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Optical flow estimation

Let]: Q x [0,T] C R® — R be a given image sequence, of grayscale
values in space (x,y) € QQ and time t € [0, T].

@ The optical flow is defined as the velocity field

w(xy) = (uxy),oxy)) ',

such that one frame I(x, y, t) is translated to the next frame
I(x + 6x,y + dy, t + 6t) by the mapping (dx, by, 6t) = (udt, vét, ot).

@ Optical flow estimation aims to compute the velocity field
(u,0)" from two consecutive images.
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https://learnopencv.com/optical-flow-using-deep-learning-raft/
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The brightness constancy assumption

@ The brightness constancy assumption (BCA) is a fundamental
principle in optical flow estimation, stating that the intensity of a
moving object remains unchanged between consecutive image
frames. The brightness constancy assumption can be written as

I(x,y,t) = I(x + 0x,y + dy, t + Jt).
@ Using the first-order Taylor expansion at (x,y, ), we obtain
I(x+dx,y+ oy, t+ot) = I(x,y,t)+L(x,y t)ox+1I,(x,y,t)oy
+1:(x, y, 1)t + O(6x* + 8> + 6t2),

where VI := (I, I,) " and I; denote spatial and temporal partial
derivatives of the image I, respectively. With the BCA, we obtain

Le(x,y,£)6x + Iy (x, y, 1)y + I (x, y, 1)t + O(6x* + oy* 4 6t%) = 0.
Dividing by 6t and letting 6t — 07, we have
VIi-w+1I; =0.
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The derivation of the BCA from another point of view

From another point of view, the brightness constancy assumption can
be represented as
IG(8), y(H), 1) = c.

Taking derivatives of I with respect to ¢ by the chain rule, we obtain

0 = Tae(t),y(e) 1

d dy dt
= Ixu—l—va—i-It
= VI -w-+1;.
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The aperture problem

The aperture problem is a fundamental ambiguity in visual perception and
computer vision in which the local motion of an edge viewed through a small
aperture cannot be uniquely determined.

The aperture problem often occurs in methods that rely on local pixel
information to estimate optical flow.

In the field of optical flow estimation, the two most classic models are
the Lucas-Kanade model and the Horn-Schunck model. The former uses
local information, and the latter employs global information.
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The Lucas-Kanade model

Lucas and Kanade proposed a local smoothing method for estimating
the optical flow. Given two consecutive images at times f;, and ;4
and fixed a position zo, the optical flow (u(zp),v(z)) " at zq is given
by solving the following optimization problem:

2
minErc(,0) = Y (L, to)u+ 1y (p te)o + I, ) )
! P,AGW(Z())

This method assumes that pixels p,, r = 1,2, - - ,n, in the small

window W(zp) center at zg share the same velocity (1(zg),v(zp)) .
Denote

L(py, tr) Iy(Pytk) —It(py, b)

L(pot)  Iy(py ti) [u} —I(po, tr)
A - . . 7 w - v 7 - .

L(pyte) Ly(pyte) —L (P tr)

We can drop the third variable t; when there is no risk for confusion.
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The least squares problem

It comes to a least squares problem:
min [|Aw — b||3,
u,0

and the normal equation is given by
ATAw=ATb.

Suppose rank (A) = 2. Then A" A is nonsingular and the least square
solution is given by

w=(ATA)1ATp

Y B, Y L)L) ][ T —Lp)hp,)

_ PrEW(20) P.EW(20) P,EW(20)
Y Lp)L(p,) Y, Lp) Y, “Lp)kp,)
p,EW(20) p,EW(z9) p,EW(20)
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Finite difference approximations

Below, we will apply forward differences to the spatial and temporal
derivatives in the normal equation. By Taylor’s expansion, we have
1 1
Le(xi yj i) = ¢ (I(xi + 1, yj b)) — (i, yj b)) — 5 L (Gir o by
for some ¢; € (x;,x; +h).

Similarly, applying Taylor’s expansion to I (x;, yj, t) and I (x;, yj, t),
we obtain the following first-order finite difference approximations:

1

Lo yj i) = L= 7 Qv = Liji),
1

Ly(xi, yj te) =~ Lyijk o= E(Iz’,j-«—l,k —Lijx),
1

Le(xiyyj be) = L= 3 (lijera = Liji)-
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ATA in the normal equation

For AT A, we have

2 Iazc(pr) Z IX(Pr)Iy(Pr)

ATA — prEW(ZO) prEW(ZO) »
Z IX(Pr)Iy(Pr) Z Iy(pr)
p,EW(zO) p,GW(ZO)

The entries in AT A can be approximated by

1
) I;%(Pr)%hfz Y. (Ii+1,j,k_li,j,k)21
1

p,EW(Zo) pVEW(ZO)
2
Y L)~ X (ijee—Tije)
prEW(20) prEW(20)
1
Y, Lphp)~z Y (wje—Tijk) (e — i)
prEW(ZO) pVEW(ZO)
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A'b in the normal equation

For ATb, we have

Z —Ix(pr)lf(pr)

ATb — pr€W<ZO>
Y. —Lp)kp,)

P,EW(20)

The components in A ' b can be approximated by

1
Y. —Lp)kip,) = 2 Yo (ke — Lijk) Tijrr — Lijk)s

p,,GW(Z()> pr‘GW(ZU)
1
Y. —Lp)kp,) ~ —i2 Yoo (e —Lije) Tijern — Lijk)-
pVEW(Z()) pVEW(ZO)

After discretization, the grid-spacing terms hLZ on both sides of the
normal equation cancel out.
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The Horn-Schunck model

@ In 1981, Horn and Schunck proposed a global smoothing
approach by minimizing the following energy functional

1
Eus(w) = 5 [ (VI-w+ 1)+ M(|Vul +|Vol) dxdy,

where A > 0 is the regularization parameter.

@ By the calculus of variation, we obtain the Euler-Lagrange

equations,
L(Lu+ILo+1;) —AAu = 0 inQ, (%)
L(Lu+Lo+1;) —AAv = 0 inQ, (%)
with the homogeneous Neumann boundary conditions:

Jdu Jv
5—0 and %—0 on d(),

and then solve the equations approximately.

@ Notice that we are supposedly given two consecutive images at
times t and ;4.
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The Euler-Lagrange equations and BCs

@ Consider the Horn-Schunck energy functional,
Eps(w) = %/Q(Vl-uﬂ—lt)z AVl + Vo) dxdy.

@ By the calculus of variation,

oL oL oL ou

. oL (98 oL T . ou
mm/Qde :>au \V4 (aux'auy) 0 1nQ,an 0 onoQ),
we have

(VI-w+ 1)L — V - (Aug, Auy) T 0 inQ,
a—u = 0 onodQ),
on

(VI-w+ L), — V- (Avy,Av))T = 0 inQ,
a—v = 0 onodO.
on
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Finite difference approximations

First, Au(x;,y;) can be discretized as follows:

1 _ _
Au(xi, y;) ~ ﬁ(”i,j —dui),  Wij = iy Ui Ut
Similar approximation can be applied to Av(x;, y;). Next, we define

Leijge = Tivije = Lijier  Iyijr = Lijrie = Lijeo Teijge = Lijoern — Lijk-
Then discretizing (x1) and (x), we obtain

1. i 1.
I/TZIx,i,j, (Ix ijkUij +1 yz,],kvi,j + It,i,]',k) - hiz)‘(”i,j - 4“1',]') =0,

1- 1.
2 Iy, ij, k(Ix, ij kWi + I ij ki + It Jij, k) 2 )‘(vi,j - 4-7)1',]') =0,

or equivalently,

(12 X,0,j,k + 4/\)111] (T 1]k )01] - /\ul] x, ,],kIt,z,],kr
2
Y]

(Tx,i,j,kly,i,j,k)ui,] + (T ik + 4/\)01] - /\Ul] y, ,],klt ijke
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Finite difference approximations (cont’d)

The system of equations can be rewritten as follows:

au;j + bvi,]' =1,
bui,]- + v = 1.

By Cramer’s rule, it yields

Ujj = Ul, vij = %,
where
o=y b =8 = B AN 40 — o)
=4ANTL + T+ 4A),
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Finite difference approximations (cont’d)

and, moreover,

r
= r; c =ryc—bry,
= (M) — Tx ikl i,jk)( yijk +4A)
( x,i,jk ,,], )(/\01] y, ,],kIt ijk )
= ATk + 4N ) — (L) 0 — 4Leijadein)
and
= g 1 =ary — b,
(12 xi,j,k + 4A)<sz/ Vi ,],klt ijk k)

I,
(Auu xz,]kItt,]k)( ,,],k Y1,k )
(I

=A (( x,i,jk + 4)‘)01] X,1,f, kl 1,5,k )”z] 4Ty,i,j,kjt,i,j,k) .
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The Jacobi iterative method

Then u;; and v; ; are given by

(I3 + 40 — (L jly, a0 — 4Ll
72
4(Ix ik + 1 ik +4A)

(12 X1k + 4)‘)01] (Ix z',j,kI 1]k )ulj 4Ty,i,j,k7t,i,j,k
( x1]k+ yz]k+4)\)

ui,]- =

ZJI‘/]'

We can solved it by the Jacobi iterative method:

L) _ ﬂfj) Ly (Tx,i,j,kﬂg) +1y; jkzji(f) + 4L k)
Uij 4 4(7}2{/{4,,{ + 12” L +4A) ’
S+ _ Z'Jl(f) Ty,i,j,k (Ty,',j,kz_)i(f) + 1, j,kﬂ§,j> + 4-Tt,i,j,k)
Yij 4 4(1,2”], IyZ]k+4A)
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Experimental results of the Horn-Schunck model

frame 1 frame 2
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