floo 1) i)} = 57" (x0) — " (x0) + OGF).

Use extrapolation to derive an O(h%) formula for f'(xp).
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Numerical integration

b n
Numerical quadrature: / fx)dx =Y aif (x;).
a

i=0
Letxg,xq, -+ , X, € [a,b] be n + 1 distinct nodes.
Let Py (x Z f(xi)Li(x) be the nth Lagrange polynomial. Then

(/H.bf(x)dx = / i dx+/ an ())ﬁ(xfx,-)dx

i=0

i
m:

aif (xi) + E(f),

0

b
where ai:/ Li(x)dx.
a
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Trapezoidal rule

Letxy =a,x1 =b,h =b—a. Then
b X—X1 X—X
f f dx - f {xo X]*J?O (xl)}dx
+1 fo £ x—xo>< — xp)dx
x—x1)2 *—x0)2 11
= (2((x07]}31)f(x0) + 2((x170x)0)f(xl))x0 f (g) fxo (x _ xo)(x _ xl>dx,
for some ¢ € (xg,x1)
= 3 (31— x0)f (x1) — 5 (x0 — x1)f (x0) +%f” (i M—Fxoxlx)
3 (1 — x0) (f(x0) +£(x1)) + 3" (&) () (x1 — x0)3

X1

X0

= 2 lf o) 1)} — (@),

If f(x) is a polynomial with degree(f) < 1, then the Trapezoidal Rule
gives exact result!
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Simpson’s rule

Letxo=a,xy =a+h,x; =bh=(b—a)/2. Then

[rwa = [P{EZE) gy, O

(xo — x1)(x0 — x2 X1
(x —x0) (x —x1)
i (x2 —x0) (x2 — x1)f(x2)}dx
% fO(E(x))
w 3
— O(h*) error term.

- XQ)(X — xZ))f(xl)

- xo)(x1 — X2

(x —x0) (x — x1) (x — x2)dx
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Alternative approach: Taylor’s Theorem

Let x € [xp, x2]. Then 3 &(x) € (xo,x2) such that
£) = fer) /(e (xr = x1) + 58 (x — )2
fm(Txl)(x )3 _|_f (¢ (x))( —x)h
— [ f(x)dx = (Frn) (x— ) + TG (v — 1 2
+@(x —x1)%+ fmz(%l)(x — x1)4>xz
2 2O ) (x - )

X0

31 J2 O @) 0 — )t = L) 12—y
FO(&)

X2
= 54x5 (x—x1)5 ’
X0

X 3
[ =g + ) L8

for some &1 € (xg, x2).
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Simpson’s rule/degree of precision

‘/;:zf(X)dx = th(x1)+];j{lj—2(f(xo)—2f(x1)+f(x2))féf@)(gz)}

fA(E),5
+760 h

5
— Bp0) +45(x0) + ) - ’fz{ V@) - e}
= ) + 40+ ) - ),

for some ¢ € (xp, x2).

Definition: The degree of accuracy (precision) of a quadrature
formula is the largest positive integer n such that the formula is exact
forx\, k=0,1,--- ,n

Note: Trapezoidal rule: degree of precision = 1;
Simpson’s rule: degree of precision = 3.
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Midpoint rule

Consider the smooth function f on [4, b]. Let xg =
Q Intultlon

atb
5

[ f@ae~ [ plop =)o —a) = (T 0 a)
© Based on Taylor’s Theorem:

‘ﬁf&WX~Jfﬂmﬂ+f%mﬂx—xww

= )0 —a) + L4 (x— 22| = f(2) ) +

F(x) = ((x0) +£(x0) (x — x0)) = ﬂ“”u—m>
— [} Fdx — F(12) (b~ a) = [} G (x - )2

11 11 _ 3 17
= L0 10(x — xg)2dx = L L0 _ O (5 _g)3, & ¢ (a,).
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Composite numerical integration

@ Large integration interval = large 1 = inaccurate;
small i = high-degree polynomial = inaccurate.

© Example: Using Simpson’s rule with 1 = 2, we have

4 2
/ erdx ~ 5(60 +4€? + ¢*) = 56.76958...
0
(exact value = 53.59815...)

Composite Simpson’s rule:
4 2 4
o (h=1) / e"dx:/ exdx—l—/ efdx ~
0 0 2

1 1
g(eO + 4e! +e?) + g(e2 + 4% 4 e*) = 53.86385 - - -.

4 1 4
o (h=1/2) / exdx:/ exdx+~~~+/ etdx ~
0 0 3

1 1
6(eo+4e1/z+el) ot 8(e3+4e3-5 +e*) =53.61622- - -.
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Composite Simpson’s rule

Let 1 be an even integer. Divide [a, ] into 1 subintervals.

Leth = b_aandxj:a+jhforj:O,1,~~~,n.Then

n/2
/ x)dx = Z
ij

{g(f(xzj'—z) + 4f (xo7-1) + f (x ) 90f }

M\

-
Il
—_

W=

{£(0) + 4 (x1) +£(x2) + £ (x2) + 4 (33) +£ (xa)
h5 n/2

+"+an} 9021‘ ()

n/2—1 n/2 5 n/2

I;{ flxo) +2 Z f(xa5) +4fo2] )+ f(xn) }—%Zf (&)
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Composite Simpson’s rule (cont’d)

If f € C*[a,b] then mmf ( ) <f(4 (&) < maxf ( ).

x€a,b] x€E|a,b

:>2m1nf Zf(4 (¢) <7maxf )(%).

x€a,b] x€|ab]

:>m1nf )(x) < Zf(4( )<maxf(4)()

x€|a,b] x€lab]

By the Intermediate Value Theorem, 3 u € (a,b) such that
on /2 Ko /2 Won

£ Zf &) = 5. LS = 1M ()
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Composite rules

@ Composite Slmpson srule: Letn be an even integer, h = n“,

Xg=a<x <---<x =bandxj=a+jh Iff € C*[a,b] then
Jue(a, b) such that

2 (b—a) 4

n/2—-1 _
[ #ee =) +2 L flog) 44 L )+ } = S )

© Composite trapezoidal rule: Leth = b%“, Xo=a<x3 <<
Xy, =band x; = a+jh. If f € C?[a,b] then 3 y € (a,b) such that

(b—=a) 2.
O Diapry.

b h n—1
[ #ax =5 {Fx0) +2 X £ + ) } -
a =1
© Composite midpoint rule: Let n be an even integer, h = +2,
x 1 =a<x<x < <X <Xxpp1=bandx;=a+ (j+1)h
If f € C%[a,b] then 3 u € (a,b) such that

n/2

/f dx—ZhZf 1) + )hzf”( ).
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Gaussian quadrature

Qo

Degree of precision + use values of function at equally spaced
points, e.g. the trapezoidal rule.

n

b
Gaussian quadrature: / f(x)dx =~ ) cif (x;), where ¢; € R and
a i=1
x; € [a,b] fori=1,2,--- ,n = 2n parameters to choose.
The greatest degree of precision < 2n — 1.

Example: Let [a,b] = [—1,1] and n = 2. We want to determine
c1,62 € R, x1,xp € [—1,1] such that

[ F @~ afx) + af ()

and gives exact value whenever f(x) is a polynomial with
degree(f) < 3(=2n—1).
<= gives exact value when f(x) = 1,x,x2,2%.
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Example (cont'd)
2= [Lldx=cif(n) tof(u) =a+a  (fx) =1),
0= [1ixdx = cif(x1) + oof (o) =cim +ex2  (f(x) =x),
I=[Ldr=cf(x)+of(n) =ad+ad  (fx) =22),
0= 1 Bdx = of (1) + eof () =+ (f(x) =),

=0 +tao=2 oax+ox=0 clx% + czx% = %, clxi’ + czx% =0.

(1= 1/C2 = 11x1 = %ﬁ,xz = ?
! -V3 V3
— [ fdr~ 13 () + xR,

This formula has degree of precision 3.
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Legendre polynomials

(Chapter 8) Some Legendre polynomials are given by

P =1 p=x @ =P,

@ For each n, p,(x) is a polynomial of degree n.

1
° / p(x)pn(x)dx = 0 whenever p(x) is a polynomial of degree
-1
<n-—1.

@ The roots of p,(x) are distinct, lie in (—1,1), have a symmetry
with respect to 0. e.g., p2(x) = x> — 1 has roots _T\/E and @
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Theorem

Suppose that x1,xp, - - - , x, are the roots of the nth Legendre
polynomial p, (x). Fori =1,2,--- ,n,¢; : ] ]_[]” 1]#(:’_;’ )dx
If p(x) is a polynomial and degree(p(x)) < 2n. Then

1
S p(x)dx = g cip(xi).

Proof: Let R(x) be a polynomial and degree(R(x)) < n — 1. Let
X1,X2,- -+ , X, be the roots of the nth Legendre polynomial p, (x). Then

R(x) =YL ( (L1 f f{’R(xl-)) + nth derivative of R(x)

X—X

- Zz 1 ( j=1,#i x; ;R(xi)> +0.

f dx—f Y ( ]1,]#;{1 (x))dx
(ST i) R(xi) = Dy R ().
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Proof (con’d)

Let p(x) be a polynomial with degree(p(x)) <

Then p(x) = Q(x)pn(x) + R(x) for some Q(x ) an
with degree(Q(x)) < n — 1 and degree(R(x)) <n

1
“degree(Q(x)) <n—1 .. / ) Q(x)pn(x)dx = 0.

( )

" x;jis aroot of py(x) fori=1,2,--- ,n
p(xi) = Q(xi)pn(xi) + R(x;) = R(x;).

:>/ dx—/ ( (x)pn(x)+R(x))dx: /l R(x)dx
= ;CiR(xi) = ;Cip(xi)'

This completes the proof.
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Concluding remarks

b 1
Change of variables: / fx)dx — / f(t)dt
a -1

Lﬂ_b = x= %((b—a)t%—a—i—b).

/f dx_/f —at+a+b}) — .

1.5 1 2 1 2
Example: / 4y */ 67(%(0'5”2'5)) %dt = 1/ e~ L dt.
1 -1 2 4 /4
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