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The heat equation

The heat equation is derived from Fourier’s law and conservation of energy. The basic
equation of one-dimensional case is given by
(https://en.wikipedia.org/wiki/Heat_equation)

u(x,t) = (R()ue(x, 1) +9(x,t), a<x<b, t>0.

@ u(x, 1) is the temperature at point x and time f.

@ x(x) > 0is the coefficient of heat conduction. If the material is homogeneous,
then x(x) = k > 0 is independent of x.

© v(x,t) is the heat source.

Initial condition: u(x, 0) = u%(x).
Boundary condition:
@ Dirichlet boundary condition (prescribed temperature):
u(a,t) = a(t) and u(b,t) = B(t), t>0.
@ Neumann boundary condition (prescribed heat flux):
ux(a,t) =0 and uy(b,t) =0 (insulated).
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The steady-state problem
@ Letk(x) =k > 0. If (x,t), a(t), B(t) are all time independent, then u(x, t) will
converge towards steady state distribution satisfying
—ku(x) =(x), a<x<b = u’(x)=f(x), a<x<b,

where f(x) := —(x)/k. This is now a second order ODE for u(x).

@ In what follows, we will consider a = 0,b = 1 and the Dirichlet boundary
condition: #(0) = avand u(1) = . (2-point boundary value problem)

Remark: The above steady-state problem can be solved exactly if we integrate f twice
and then use the boundary conditions to fix the constants involved.

Example: 1(0) = 20, u(1) = 60, f(x) = —100e*
Solution: u(x) = —100e* 4 (100e — 60)x + 120
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A simple finite difference method

Consider the 2-point BVP:

u(x) =f(x), 0<x<1, u(0)=aand u(l)=_4.

@ Define the grid points x; = ji, 0 < j < m + 1, of the interval [0, 1], where
h=1/(m+ 1) is the mesh width (mesh size).

@ Let U; ~ u(x;) denote the approximation to u(x;). From the boundary condition,
we know Uy = a and U,,41 = B, and so we have m unknown values
U, U, -, Uy to compute.

Suh-Yuh Yang (15 ), Math. Dept., NC a Steady States and Boundary Value Problems —4/70



A simple finite difference method (continued)

@ We can approximate the second derivative of u at xj by
(o)~ DPulsy) = 2 (i) = 2u(x) + (xj)
u" (xj) = Du(xj) := 2 u(xj_q u(x;) +u(xjy1) )
@ We then obtain an algebraic system of m linear equations in Uj:
1 .
2 (Umy =20+ Uiy ) = £, forj=1,2,--m,

where Uy = acand Uy,41 = B.
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Tridiagonal linear system

1
— (=2 + Up)

= = f@) (=D
1 .
ﬁ(ul —2U, + U3) = f(xz) (l = 2)
1 .
hj(um—Z —2Up—1+Un) = fltm-1) (i=m-1)
1 .
]/Tz(umfl —2Um + B) = f(xm) (l = m)
This linear system can be written in the matrix from as
-2 1 u; flx1) — a/H?
1 -2 1 uZ f(JCz)
1 1 -2 1 U3 f(X3)
02 . S : '
1 -2 1 U,,,,l f(xmfl)
1 -2 Uy, f(xm) — B/H?

or more compactly AU = F, where A is weakly diagonally dominant and nonsingular
(see Atkinson’s book: An Introduction to Numerical Analysis, Theorem 8.2).
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Measuring error

Let U = [u(x1), u(x2), -+ ,u(xm)] T be the vector of true values, then the error vector E
defined by

E=Uu-U
contains the errors at each grid point.
We define some norms for the grid function E:

max-norm (co-norm): E = max |E;| = max |U; — u(x;)|.
o (comorm):  [[Elloc = max [Ej| = max |U; ~ u(x)|

1<)

m
@ 1-norm (discrete L'-norm): lEll1 :=h Z |E;].
j=1

m 1/2
@ 2-norm (discrete L2-norm): [IE|l2 :== (hz |E]-|2) / .
=1

Note: Let A be an m x m real matrix. Then the matrix norm of A associated with a
usual vector norm (oo, 1-norm, 2-norm) is equal to the matrix norm of A associated
with the corresponding grid function norm (co, 1-norm, 2-norm).

=
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Local truncation error (LTE)

The LTE is defined by replacing U; with the true solution u(x;) in the finite difference
formula:

1 .
=5 (u(x]’—l) —2u(xj) + “(xj+l)> —flg), j=1,2,---,m.
By the Taylor series expansions and u”’ (x;) = f(x;), we know that
() 4 120 ® () + 00 — flx
o= () + R ) + O ~ fx)

1 2. (4 4
Eh u® (x)) + O(n*)

O(?) for0 <h< 1.

In other words, the local truncation error is of O(h?).
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Global error

@ Define 7 := [, 72, -+ ,7m] |, then we have 7 = AU — Fand
AE=AU-U)=F— (F+7)=—-7.

@ Rewrite as the system of equations
1 .
hﬁ(E];l —ZEj+Ej+1) = —T(x]') forj=1,2,---,m

with the boundary conditions Ey = E,, 11 = 0.
@ This can be interpreted as the centered difference discretization of the ODE

e’(x) = —7(x) for0<x<1
with boundary conditions e(0) = 0 and e(1) = 0.
© Roughly speaking, since 7(x) ~ %thu(‘l) (x), integrating twice shows that

e(x) ~ _%thu"(x) + %hz (u”(O) + W' (1) - u”(O))x)

and hence the global error should be O(h?) in co-norm, discrete L'-norm and
discrete L>-norm.
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Stability

We rewrite the linear system AE = —7 as A"E" = —7"". Then E* = —(A")~17" and
"I = A =t < A =i,

where we use a grid function norm (oo, discrete L! or discrete L?). We know that
|7 = O(#?) and we are hoping the same will be true of ||E"||. So we need

(A~ <C  forall0 <h < 1.

Definition: Suppose a finite difference method for a linear BVP gives a sequence of
matrix equations of the form A"U" = F", where } is the mesh width. We say that the
method is stable if (A")~1 exists for all h sufficiently small (say, for 0 < h < hp) and if
there is a constant C, independent of &, such that

(AN~ < C forall0 < h < hy.
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Consistency and convergence

@ We say that a finite difference method is consistent with the differential equation
and boundary conditions if

Il =0 ash—o.

Typically the method has ||7"|| = O(h?) for some integer p > 0, and then the
method is certainly consistent.

@ A finite difference method is said to be convergent if ||[E"|| — 0 as i — 0.

Note that here || - || is a grid function norm.
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Fundamental theorem of finite difference methods

@ For a stable method, we have
IE"| < 1A~ "1 < cli=),
and if the method is consistent, then
|E"| < Cll7"| =0 ash — 0.

@ Fundamental theorem of finite difference methods:
For a linear finite difference scheme approximating a linear PDE

consistency + stability = convergence
In particular,
O(h?) local truncation error + stability = O(I*”) convergence
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2-norm and eigenvalues

@ Since the matrix A is symmetric, the 2-norm of A is equal to its spectral radius,

Al = p(A) = Apl.
Il = p(4) = max. ||

@ The matrix A~! is also symmetric, so

~1
-1 _ -1y 1y _ .
1471 = p(A™) = max 31| = (lg;fgm“p') 4
© The m eigenvalues of A are given by
2
Ap = h—z(cos(pwh) — 1) forp=1,2,--- ,m.

The eigenvector u” corresponding to A, has components uf given by

u}’ =sin(pmjh) forj=1,2,--- ,m.
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Stability in the 2-norm

We see that the smallest eigenvalue of A (in magnitude) is

N o= h%(cos(wh) - 1)

_ 2 1 o0, 1 44 6
- hz(—zwh + gt + Ol ))
= 224+ 0@?),
where we use cos(x) = 1 — x2/2! + x*/4! — - .. Hence,
_ 1
1AM 2 ~ =,
b
and the method is stable in the 2-norm. Moreover, we have

- 1
IE" 2 < 1AM 7zl 12 ~ ;IIThIIz =O0(K*) =0 ash—0.

Thus, the method is convergent with the order of accuracy O(h?) in the discrete
L?-norm.
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Eigenvalue and eigenfunction

The jth component of the vector Au? is

(Aw);, = hlz( —2u! +u]+1)

= h2 <51n(p7r(] — 1)h) — 2sin(pnjh) + sin(pr(j + 1)k ))

= 2 (sm(pmh) cos(pmh) — 2 sin(pmjh) + sin(pnjh) cos(pﬂh))
= Apu;’ forj=1,2,---,m,

where we define “0 =0,u" = 0. This is consistent with the fact Au? = A\pu?.

m+1
Note that the eigenvector u? = [u],1h, - - ,uly] T with u;.’ = sin(pnjh) is closely related

2
to the eigenfunction of the differential operator % ="
X
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Eigenvalue and eigenfunction (continued)

The functions u? (x) = sin(pnx), p = 1,2, - - -, satisfy

32

ﬁu”(x) = (—p*n)uF (x) == P (x) and uP(0) = uP(1) = 0.

Therefore, u? (x) = sin(prx), p = 1,2, - -, are eigenfunctions of the differential

operator —2 on [0, 1] with homogeneous boundary conditions.
Note that the m eigenvalues of A are given by
_ 2( 1505 1 444
A = hz(cos(pwh)—l) hz( Epwh +ﬁp7rh +>
= —p Mt 4 0(?) ash— 07 forp fixed.

Eigenfunctions are used to analyze the differential operator %
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Norm equivalence

@ Consider the usual vector norms || - ||1, || - ||z and || - ||cc on RN. Show that for all
x € RN, we have

l[xllco < [lxll1 < Nllxloo,
[*lloe < lI*ll2 < VNII¥]l oo,
lIxll2 < [lxll < VNJjx-

@ The exact error vector E := U — U € R™ can be viewed as a grid function. Show

that
hl[Ellee < [[Ell1 < [IElloos
VAl|E]lso < [Ell2 < [Elloo,
VAIIE|l < |IElly < [[E]l2,
where || - |1, || - |2 and || - ||o are 1-D grid function norms.

(Note that 2LM < L2 + M2 for all L, M € R)
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Max-norm stability

@ We have demonstrated that A is stable in the 2-norm and ||E"||, = O(h?), which
implies |E"||; < ||E"||2 = O(h?). Suppose that we want a bound on
B |0 = max |Ej|- We can obtain one such bound directly from the bound for
Sjsm

the 2-norm in the following way:
1
[E"]loo < ﬁnfshuz =0(*?) for h—0.

However, this does not show the second order accuracy that we hope to have.

@ In order to show that ||A™1 || is uniformly bounded in i, i.e., |[A™1|lco = O(1)
(= [IE"|loo < A7 o[ ]loo = O(K?) as h — 0),
in what follows, we will introduce the Green’s function solution to the BVP:

W (x)=f(x) 0<x<1, u(0)=a, u(l) =24
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Green’s function solution and Dirac delta function

@ We consider the Green’s function solution to the following BVP:
u(x)=f(x) 0<x<1, u(0)=ca, ul) =2,

For any fixed point X € (0, 1), the Green'’s function G(x; X) is the function of x
that solves the above BVP with the particular source term f(x) := §(x — ¥) and
a = 8 =0, where §(x — X) is the “Dirac delta function (d-function)” centered at X.

@ The Dirac delta function &(x) can be loosely thought of as a function on the real
line which is zero everywhere except at the origin, where it is infinite,

- +o00o x=0,
ox) = { 0 x#0,
and which is also constrained to satisfy the identity / 0(x)dx = 1. The Dirac
— o

delta is not a function in the traditional sense as no function defined on the real
numbers has these properties. The Dirac delta function can be rigorously
defined either as a distribution or as a measure.
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An approximation to the delta function

Let & > 0. We consider a sharply peaked function ¢ (x) that is nonzero only on an
interval (—e, €) near the origin and has the property that

oo €
/ pe(x)dx = / pe(x)dx = 1.
—oo —&
For example, we might take

(e+x)/e? if —e<x <0,

pe(x) =1 (e—x)/e? f0<x<e,
0 otherweise.

This piecewise linear function is the “hat function” with width € and height 1/e. Then
we can think the J-function as the limiting case of such functions as e — 0%.
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d-function arising from differentiating disconti. function

Consider the Heaviside function

_J 0 x<0,
H(x) = { 1 x>0
@ For x # 0, H(x) is constant and so H'(x) = 0.
@ Atx = 0 the derivative is not defined in the classical sense.

e But it we smooth out the function a little bit, making it continuous and
differentiable by changing H(x) only on the interval (—¢, €), then the resulting
function He (x) is differentiable everywhere and has a derivative H. (x) that
looks something like ¢ (x).

@ The exact shape of H’ (x) depends on how we choose He (x), but note that
regardless of its shape, its integral must be 1, since

/Oo H.(0)dx = [ HL(x)dx = Ho(e) — Ho(—¢) =10 =

By letting ¢ — 0, we are led to define H' (x) = §(x).
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Green’s function G(x; x)

Now let us go back to the BVP:
W (x)=f(x) 0<x<1, u(0)=aqa, u(l)=24.

If we interpret the problem as a steady-state heat conduction with source

P(x) = —kf(x) ($ k = 1), then setting f(x) = §(x — X) in the BVP is the mathematical
idealization of a heat sink that has a unit magnitude but that is concentrated near a
single point x.

With f(x) = 6(x — X), a heat sink at X, we have the minimum temperature at X, rising
linearly (. u"/(x) = 0 away from X) to each side, as shown in below figure: (a« = 0 = j3)

This figure shows a typical Green’s function G(x; ¥) for one particular choice of x.
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Green’s function G(x; x)

To complete the definition of G(x; X), we need to know the minimum value G(¥; x).
This value is determined by the fact that the jump in slope at this point must be 1, since

W(Ex+e)—u(x—¢)= /ﬁﬁ u" (x)dx = /HE §(x —X)dx = 1.

X—€
Therefore, one can check that the piecewise linear function G(x; ¥) is given by

o) (x=1x for0<x<X,
G(x,x)_{ ¥(x—1) for¥x<x<1

@ If we replaced f (x) with ¢§(x — X) for any constant c, the solution to the BVP
would be ¢G(x; X).

@ Any linear combination of Green’s functions at different points ¥ is a solution to
the BVP with the corresponding linear combination of delta functions on the
right-hand side.
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An example

If we want to solve
u” (x) =36(x — 0.3) — 55(x — 0.7)

with #(0) = u(1) = 0, the solutions is simply
u(x) = 3G(x;0.3) — 5G(x;0.7).

This is a piecewise linear function with jumps in slope of magnitude 3 at x = 0.3 and
—5atx=0.7.

If the right-hand side is a sum of weighted delta functions at any number of points,

n
f) = edlx — xp),
k=1
then the solution to the BVP is

u(x) = ZCkG(x; Xk)-
k=1
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General f(x)

Suppose f(x) is not a discrete sum of delta functions. We can view this as a continuous
distribution of point sources, with f(¥) being a density function for the weight
assigned to the delta function at ¥, i.e.,

/ f(x)o(x —x)d (treated as a Riemann sum)
This suggests that the solution to 1’ (x) = f(x), still with u(0) = u(1) =0, is
1
u() = [ FO6E s,
0

and indeed it is.

Note: The delta function has the fundamental property that

| s - s =sa),

and, in fact,

/ f(x)6(x —a)dx = f(a), foralle > 0.
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The full solution of the BVP

We now introduce two new function Gy(x) and G; (x) defined by the BVPs:
Gi(x) =0, Go(0)=1, Go(1)=0

and
G/(x)=0, G1(0)=0, Gi(1)=1

Then the solutions are
Go(x)=1—x and Gi(x)=nx.

The full solution to
W (x)=f(x) 0<x<1, u(0)=«a ul)=4

is thus

1
u(x) = aGo(x) + BGi (x) + /0 F®Gx D) )

or equivalently

u(x) = <a - /0 ' ;‘cf(;‘c)d;‘c) (1-x)+ (5 + /x e 1)f(>‘c)d;‘c> x.
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The enlarged linear system AU = F

Let us return to the study of the max-norm stability of the finite difference method,
which will be based on explicitly determining the inverse matrix for the matrix arising
in this discretization.

Using the fact Uy = o and Uy, 11 = B, we then consider the enlarged linear system
AU = F, where now

W2 0 Uy a
1 -2 1 U1 f(xl)
1 1 -2 1 UZ f(xz)

A= n S cU=1 s F=1
1 -2 1 Uy F(xm)

0 n uerl B
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The inverse of matrix A: B = A~1

Let B denote the (m +2) x (m + 2) inverse of A, B = A~!. We will index the elements
of B by By through B, 1,41 in the obvious manner. Let B; denote the jth column of B
forj=0,1,...,m+ 1. Then

AB]' = Ej,

where ¢; is the jth column of the identity matrix. We can view this as a linear system to
be solved for B;.

The first column By corresponds to the problem with « =1, f(x) = 0, and 5 = 0, and
so we expect By to be a discrete approximation of the function Go(x). In fact, the first
column of B has elements obtained by evaluating Gy at the grid points,

Bio = Go(xi) =1 —x;.
Similarly, the last (j = m + 1) column of B has elements

Bimy1 = G1(xi) = x;.
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The inverse of matrix A: B = A~! (continued)

The interior columns (1 < j < m) correspond to the Green’s function for zero boundary
conditions and the source concentrated at a single point, since F; = 1 and F; = 0 for

i # j. Note that this is a discrete version of 1d(x — x;), namely, hipy, (x — x;) (see page 20).
We expect that the column B; will be discrete approximation to the function hG(x; x;).

In fact, it is easy to check that
- ey = =D, i=1,2,0
Bz]th(XuX/)* { h(xi_nxjv i=jj+1,-,m

An arbitrary right-hand side F for the linear system can be written as

m
F=aey + Beyt1 + Zf}'eja
i=1

and the solution U = BF is

m
U =aBy+ BBus1+ »_fB;,
j=1

with elements
m
Ui =a(l —x;) + Bx +hY_fiG(xi;x),
j=1

which is the discrete analogue of (*), see page 26.

Suh-Yuh (# i Steady States and Boundary Value Problems —29/70



A modified BVP

Suppose we define a function v(x) by

v(x) =a(l—x)+ Bx+ hzm:f]-G(x;x]—).

=1

Then U; = v(x;) and v(x) is the piecewise linear function that interpolates the
numerical solution. This function v(x) is the exact solution to the BVP

m

o'(x) =hY_ fx)s(x—x), v(0)=a, v(l)=48

j=1

Thus we can interpret ths discrete solution as the exact solution to a modified problem
in which the right-hand side f (x) has been replaced by a finite sum of delta functions at

the grid points x;, with weights hf (x;) ~ |; x?:l//; f(x)dx.
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The max-norm stability

To verify max-norm stability of the numerical method, we must show that ||B|| is
uniformly bounded as i — 0. The infinity norm of the matrix is given by

m+1
Blloo = By
[IB]loo o EOI il
p

the maximum row sum of elements in the matrix. The intermediate rows are dense and
the first and last elements are bounded by 1. The other m elements of each of these
rows are all bounded by &, and hence

m—+1
D IBjl <1+1+mh<3
j=0

Every row sum is bounded by 3 at most, and so ||A™!||ec < 3 for all i, and stability is
proved.
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The max-norm stability (continued)

Note that we have also worked out the inverse of the original matrix A,

-2 1
1 -2 1
1 =2 1
1
A= s 5
1 -2 1
1 -2

Because the first row of B consists of zeros beyond the first element, and the last row
consists of zeros, except for the last element, it is easy to check that the inverse of the
m x m matrix is the m x m central block of B consisting of By through Bym. The
max-norm of this matrix is bounded by 1 for all 11, so our original formulation is stable
as well.
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Neumann boundary conditions

Let us consider the second-order differential equation
u(x) =f(x) for0<x<1,

with the Neumann BC at left-endpoint, u’(0) = o, and the Dirichlet BC at
right-endpoint, u(1) = 8. Therefore, the approximation Uy is one of the unknowns.
Then the first row of matrix A in the enlarged linear system at page 27 must be
modified to model u’(0) = o, u(1) = B.
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First approach: first order accuracy

u(x1) — u(xo)
h

@ Using the one-sided expression, u'(0) ~ Dyu(x) := , we have
(Us — Up)/h = o
This is only first order accurate, since the local truncation error is

v = %(u(xl) - M(XO)) -
= %(u(xo) + hu' (x9) + %hzuﬂ("o) +0(r) — u(x0)> -7

= u'(x)+ %hu”(xo) +0(h) —0 = %hu”(xo) +O0(h?) = O(h).

@ We obtain the system of linear equations for the unknowns Uy, - - - , Up41:
—h h Uy o
1 -2 1 u1 f(x 1 )
1 -2 1 UQ f(xz)
2 L N R
1 -2 1 U o)
0 K um+1 B

© The global error is only O(h). In this case, it is mainly due to 7 = O(h).
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Second approach: second order accuracy

@ Using a centered approximation to #/(0) = o (second order accuracy), we
introduce another unknown U_; and use the following two equations:

hlz(Uq—ZUo-i-Ul) = f(xo),

Il
.Q

1
ﬂ(ul —-U_y)

This results in a linear system of m + 3 equations in m + 3 unknowns.

@ Eliminating U_ from above equations, we have:

(“Up+U) =0+ gf(xg),

==

which reduces the linear system to one with only m + 2 equations for m + 2
unknowns Up, Uy, - -, Up41.
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Second approach: second order accuracy (continued)

@ The resulting linear system can be written in the matrix form:

-h Uy o+ bf(xo)
1 -2 1 108 f(x1)
1 -2 1 U, f(x2)
2 . S :
1 -2 1 Up, F(xm)
0 12 ] Uy 3

Note that the matrix is exactly the same as the previous matrix in the first
approach, but with different right-hand side, the first component is changed

from o to o + %f(xo).
@ Alternative idea: By the Taylor series expansion, we have

u(x1) — u(xo)

00 g 4 5) = ' x0) + " (x0) + OR) =+ f(x0) + OO,
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Neumann boundary condition

31

2.9

28 107

2.7
2.6
25|
2.4

23

2 0 0.2 0.4 06 08 1 (b) 10* 107

Exact and finite difference solutions to the steady-state heat equation u"’ (x) = e*,
u’'(0) = 0 and u(1) = 3. The solid line is the true solution u(x) = ¢* —x +4 —e.
The plus sign shows a solution on a grid with 20 points using first approach. The
circle shows the solution on the same grid using second approach.

A log-log plot of the max-norm error as the grid is refined is also shown for each
case.
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Third approach: second order accuracy

@ We could use a second order accurate one-sided approximation based on the
three unknowns Uy, Uy, and Uy: (cf. Chapter 1)

1
5 (73Uo + 4l — Ua) = 0.

That is,

1/, 3h h
= (f?uo T2l — Euz) — o
@ The resulting linear system is given by

_ 3

b oon B Uy o
1 -2 1 Ul f(xl)
1 -2 1 U, f(x2)
n2 -
1 -2 1 Unm f(xm)
0 ]’l2 um-H B

The use of this equation slightly disturbs the tridiagonal structure but adds little
to the cost of solving the system of equations.
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Well-posedness (G# € 4) of BVPs

Well-posed problem (defined by Jacques Hadamard): mathematical models of
physical phenomena should have the properties that

(1) A solution exists;
(2) The solution is unique;
(3) The solution’s behavior changes continuously with the data.
But, we will show that even seemingly simple BVPs may fail to be well posed.

Jacques Salomon Hadamard (French mathematician, 1865-1963)

Example: Consider the following BVP with Neumann BCs at both ends,

{ u(x) =f(x) for0<x<1,
W (0) = op and /(1) = oy
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Not well posed

Using the centered difference to discretize the differential equation and the second
approach to deal with the Neumann BCs, we obtain the discrete linear system:

ok Up 0 + 5f(x0)
1 -2 1 u, f(x)
1 -2 1 U, f(x2)
2 o N :
1 -2 1 U f(xm)
h —h Um+l —o1 + gf(merl)

The matrix is singular, and in general the system has no solution or it has infinitely
many solutions. This isn’t a failure in our numerical model. It reflects that the problem
is not well posed, and the differential equation will also have either no solution or
infinitely many solutions. Note that A[1,1,---,1]T =0

Fredholm alternative: Let Ax = b describe p equations in p unknowns. Then either (1)
or (2) holds, but not both:
@ There is exactly one solution for each arbitrary b. (A is nonsingular)

@ There is a nonzero solution z # 0 to Az = 0. (A is singular)
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op=o01=0andf(x) =0

We consider the case of oy = 01 = 0 and f(x) = 0. In other words, both ends of the rod
are insulated, there is no heat flux through the ends, and there is no heat source within
the rod.

Recall the BVP is a simplified equation for finding the steady-state solution of
ur(x,t) = Kuxe(x, t) + (x, t) with some initial data u°(x). How does u(x, t) behave
with time?

@ Total heat energy must be conserved in #: fol u(x, f)dx = 01 u0(x)dx, t > 0.
@ Diffusion of the heat tends to redistribute it until it is uniformly distributed
throughout the rod, so we expect the steady state solution u(x) = c. By

conservation of energy, ¢ = [} u°(x)dx.

But any u(x) = c is a solution of the steady-state BVP. It has infinitely many solutions.
The physical problem has only one solution, but in attempting to simplify it by solving
for the steady state alone, we have thrown away a crucial piece of data, which is the
heat content of the initial data for the heat equation.
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op=01=0

@ Suppose we have a source term f(x) and f(x) < 0 everywhere, then we are
constantly adding heat to the rod. (Note that f(x) = —1(x)/k = 9 (x) > 0).
Since no heat can escape through the insulated ends, we expect the temperature
to keep rising without bound.

In this case we never reach a steady state, and the BVP has no solution.

@ Iff is positive over part of the interval and negative elsewhere, and the net effect
of the heat sources and sinks exactly cancels out, then we expect that a steady
state might exist.

In fact, solving the BVP exactly by integrating twice and trying to determine the
constants of integration from the boundary conditions show that a solution

exists only if fo x)dx = 0, in which case there are infinitely many solutions.

/O-t s)ds = /f Yds = u'(t) — v’ /f
0—01—00_u(1)—u(0)=/f(s)ds

/u (Hdt = //fs)dsdt:>u //f s)dsdt,

where 1#(0) can be arbitrary.

=
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oo # 0and/or o1 # 0

If o9 and/or oy are nonzero, then there is heat flow at the boundaries and the net heat
source must cancel the boundary fluxes. Since

1 1
u' (1) —u'(0) :/(; u” (x)dx :/0 f(x)dx,

this requires
1
/ f(x)dx =01 — 09-
0

With this condition, we have infinitely many solutions:

/0 " (s)ds = /0 ' F(s)ds = (1) — u'(0) = /0 (s)ds = /() = o0 + /0 f(s)ds

= /0 W (Ot = opx + /0 /(;tf(s)dsdt = u(x) = oox + u(0) + /0 /(;tf(s)dsdt,

where 1#(0) can be arbitrary.
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oo # 0 and/or o1 # 0

Similarly, the singular linear system AU = F,

—h  h Uy o0 + Af(xo)
1 -2 1 u; f(xl)
1 1 -2 1 uZ f(XZ)
" ) . A : ’
1 -2 1 Uy, f(xm)
h =h 1 W —o1 + 4f (Xm11)

has a solution (in fact infinitely many solutions) only if F is orthogonal to the null space
of AT. Proof: Assume that we have a solution U, i.e., AU = F, and ATV =0. Then
(F,V) = (AU, V) = (U, AT V) = (U,0) = 0.

Note that we have AT [1,h,--- ,h,1]T = 0. This gives the condition

g (f(xo) + ZZf(x,-) +f(xm+1)> =01 — 00,

i=1

which is the composite trapezoidal rule approximation to fol f(x)dx = o1 — op.
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A general linear second order equation

We now consider the more general linear differential equation
a(x)u” (x) + b(x)u’ (x) + c(x)u(x) = f(x) fora<x<b

with two Dirichlet boundary conditions, u(a) = o and u(b) = S. This equation can be
discretized by using the centered difference approximations,

U, —2U; + U; Ui —U;_
”i( i—1 h2z z+1>+bi( 1+12h i 1>+Ciui:fi: (,{.)
where a; := a(x;), b; := b(x;) and f; := f(x;), with Uy = o and U, 41 = B. This gives
AU = F, where

(h%cy —2ay) (ay + hby/2)

(ay —hby/2) (h*cy —2ay) (ay + hby/2)
A=
(@mey = hbm—1/2)  (h*emy =2am_1)  (@m_y + hby_1/2)
(am — hbm/2) (h%em —2am)
(2.67)
and
Ui Si— a1/ h* —by/2h)a
U, /2
v=| : |. F= : 268)
Um—l fm—l
Un ﬁn*(am/h2 + bm/2h)B
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The better discretization

@ The above discretization may not be the best discretization to use for certain
problems of this type even if it has second-order accuracy. Often the physical
problem has certain properties that we would like to preserve with our
discretization, and it is important to understand the underlying problem and be
aware of its mathematical properties before blindly applying a numerical
method.

@ Consider heat conduction in a rod with varying heat conduction properties,
where (x) varies with x and x(x) > Oforalla < x <D,

(k(x)u' (x)) =f(x) a<x<b,

with two boundary conditions, #(a) = o and u(b) = 8. Applying the product
rule to the above differential equation, we obtain

k(U (x) + &' (X)u'(x) = f(x) a<x<b,

and then apply the discretization (*). However, this is not the best approach
because the resulting linear system may not be symmetric.
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The better discretization (continued)

It is better to discretize the physical problem directly,

Uit — U
k(X1 )W (Xig1,2) = Hi+1/z<%):

and the analogous approximation at x;_1 5. Differencing these then gives a centered
approximation to (ku’)’ at the grid x;,

1 Uiy — U Ui — U,
(k') (xi) = 4 {mﬂ/z(%) - 5171/2(%)}

1
= 2 (Hz‘—1/zui—1 — (ki—172 + Kig172)Ui + lii+1/zui+1)~

This leads to a symmetric matrix,

—(k1/2 + Kk3/2) K32
K3/2 —(k3/2 +K5/2) Ks5/2
1 . .
A=
Km—3/2 —(km—3/2 + Km—1/2) Km—1/2

Km—1/2 —(km—1/2 + km+1/2)
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Some good properties

@ The matrix yielded by above method has the advantage of being symmetric, as
we would hope since the original differential equation is self-adjoint.

@ Moreover since k > 0, the matrix can be shown to be nonsigular and negative
definite.

© When solving the resulting linear system by iterative methods it is also often
desirable that the matrix have properties such as negative definiteness, since
some iterative methods (e.g., the conjugate-gradient method) depend on such
properties.
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Nonlinear equations: motion of a pendulum

Consider the motion of a pendulum with mass m at the end of a rigid (massless) bar of
length L, and let §(¢) be the angle of the pendulum from vertical at time ¢. Ignoring the
mass of the bar and forces of friction and air resistance, the pendulum motion can be

modeled as

0" (1) = £ sin(o(1),

where g is the gravitational constant.

F=ma=—mgsinf = a= —gsin0
ds ag
lengths =10 — v= — =L—

arc leng o e
anda = ﬁ = di@ - :

Tar T Tde g 7T

420 o

Therefore, Lﬁ = —gsinf

d?o g .

priais sin 6 mg
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Nonlinear equations

Taking g/L = 1 for simplicity, we have

0" (t) = —sin(0(t)) for0<t<T,
0(0)=ca and 6(T)=p (given 0’(0) is more natural = IVP).

For small amplitudes of the angle 6, we have sin(6(t)) ~ 6(t) and

0"(t) = —0(t) for0<t<T,
0(0) =« and 6(T)=p.

The general solutions are of the form:

0(t) = Acos(t) + Bsin(t). (has period 2)
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Solutions for various 6(0) and 6'(0) = 0 (IVPs)

(a) pendulum; (b) solutions to the linear equation and (c) solutions to the nonlinear
equation for various initial § and zero initial velocity.
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Discretization of the nonlinear BVP

Following the approach for linear problems, we obtain the system of equations
g PP P y q

1 .

2 (9171 —20; + 9i+1> +sin(6;) =0,

fori=1,2,--- ,m,whereh:=T/(m+1)and 6y := «, 0,41 := B.

@ This is now a nonlinear system of equations of the form

where G : R” — R™ and 0 := (01,602, ,0n) " .

@ This cannot be solved as easily as the tridiagonal linear systems. Instead of a
direct method, we must generally use some iterative method, such as Newton’s
method.
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Newton’s method for nonlinear system of equations

If 0% is our approximation to 6 in step k, then Newton’s method is derived via the
Taylor expansion

GOy = G(oM)y + G (0% (9[k+1] _ g[k]) 4
Setting G(*t1]) = 0 as desired, and dropping the higher order terms, results in
0~ G(OM) + G/(Q[k])(Q[k“] - 9[’4).
This gives the Newton update
ol .= gkl 4 sk
where 54 solves the linear system
J(oM s = —G(gi).
where J(0) := G'(6) € R™*™ is the Jacobian matrix with elements

0

Jii(0) = a—ejGi(G) fori,j=1,2,--- ,m.
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Jacobian matrix J(0)

In our case,

1 .
Gi(0) = Gi(01,62,--- ,0m) = 2 (91‘71 —20; + 9i+1> + sin(6;),

and hence
1/h? ifj=i—1lorj=i+1,
Ji(0) = —2/h® + cos(6;) ifj=1,
0 otherwise,
so that
—2 + K2 cos(6y) 1
1 1 —2+h2cos(6) 1
J0) = ) ’ 1

1 —2+hcos(Om)
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Some remarks

@ With Newton’s method, we need an initial guess that has to be close enough to
an exact solution.

@ Newton’s method can be shown to converge quadratically if we start with an
initial guess that is sufficiently close to an exact solution.

@ The solution of the nonlinear problem found above is an isolated solution in the
sense that there are no other solutions very nearby (it is also said to be locally
unique). It does not follow that this is the unique solution to the nonlinear BVP.

Suh-Yuh Yang (# i Steady States and Boundary Value Problems



Accuracy on nonlinear equations

@ Keep clear the distinction between the convergence of Newton’s method to a
solution of the finite difference equations and the convergence of this finite
difference approximation to the solution of the differential equation.

@ Local truncation error: inserting the true solution into the finite difference

equations:
1 .
7= (Blten) = 20(6) + 0(t1aa) ) + sin(0(t)) — 0
= (0"(t;) +sin(0(t))) + 11—2h29<4>(t1) +O(h*)
= %hze(‘*)(ti) + 0, i=1,2,---,m.
Hence, the LTE is O(1?).

© Globeal error: Let  be the vector of true values at the grid points. Let

7= (71,72, ,7m) | . Then G(@) = 7. Let E := @ — § be the global error, then

we have
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Global error

@ Recall the linear case (i.e., G(6) = Af — F):
G0) —G(0) =A0—Ad=AE = -7 = ... = E'= (A" (-7").
@ Use Taylor series expansions to write
G(6) = G(9) +J(OE + O(|E|*) => J(O)E = —7 + O([E|*).

If we ignore the higher order terms, then we again have a linear relation between
the local and global errors.

© Let]" :=J(§) on a grid with grid spacing h.
Definition: The nonlinear difference method G(6) = 0 is stable in some norm

|| - || if the matrices (J*)~! are uniformly bounded in this norm as i — 0, i.e.,
there exist C > 0 and hy > 0 such that

I0M~ Y <C forall0 <k < ho.
@ 1t can be shown that if the method is stable in this sense and consistent

(|7 = 0as h — 01), then the method converges (||E"|| — 0 ash — 0F).
(This is not obvious in the nonlinear case)

Suh-Yuh Yan, Math. Dept., NC Steady States and Boundary Value Problems — 57/70



Singular perturbation problems

@ Singular perturbation problem = boundary and/or interior layers =
solution varies rapidly = difficult to solve numerically.

@ Consider the time-dependent problem which models the temperature u(x, t) of a
fluid flowing through a pipe with constant velocity 4 and the fluid has constant
heat diffusion coefficient x > 0 and ¥ is the source term:

w+auxy = ki +P(x) 0<x<1 @ IC ¢ BC

Suppose that 2 > 0. Then we naturally have a boundary condition at the left
boundary x = 0, specifying the temperature of the incoming fluid:

u(0,t) = a(t).
Since k > 0, the heat can diffuse upstream, we need to specify
u(1,t) = B(t)

to determine a unique solution. If £ = 0 (no diffusion), we only need BC at x = 0
sincea > 0.
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Steady-state convection-diffusion (¥ {fi-##{) problem

If a, B and ) are all independent of time £, then we expect to having a steady-state
solution by solving the following two-point BVD, called the
convection/advection-diffusion problem (x,a > 0):

—ru (x) +au’ (x) =P(x), 0<x<1,
{ u(0) =a and u(l) =4,

@ 7 is small relative to k = smooth solution, the problem is easy to solve.

@ 4 is large relative to x = convection-dominated (¥t fli#) = mainly hyperbolic
nature, non-smooth solution.

Define the Péclet number by Pe := a/x, which is the ratio of advection velocity
to transport speed due to diffusion.

To reduce to one-parameter case, let e = x/a > 0 and rewrite equation in the
form

e’ (x) — () = () (1= ~ 1)

Then a large relative to « (large Péclet number) <= 0 < e < 1.
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The singularly perturbed problem

As e — 07, the equation
e’ (x) —u'(x) = f(x)

reduces to a first order equation

' (x) = f(v),

which allows only one boundary condition (#(0) = «), rather than two.

However, for € > 0, no matter how small, we have a second order equation that needs
two conditions. Thus, we expect to see strange behavior at the outflow boundary
(x=1)ase — 0T.

Indeed, the solution u may exhibit the behavior of boundary layer of width O(e) at the
outflow boundary, namely, a narrow region where the solution u changes rapidly. In
this case, we call
—rut (x) +au’ (x) =¢¥(x), 0<x<1,
{ u(0)=a and u(l) =4,

with 0 < ¢ < 1 a singularly perturbed problem.
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An example of boundary layer
Leta =1, 8 = 3,and f(x) = —1. Then the exact solution is given by

/e —1
ux)=a+x+(B—-a-1) e

(a) o = vs = + ()

© o w5 o + (@ ‘
(a) Exact solutions: € = 0.3,0.1,0.05, and 0.01 from top to bottom.

(b) Numerical solution for £ = 0.01 with & = 1/10.
(©)h = 1/25. (d) h = 1/100.
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Difficulties in numerical computation

Most numerical methods exhibit spurious oscillations or low accuracy for
singular perturbation problems (see Figure (b) and (c)).

Since the solution changes rapidly over a very small interval in space,
derivatives of u(x) are large. For example,

u'"(x) = D*u(x) — 11—2h2u””(x) + 0.

If h is not small enough, then the local truncation error will be very large in the
boundary layer. Moreover, even if the truncation error is large only in the
boundary layer, the resulting global error E = —A-1r may be large everywhere,
since A1 is a dense matrix.

On finer grids the solution looks better (Figure (c) and (d)), and as 1 — 0 the
method does exhibit second order accurate convergence.

= a huge number of linear equations.
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Interior layers (ILs)

Consider the nonlinear 2-point boundary value problem

e (x) +u(x)(w'(x) —1) =0 fora<x<b,
{ u(a) =a and u(b) =

Setting ¢ = 0 gives a reduced equation

u(x)('(x) =1) =0 fora<x<b
= u(x) =0oru(x) =x+ C forsomeC € R,

for which we generally can enforce only one boundary condition:
@ u(x) =x+ a—aifu(a) = ais imposed.
@ u(x) =x+ B —bifu(b) = Bis imposed.
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Example of IL

For 0 < e < 1, the solution of the full equation

e (x) +u(x)(w'(x) —1) =0 fora<x<b,
{ u(@) =a and u(b)=p

must satisfy both boundary conditions. The figure below shows a solution.

1

it x+pB-b
05
0 u(x)
-05 X+o—a
o 02 04 06 08 1

Outer solutions and full solution to the singular perturbation problem witha = 0,
b=1,a = —1,and B = 1.5. The solution has an interior layer centered about ¥ = 0.25
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How to determine the location and width of the IL?
— Perturbation Theory

Assume the interior layer is centered at some location ¥ € (4,b), and we zoom in on the
solution by assuming that u(x) has the approximate form

u(x) = W((x - 1)/¢")
for some power k to be determined. Then we have

W ((x %)/,
W'(x) = W ((x—x)/eh).

=
~
Py
=
N
Il

Substituting these into the equation
e’ (x) +u(x)(W'(x) —1) =0 fora<x<b
gives
e e HW(©) + WO W () 1) =0

multiply by X1 = W’ (€) + W(€) ("W (€) — &) =0,
where £ = (x — X)/e~.
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Determine the layer width O(F)

By rescaling the independent variable by a factor €, we have converted the singular
perturbation problem into a problem where the highest order derivative W’ has
coefficient 1 and the small parameter appears only in the lower order term:

W (&) + W(E)( W/ (€) =71 =0, where ¢ := x;kx

@ For k < 1, the lower order term blows up as € — 01, or dividing by £¥~! shows
that we still have a singular perturbation problem.

@ The lower order term behaves well in the limit ¢ — 0% only if we take k > 1.
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Boundary conditions

Boundary conditions: Fix x at any value away from ¥, then

xX—X
£ = T — 400 ase — 0T,
€

So we define boundary conditions at +o0o,

W) -X+a—a as& — —oo,
W) -x+B8—-b as& — +oo.

We also require
W/ (€) = eu'(x) = 0 as & — oo,
since outside the layer the linear functions have the desired slope.

Observe that if k > 1, the lower order term vanishes as ¢ — 07 and the equation
reduces to W (§) = 0. This implies the solution simply appears linear, while it does
not allow us to capture the full behavior in the interior layer.
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Approximate solution

Taking k = 1 gives the proper interior problem
W’ (&) + W(E)(W' () —e) =0.
Now letting ¢ — 0, we have
W’ (&) + W(EW'(§) =0,

which has the solutions

. F—e”* —2x
W(€) = wp tanh(wo€ /2), (tanh(x) _sinh(n _ TH— 1ol )

cosh(x) % T l4e
for arbitrary constants wy. The boundary conditions lead to
1 |
wy = E(a—b—i—,B—oa) and X = E(a—&—b—a—ﬁ).

Combining the inner and outer solutions, we obtain an approximate solution

u(x) ~ i(x) := x — X + wp tanh(wy (x — ¥)/2e).
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Finite difference approximation

In summary, the solution has an interior layer of width O(¢) at x = ¥ with roughly
linear solution outside the layer. This type of information may be all we need to know
about the solution for some applications.

This nonlinear problem

{ 614”(3() + u(x)(u’(x) —1)=0 fora<x<hb,
u@)=a and u(b) =4

can be solved numerically on a uniform grid using the finite difference equations

[ Ui —2Ui + Uiy Ui — Ui .
Gi(U) := 6< 2 + U; oy —-1])=0

fori=1,2,--- ,mwith Uy = a and U,,11 = B. This gives a nonlinear system of
equations G(U) = 0 that can be solved using Newton’s method. The initial guess for
Newton’s method can be chosen as U; = #i(x;), 1 < i < m, which is already very
accurate at nearly all grid points.
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Nonuniform grids

On the other hand, when ¢ is very small, highly accurate numerical results can be
obtained with less computation by using a nonuniform grid, with grid points clustered
in the layer (see figure below). The width of the layer is O(¢) and, moreover, from

u(x) =~ i(x) := x — ¥ + wp tanh(wy (x — ¥)/2e¢),

we expect that most of the transition occurs for, say, | %wof | < 2. This translates into
|x — X| < 4e/wy.

sinh(®) ——
cosh(B) -------
1 + tanh(®) ----

°
>
IR
-
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