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Convergence

Consider the IVP: o/ (t) = f(u(t), t) for t > 0 and u(0) = 7.

@ Convergence of a numerical method for the IVP: Fix time T > 0 and then
consider the error in our approximation to u(T) using time step k > 0. Let
N = T/k. The convergence means that

li N — u(T). 1
kﬁl),ulzl}(:Tu u( ) ( )

(Note that N increases as k — 0)

@ For an r-step method, we need r starting values, ue,ut, ..., U and these
values will typically depend on k. We require

IimU"=# forv=0,1,---r—1. (2)
k—0

@ To speak of a method being convergent in general, we require that it converges
on all problems in a reasonably large class with all reasonable starting values.
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Definition of convergence

An r-step method is said to be convergent if applying the method to any ODE

u'(t) = f(u(t),t) for t > 0 with f(u, t) Lipschitz continuous in #, and with any set of
starting values satisfying (2), we obtain (1) for every fixed T > 0 at which the ODE has
a unique solution.

In what follows, we consider the simple scalar linear equation of the form
u' () =Au(t)+g(t), AER,
with initial value
u(ty) =1.
By Duhamel’s principle, the exact solution is then given by

t
u(t) = rt=tly 4 [ AM=Dg(1)dr.

to
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Euler’s method on linear problems

Applying (forward) Euler’s method to the simple scalar linear equation, we obtain

Ut = U + k(AU 4-g(ty)) = (1 4+ kA U" +kg(t).

The LTE is given by
n _ u(tﬂJrl) - u(t”) _
= TR (Au(t) +3(t)
1
= (u’(tn) + Sk () + o(k2)> — ' (t)
- %ku”(t,,) +0(),
which implies that

u(tyy1) = (L+kA)u(ty) +kg(tn) +kt".

Define E"+! := U"*! — u(t,,1). Then we have the error equation

E"™ = (1 +kA)E" — kT
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Convergence analysis

Applying the recursion repeatedly, we have the discrete form of Duhamel’s principle,

E'" = (Q+kVE!—kr!
(1+kA) ((1 +IA)E2 - er) —

n
(T+KA)"E* —k Y (1 +kA) L,

m=1

Since i
|1+k)x\§ekw (usingele+x+%+..,),
we have
(14 KA < lr=mkAL < pnkIA] < AT

where we consider the time interval fg := 0 <t < Tand t, = nk < T.
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Convergence analysis (continued)

It then follows that
n
|En‘ < EWT \EO| Tk Z ‘Tm—l‘
m=1
< eI (\E0| + nk max \T"”1|> .
1<m<n
Let N = T/kand set ||T]| := max |t"|. Then
0<n<N-1

k
I7lleo < 5 l1u”[loo + O(2) = O(K),
where ||| := mmax [ (t)|. Then for nk < T, we have
<t<

E"| < MT(EY + T t]lo) = M T |0 = O(K).

Hence, (forward) Euler’s method converges and is first order accurate.
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Euler’s method on nonlinear problems

We consider the IVP: #/(t) = f(u) for t > 0 and u(0) = 1. We assume that f is Lipschitz
continuous in # on some domain. Then Euler’s method for the IVP takes the form

un+l = U +kf(u”)

and the LTE is defined by
n 1 1 1" 2
= 2 (utni) = u(ta) ) = Flu(ta)) = Sku" () + OR).

So the true solution satisfies
u(tusr) = u(tn) +kf (u(tn)) + k"

and then

Erl = En +k<f(u") —f(u(tn))) — k.
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Convergence analysis

Since f is Lipschitz continuous, we get
[F(U") =f(u(tn))| < LIU" —u(tn)| = LIE"|
and then

|En+1|

IN

|E"| + KLIE"| +K|7"]
= (1+KL)|E"| +K7"|
= (k) (A RDIE k) + K

n
= (L4+KL)"E® +k Y (L+kL)"™ "1
m=1

Since E0 = 0, we have
|E"| < e T|7]|0 = O(k)

for all n with nk < T. Hence, (forward) Euler’s method converges and is first order
accurate.
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