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Interpolation

@ Interpolation: find a function that fits the given data
(xOIyO)/ (x1/y1>/ ttty (xn/yi’l)'

© Why polynomials?
The Weierstrass Approximation Theorem:

Suppose thatf € Cla,b]. Then V € > 0, 3 p(x) polynomial defined
on [a,b] such that |f(x) — p(x)| < eforall x € [a,b].

i.e., Every continuous function f on [a, b] is the uniform limit of
polynomials.

ie, P =Cla,b).
© Why not Taylor polynomials?

e need to calculate f'(x),f" (x),- - -
e accurate near at a specific point, not on entire interval.
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Polynomial interpolation

@ We solve the following problem: given a table of n + 1 data
points (x;, i),
x || %o [ x| x| oo |
vivolwvlwv] - |wm

we seek a polynomial p of lowest possible degree for which
p(xi) =yi (0<i<n).

@ Such a polynomial is said to “interpolate” the data.
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Lagrange polynomial

@ Given (xg,f(x0)) and (x1,f(x1)), xo # x1, we consider
p(x) = 1=mf (x0) + £=5f (x1) := La,g(x)f (x0) + L1, (x)f (x1)-
Then degree p(x) < 1and p(xo) = f(x0), p(x1) = f(x1).

@ Given n + 1 distinct numbers xg, x1, - - - , X;;, then for each
k=0,1,---,n, how to construct a quotient L,  (x) such that

1 ifi=k,
Lnrk("f):{ 0 ifi £k

Answer: fork=0,1,--- ,n,

o (r=x0) o (x—x1) (v xg1) o0 (x—x)
Lugx) = (xk —x0) + -+ (% — Xk—1) (X — Xpy1) -+ (X — Xn)

i=0,izk Xk — i
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Theorem on polynomial interpolation

Given n + 1 distinct real (or complex) numbers xg, x1, - - - , X, and their
function values f(xg),f(x1),- -+ ,f(xx). Then 3! polynomial p(x), degree
p(x) < n, such that

p(Xk) :f(xk)/ k:O/:l/ , 1.
In fact, this polynomial is given by

n

p(x) = f(x0)Lino(x) +£ (x1)Ln1 (x) + - +f (n) L () = Y f (i) Ly e ()

k=0

(We call p the n-th Lagrange interpolating polynomial)
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Proof of the theorem

@ Existence: it is trivial. One can check that the given p(x) satisfies
the requirements.

© Existence + Uniqueness: assume that
p(x) = ag + a;x 4+ axx® + - - - + apx".

The interpolation conditions, p(x) = f(x;) for 0 < k < n, lead to
the following system of #n + 1 linear equations for determining

ap,ai, - -+ ,Aan:

1 x x§ R v ao f(x0)
1 x x§ xy a f(x1)
1 xp x5 - xf a | — | f(x2)
1 x, x5 - «f an f(xn)

The coefficient matrix X is called the Vandermonde matrix. It is
nonsingular with det X = [ o<, (x; — x;) # 0, (but it is often
ill-conditioned).
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Example

@ Notation: Ly (x) := L, x(x) when there is no confusion.

@ Example: xp = 2,f(x9) = 0.5,x1 =25,f(x1) =04, x, =4,
f(x2) = 0.25 (in fact, f(x) = 1/x). Find the second (n = 2)
Lagrange interpolating polynomial.

(x—25)(x—4) x*>—6.5x+10

Lyo(x) = Lo(x) = e - : ,
) = 0 5 s s
Lp(x) = Ly(x) = Ezigg—ig 22 “45:+9
bl = os(EIEIHIOY g (oGt
+0'25(xz_4§,ﬁ) = 0.05x* — 0.425x + 1.15.

. 1/3 = f(3) ~p(3) =0.325.
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Theorem on polynomial interpolation error

Let f be a given real-valued function in C"*1[a,b]. Let xo, x1, -+ -, xn €
[a,b] be n + 1 distinct numbers. Then for each x in [a,b], 3 {(x) € (a,b) s.t.

(n +1 1)!f(”+1) (6(x)) ﬁ(x —Xj),

i=0

flx) =p(x) +

where p(x) is the n-th Lagrange interpolating polynomial.
Proof. Let x € [a,b].

If x = x; for some 0 < k < n, then the assertion holds.
Letx # x; forany k = 0,1, -+ ,n. Define ¢ : [a,b] — R by
g(t) = f(t)—p(t) — Aw(t) (function in t),

A= (f(x) —px))/w(x) (a constant that makes g(x) = 0),
w(t) = ﬁ(t —x;) (polynomial in f).
i=0
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Theorem on polynomial interpolation error (continued)

We can check that g € C"*1[g, b] and g vanishes at the 1 + 2 points
X,Xp,X1, -+ , Xn. By generalized Rolle’s Theorem, ¢’ has at least n + 1
distinct zeros in (a,b).

Repeating this process, we conclude eventually that g("+?) has at
least one zero {(x) € (a,b).

gU (1) = () = pOHD (1) = Mo (1) = FD 8) — (4 1)1,
Hence, we have

0 = g"IEE) = TDEE) -+ DA
£ (@) — -+ 1) LR,

This completes the proof.
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Example

f(x) =€, x €[0,1]. Let xo,x1, - - - , X, be a uniform partition of [0, 1]
with step size h = 1/n.

Consider [x;, xj ;1] for some j. Let p(x) be the first Lagrange
interpolating polynomial on [x;, xj,1]. Then for x € [x;, xj,1],

)

S (= ) (= 341

f(x) =p)] =

¢
e . .
< FlE-mE-G+0n| g€ ()
1
< = & —jh)(x — (j+1)h
< gmad max |(x—ji)x—(+1) )
2 2
< leh— = ch .
- 24 8
If[f(x) — p(x)| < (eh?)/8 < 107 then h < 1.72 x 10~3. We can choose

h = 0.001.
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Divided differences

@ Letf be a function whose values are known at points (nodes)
X0, X1, ,Xn-

© We assume that these nodes are distinct, but they need not be
ordered.

© We know there is a unique polynomial p of degree at most n
such that
p(xi) =f(x;) for0<i<n.

© p can be constructed as a linear combination of 1, x, X2,

Suh-Yuh (# i Interpolation and Approximation —11/35



Divided differences (continued)

We should use the Newton form of the interpolating polynomial:

q0(x) 1,

n(x) = (x—xo),

p2(x) = (x—x0)(x —x1),

33(x) = (x—x0)(x —x1)(x — x2),

an(x) = (x—x)(x—x1)(x—x2) - (x —x,-1).

The nth Lagrange interpolating polynomial p can be expressed as

p(0) = Y ().
=0
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Divided differences (continued)

@ The interpolation conditions give rise to a linear system of
equations for the unknown coefficients:

n
Y cigi(xi) =f(x;)) for0<i<n.
=0

@ The elements of the coefficient matrix are

a;; = qj(x;) for0<i,j<n.

@ The (n+1) x (n+ 1) matrix A = (a;;) is a lower triangular matrix
because

k=0
j—1
= aj=qi(x) =[[(xi—x) =0 ifi<j—1.
k=0
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Divided differences (continued)

@ For example, consider the case of three nodes with

p(x) = coqo(x) + c1q1(x) + caq2(x)
= co+ar(x—x) +o2(x —x0)(x — x1).

@ Setting x = x¢, x = x1, and x = x», we have a lower triangular

system
1 0 0 Co f(xo)
1 (x1 —xp) 0 aa | =| flx)
1 (x2—x0) (x2—x0)(x2—x1) c2 f(x2)

© Thus, c, depends on f at xg,x1, - - - , Xy, and define the notation

cn = flx0,x1, -+, Xn].

We call fxo,x1, - - - , Xy a divided difference of f.
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Divided differences (continued)

Q flxo,x1,- -+, xy] is the coefficient of g, when Y} cxqx

interpolates f at xg, x1, - - - , x,. For example,

X1) —J (X0
flxo] = fx0),  flag, ] = FELS10),
1 — X0

© Theorem on Higher-Order Divided Differences: In general,

divided differences satisfy the equation:

f[x]/x?/ e /xi’l] _f[x()rxlr tee rxnfl]

f[x()/xlz T /xn} - Xn — Xo .

Proof. Let py be the polynomial of degree < k that interpolates f
at xp,x1, -, xx. Let g denote the polynomial of degree <n —1
that interpolates f at x1, x2, - - -, x,. Then

pu(x) = 4(x) + =2 (9(x) = pu-1())-

Xn_xo

(. same values at xg, x1, - - - ,x; and same degree < n)

Examining the coefficient of x”* on the both sides, we arrive at
the assertion.
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Table of divided differences

@ If a table of function values (x;,f(x;)) is given, we can construct
from it a table of divided differences as follows:

X0

X1

X2

X3

flxo]
flxl
flxa]
flxs]

flxo,x1]  flxo, x1,x2)  flxo, %1, %2, X3]
flx1,x2]  flx, 22, %3]

flx2,x3]

© The following formula is called Newton's interpolatory
divided-difference formula:

p(x) = flxo] + 3. Flxo 1, ] (x = x0) -+~ (x = xp_1).
k=1

© The coefficients required in the Newton interpolatory
divided-difference formula occupy the top row in the divided
difference table.
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Example

Compute a divided difference table from

v || 10 | 13 | 16 | 19 | 22
f(x) H 0.7651977 ‘ 0.6200860 ‘ 0.4554022 ‘ 0.2818186 ‘ 0.1103623
Solution.
xi | flal  flexial  floo o xie]  flx o Xis]  fl o Xival
xo = 1.0 | 0.7651977  -0.4837057 -0.1087339 0.0658784 0.0018251
x1 =13 | 0.6200860 -0.5489460 -0.0494433 0.0680685
xy = 1.6 | 0.4454022 -0.5786120 0.0118183

x3 =19 | 0.2818186 -0.5715210
x4 =22 | 0.1103623

Then the Newton interpolatory divided-difference formula can be
written as
pa(x) = 0.7651977 — 0.4837057(x — 1.0)
—0.1087339(x — 1.0)(x — 1.3)
+0.0658784(x — 1.0)(x — 1.3)(x — 1.6)
+0.0018251(x — 1.0)(x — 1.3)(x — 1.6) (x — 1.9).
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Properties of divided differences

Theorem. If (zg,z1, - - - zn) is a permutation of (xg, x1, - - - Xy ), then

f[ZO/er T /ZYI] :f[x()/xl/' o /xi'l]-
Proof.

Q flzo0,z1,- -+ ,2zn] is the coefficient of x" in the polynomial of
degree < n that interpolates f at the nodes zg, z1, - - - , zu.

Q flxo,x1,- -, xy] is the coefficient of x” in the polynomial of
degree < n that interpolates f at the nodes xg,x1, - - -, xy.

© These two polynomials are the same. This leads to the
conclusion.
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Osculating polynomial

@ Definition: Let xg,xq,- -+ , X, € [4,b] be n + 1 distinct numbers.
Let mg,my, - -+ ,my > 0integers. m = max{mg,my, - , My }.
Suppose that f € C"[a, b]. Then the osculating polynomial
approximating f is the polynomial p(x) of least degree such that

k . k .
dgikxl) = dgifl) fori=0,1,--- ,nandk=0,1,--- ,m;.

@ Remarks:

o degree of p(x) < (Z?:o ml-) +n:=M.

o If n =0, then p(x) = mp-th Taylor polynomial of f(x) at xg.

o Ifmj=0fori=0,1,---,n, then p(x) = n-th Lagrange
interpolating polynomial of f(x) at xg, x1, - - -, Xp.

o Ifmj=1fori=0,1,---,n, then p(x) is the Hermite
interpolating polynomial.
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Theorem on the Hermite interpolation

Let xg,x1, -+ , X, € [a,b] be n+ 1 distinct numbers and f € C![a, b].
The the unique polynomial of least degree agreeing with f(x) and

f'(x) at xg,x1, - - -, Xy is the Hermite polynomial of degree at most

2n +1 given by

n n

Hyp1(x) = Y f (%)) Hj(x) + Y f (x))Ha (%),

j=0 j=0

Hoj(x) = (1=20c =)L) )L2(),
(x — %)Ly (%),

(x —xo)(x —x1) -~ (x —xj-1) (x = xj31) - - - (x — xn)
(xj —x0) (% —x1) - -+ (% — xj-1) (%5 — xj01) -~ (% —xn)
Moreover, if f € C2n+2 [a,1], then

Fer2(g)
(2n+2)!

B
=
[

f(x) = Happa(x) + (x—x0)*(x—x1)%- - (x—x,)?, a < & <b.
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Proof of the existence

Q@ Claim: Hy, 1 (x;) = f(x;) foralli=0,1,--- ,n
If i # j, then H,(x;) = 0 and ﬁn,j(xi) =0
Hyi(xi) = (1=2(x; = xi)Ly, ;(xi)) L7 :(xi)

= (1-2(x— xl-)L;,i(xi)) =1.

~

Hyi(xi) = (xi — %)L} (i) =
SoHp(xg) = i f( Xj )0+ f(x;)1 + Zf x])Hﬂ](xl) = f(xi).

1
j=0j#i j=
@ Claim: H), (x;) =f'(x;) foralli=0,1,--- ,n

H (%) = =20y (x) Ly () + (1= 2(x = 25)Ly, (35)) 2L () Ly (5).
If i # j then H;l/j(xl-) =0.
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Proof of the existence (continued)

If i = j then

H; i (xi) = =203, ()L (i) + (1 = 2(x; — ) L7, ;(x7)) 2L (x1) L, (i)
= —ZL;l,j(xj)Li,j(xi) + 2Ly (%)L}, (i) = —2L}, .(x;) + 2L, ;(x;) = 0.

Hj,j(x) = L2 5(x) + (x — 27)2Ly, j(x)L, ().
If i # j then H;J.(xi) —0.
If i = j then H;l(.?ﬁ) = Lfl,.(xi) + (% = x7) 2L (x:) Ly, 5 (%) = 1
n
" Hypyq(x Zf 10+ Y F () Hy ()
=1
< Hy (%) f (x;) foralli=0,1,--- ,n
. Hpui1(x) and H,,  (x) resp. agree with f(x) and f'(x) at xg, - - - , Xp.

Note: For the uniqueness and error estimate, see page 137, # 11 (a)(b).
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Example

Xk fx) f ()
1.3 0.6200860 -0.5220232
1.6 0.4554022 -0.5698959
1.9 0.2818186 -0.5811571

N = O

Lio(d) = (x-16)(x~19) 50, 175 152

(—0.3)(—0.6) 9 9 97
100 175
Lo = =5
(x—13)(x—19) 100 , 320 247
L = - itV
21(%) (0.3)(—03) 9“9 9
200 320
L/2/1 (X) = —TX + T,
(x—13)(x—16) 50, 145 104
L - _0., 14 104
22(%) (0.6)(0.3) ¥ T 9t g
100 145
Lo = Jr=
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Example (continued)

50 , 175 152

Hyo(x) = (10x—12)(5a" - =Fx+ 7)2’
Hys(x) = 10(2— x)(%oxz _ %x 1%)2/

Hyp(x) = (x—1. 3)(50 2 1;5x %)2,

Hyp(x) = (x—16)(— 180 24 3570 _ g) )

Hypp(x) = (x—1.9) 590 2 1§5x %)2'

 Hs(x) = 0.6200860Hs0(x) + 0.4554022H, 1 (x) + 0.2818186Hx 5 (x)

—0.5220232H, 9 (x) — 0.5698959H, 1 (x) — 0.5811571H 5 (x).
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Divided-difference formula

@ The Newton interpolatory divided-difference formula for the
nth Lagrange polynomial at distinct numbers xg, x1, - - - , Xy, is
given by

n

pu(x) = flxo) + Y flxo,x1, -+, x] (x = x0) -+ - (x — x_1).

k=1

e Define 20,21, " s 22041 by Zoi = Z22i4+1 = Xi, fori = 0,1,---,n.
Then the Newton interpolatory divided-difference formula for
the Hermite interpolating polynomial at distinct numbers
X0, X1, , Xy is given by

2n+1
Hyyp1(x) Z flzo,z1, -z (x—z0) (x —2z1) - - - (x —z-1),

where f[x;, x;] := f'(x;), since

tim fli 2] = lim TS0 g,

X—X; X — xi
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Spline interpolation

Disadvantages of

@ Lagrange interpolating polynomial: oscillation of high-degree
polynomial.

@ Piecewise linear approximation: no assurance of differentiability at
each endpoints of the subintervals.

@ Piecewise Hermite interpolating polynomial Hz(x) of degree 3:
f'(x0),f'(x1),- - ,f'(xn) are usually not available.

Goals:
@ piecewise polynomial;
@ no derivative information, except perhaps at xp(= a) and
xu(=b);
@ € Cla,b.

= spline interpolation
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Quadratic spline

Let f be defined on [xg, x2]. Given f(xg), f (x1) and f(x2).

A quadratic spline function S consists of the quadratic polynomials:

So(x) = ag+bo(x —x0) +co(x —x0)* on [xg,x1],
Si(x) = ap+bi(x—x1)+ci(x—x1)* on[xy,x)]
such that

(1) S(x0) = f(x0), S(x1) = f(x1) and S(x2) = f(x2);
(2) S € Clxg, x2].
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Quadratic spline (continued)

@ From condition (1), we have

a = f(xo),
ao + bo(x1 — x0) + co(x1 —x0)2 = f(x),
ap = f(x1),
m+bi(—x1)+a(n—x) = flx)

@ From condition (2), we have S{(x1) = 5} (x1).
S (x) = b + 2co(x — x9) and S (x) = by + 2¢q (x — x7).
by +2c0(x1 — x0) = by.

© 6 unknowns, 5 equations = flexibility exists.

Q If we require S € C?[xg, xp), then S{ (x1) = 2cp, S} (x1) = 21
= () = (1

== 5 unknowns and 5 equations == a solution may not exist!
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Cubic spline € C?[xo, x,]

@ Disadvantage: the derivatives of the interpolant may not agree
with the function f(x), even at the nodes xg, x1, - - - , X5
@ Definition: Givena =xg < x1 < --- < x,_1 < X, = band a set
of function values f(xg),f (x1), - -+ ,f(xn). A cubic spline
interpolant S for f is a function that satisfies
(1) S\[x],,x]_“] is a cubic polynomial forj =0,1,--- ,n—1,
denoted by S| gem (x) = Sj(x);
(2) S(xj) =f(xj),j=0,1,---,m;

©B) Sjy1(xj41) = Sj(xj31),j =0,1,- -+ ,n=2;
(4) S]/'+] (xj+1) = S]/'(xj+1)1]': O/ 1/ s, N = 2/
(5) Sy (x41) = S/ (xj11),§ = 0,1+ ,n —2;

(6) one of the following is satisfied:
(i) S"(xg) = S"(xn) = 0O, free or natural boundary
conditions = natural spline;
(i) S'(x0) = f'(x0),S (xn) = f'(xn), clamped boundary
conditions = clamped spline.
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Cubic spline (continued)

@ Condition (1) = denote
Sj(x) = a; + bj(x — xj) +cj(x — x]-)2 +dj(x— x]-)3,
j=01, ,n—1

@ Condition (2) = S;(x;) = a; = f(x;) (given),j =0,1,- -

Define a, := S,,_1(xn) = f(xn) (given).

@ Condition (3) = aj;1 = Sj41(xj41) = Sj(xj41) =
a; + bj(xj01 — %) + (%01 — %)? + dj(x41 — %)%,
j=01,-- ,n-2.

Deﬁnehj:xjﬂ—xj,j:O,l,~~~ ,n—1.
:>ﬂj+1 :ﬂj+bjhj+6jh]-2+djh?,j:0,1,"' ,n—2.
il :f(xn) = Snfl(xn) =

ap_1+byq (xn - xn—l) + Cn—l(xn - xn—l)z +dy_q (xn

Sy =ay_1+by_1hy_1 + Cn—lhzl_1 + dn—lh?lfl'

,n—1.

- xn—l)B-

= i1 = aj+ by + o7 +dil?, j=0,1,--- ,n 1.+ (3.15)
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Cubic spline (continued)

Define b, := S'(x,) = S/,_; (xn).

" Si(x) = bj +2¢i(x — xj) + 3d;(x — x)?2,j=0,1,---,n—1

= S]’-(x]-) =b,j=01,--,n—1

Condition (4) = bj1 = S} 1 (xj11) = Si(xj11) = bj + 2ch; + 3djhjz,
j=01,---,n—2.

by = S;,l(xn) =by1+20,1(xn — x4-1) +3dy 1 (X0 — xnfl)2 =
b,_1+2c,_1h,—1 + 3dn,1h%71.

Sbjpa = b+ 200+ 3dik, = 0,1, ,n— 1.« (3.16)
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Cubic spline (continued)

S]f’(x) = 2¢j+6d;(x —x;),j=0,1,--- ,n—1.

éS]’.’(xj) =2,j=01,-- ,n—1

Define ¢, := %S;’_l(xn) = %(ZCn,l +6d,_1(xn —x,-1)) =
%(ch—l +6dn—1hn—1>-

Condition (5): S]’-’Jrl(xjﬂ) = S]’-’ (Xj41),j=0,1,--- ,n—2.
= 2C]'+1 = ZCJ‘ + 6d]h,] =0,1,---,n—2.

= Ciy1 = G +3d]h,] =0,1,---,n—2.

= Cjt1 =G —0—3djhj,j =0,1,---,n—2,n—1.+ (3.17)
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Cubic spline (continued)

(3.17) = d; = 3ihj(cj+l —¢),j=0,1,--- ,n—1
(3.15) =
2

aj41 = aj + b]h] + C]h]2 + %hj(cjﬂ — C])h]?’ =a;+ b]h] + 71(2(3]' + Cj+1),
j=01,---,n—1. < (3.18)
(3.16) = bj+1 = b] + Zth]' + 33%1]_(Cj+1 — C])hJZ = b] + h](C] + Cj+1),
j=01,---,n—1. < (3.19)

W2 .
(3.18) = b]h] = (a]-+1 *Ll]') — %(29‘ +C]'+1),] =0,1,---,n—1.

=

= bj = hlj(aj+1 —a;) — 4(2¢j+¢j41),j =0,1,- -+ ,n — 1.  (3.20)
hi_ .
= b1 = g (@ = a1) = 5 2G4 g =L n

Similarly, (3.19) = b, =b;_1 + hi_1(¢ci_1+¢;),j=1,2,--- ,n. < (¥)
Y, i =Y j-11Gj i)l
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Cubic spline (continued)

Combining (*) and (3.20) with the common indexj=1,2,--- ,n -1,
we have

=

hlj(ajﬂ —aj) — é(zcj +cjp1) =

hi_ .
h/%](a]- —aj_1) — 5 (2¢j1 + ) +hia (i1 + ), j =12, ,n—1.
= h]-,lcj,1 + 2(]/1]‘,1 + h])C] + hjCj+1 = %(ﬂj+1 — ll]) — h]%(ll] — ﬂ]‘71),
=12, ,n—1 + (321)
Consider (3.21), we have 7 + 1 unknowns {c; }]7‘1:0 andn—1
equations.
If we impose Condition 6 (i), natural boundary conditions, ¢y = 0 and
cn = 0= n — 1 unknowns {¢; ;7:_11 and n — 1 equations.

The resulting linear system is strictly diagonally dominant
=3 unique natural spline.
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Cubic spline (continued)

If we impose Condition 6 (ii), clamped boundary conditions,
§'(x0) = f'(x0)(= bo) and ' (xn) = f" (xn)-

(3.20) withj =0= by = %(ﬂl — Ll()) — %O(ZCO + Cl).

= 3b0 — ;%({11 — (10) = —ho(ZCO + Cl).

= 2hoco + hocy = %(ul —ag) — 3bg, by = ' (x0). (Additional Eqn1)
(3.19) = S'(xn) = f'(xn) := by = by_1 + hy_1(cy_1+cn)-

(3.20) with j = n -1=

f/(xn) =b, = (an anfl) - %hnfl (ZCn,l + Cn) +hyq (Cnfl + Cn)-
= f(xy) := bn = 1( —a, 1)+ %hn_l(cn_l + 2cy).

= hy-16p-1 + 2hy—16n = 3f (xn) — 2= (an — ay-1). (Additional Eqn2)
= n+ 1 unknowns {c] ' o and n + 1 equations.

The resulting linear system is strictly diagonally dominant
= 3 unique clamped spline.
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