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單元 10: 導函數
({… §2.6)

ø. ~(é0D‰“0

q P (x, f(x)) Ñƒb y = f(x) íÇ$,íø固ìõ.

½. àS° f Ç$,¬õ P í~(?

�. q Q Ñ f Ç$,æk P 5õ, ¹ Q ª[Ñ

Q(x + h, f(x + h))

w2�h Ñ某Ý零íõb, àÇý. ¬ P D Q íò(

˚T’( (secant line), é0Ñ�

f(x + h)− f(x)

(x + h)− h
=

f(x + h)− f(x)

h

I Q → P , ¹ h → 0, )

’( → ¬ f Ç$,õ P íø(

˚T¬ f Ç$,õ P í~( (tangent line) /ú@

í’(é0

f(x + h)− f(x)

h
→ øb
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˚T¬ f Ç$,õ P í~(é0, ])

ì2 1 (~(é0). ¬ f Ç$,õ�P (x, f(x)) í

~(é0Ñ

lim
h→0

f(x + h)− f(x)

h

ç”ÌæÊv.

QO, «n “¬ f Ç$,õ P (x, f(x)) í~(é0”

D “f Ê x í‰“0 (rate of change)” Èí�gÉ

[.

ÄÑ¾差 (difference)

f(x + h)− f(x)

[ýÊ x í h Z‰ (change h in x, â x B

x + h, pT ∆x = (x + h)− h = h) Fú@í y Z

‰ (change in y, pT ∆y = f(x + h)− f(x)),

]¾差¼ (difference quotient)

f(x + h)− f(x)

h
=

∆y

∆x

[ýÊ–È [x, x + h] , y ú (@) k x í�Ì‰“

0 (average rate of y with respect to x), �ß
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ÿu f Ç$,¬ P (x, f(x)) D Q(x + h, f(x + h))
í’(é0.

¦ h → 0 v, ¾差¼í”Ì, ¹l�

lim
h→0

f(x + h)− f(x)

h

) f Ê x í‰“0 (rate of change of f at x),
¢˚TmÈ‰“0 (instantaneous rate of change
of f at x), �ßÿu¬ f Ç$,õ P (x, f(x)) í~

(é0.

註 1. ¾差¼

f(x + h)− f(x)

h

[ý f Ê–È [x, x + h] ,í�Ì‰“0C, �S,,
¬ f Ç$,sõ (x, f(x)) D (x + h, f(x + h)) í

’(é0.

註 2. ¾差¼í”Ì, ¹

lim
h→0

f(x + h)− f(x)

h

[ý f Ê x ímÈ‰“0C, �S,, ¬ f Ç$,õ

(x, f(x)) í~(é0.
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ù. ûƒb

¾差¼í”Ì¢˚T f Ê x íûƒb (derivative, 衍

ÞÓ), à-ì2.

ì2 2 (ƒbíûƒb). ƒb f ú x íûƒbÑøƒ

b f ′ (讀T “f prime”), ì2Ñ

f ′(x) = lim
h→0

f(x + h)− f(x)

h

f ′ íì2域Ñ”ÌæÊíF� x $AíÕ¯.

註 1. ƒb f íûƒb[ý f Ê x ímÈ‰“0C,
�S,, ¬ f Ç$,õ (x, f(x)) í~(é0.

註 2. ø<ƒb y = f(x) íûƒbUà¶Ñ

1. Dxf(x) 讀T “d sub x of f of x”

2.
dy

dx
讀T “dy dx”

3. y′ 讀T “y prime”
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註 3. l� f íûƒbíû¥驟:

1. l� f(x + h)

2. $A¾差 f(x + h)− f(x)

3. $A¾差¼
f(x + h)− f(x)

h

4. l�¾差¼í”Ì, ¹

lim
h→0

f(x + h)− f(x)

h

W 1. qƒb�

f(x) = x2 − 4x

t回�-�®á.

(a) t° f ′(x).
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(b) t°¬ f Ç$,õ (1,−3) í~(.

(c) t° f Ç$,�®�~(í~õ.

(d) ƒb f Ê®�~(~õí‰“0ÑS?

W 2. t°-�®ƒbíûƒbJ£ƒbÇ$,¬#ìõ

í~(.

(a) f(x) =
1

x + 1
, x 6= 1; õ

(
1, 1

2

)

(b) g(x) =
√

x− 1, x ≥ 0; õ (2,1)

註. ûƒb g′ íì2域Ñ (0,∞) .�kƒb g íì

2域 [0,∞), ¹ g′(1) .æÊ. ¤Wzp, ûƒbíì

2域.øìÿuŸƒbíì2域, 7u¾差¼”ÌæÊí

x F$AíÕ¯.

ú. ª�4D©/4�
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ƒb f Ê x = a íûƒb

f ′(a) = lim
h→0

f(a + h)− f(a)

h

æÊ, †˚ f Ê x = a ª� (differentiable); ´†

˚T.ª�.

Jƒb f Ê x = a ©/, O

(1) f íÇ$Ê (a, f(a)) �øj²,í3§Z‰, à

Çý, }¨AÊ x = a .ª�, 1˚¤õÑø “�

i” (corner), ¹ƒb f ÊÇ$,í�iT.ª�.

(2) f Ê (a, f(a)) �ø鉛垂~(, àÇý, ¤T~(

é0, ¹ûƒb, „ì2, ]?.ª�.

]©/4.øì\„ª�4. Oª�4øì\„©/4,

¹

ìÜ (ª�4D©/4). Jƒb f Ê x = a ª�, †

f Ê x = a ©/.
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註 1. D,述ìÜ�gíÅ述Ñ “Jƒb f Ê x = a

.©/, † f Ê x = a .ª�”.

註 2. ¤�gÅ述Ñ, Î7,述í�iD鉛垂~(Õ, Ç

ø‡i.ª�íÄ†.

W 3. q某ìŒt−ív薪Ñ, ‡ 8 üv, ©üv $8;

超vÑ, ©üv $12.

(a) t°	T x üvív薪 f(x).

(b) ƒb f Ê x = 8 ª�ý?

W 4. qƒb f àÇý. tzp f Ê x = a, b, c,

d, e, f , g .ª�íÜâ.

W 5. qƒb

f(x) =

{ √
x, x ≥ 0

−x, x < 0

tJûƒbíì2„p f Ê x = 0 .ª�.
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W 6. q f(x) = |x|. tJûƒbíì2„p

f ′(x) =

{
1, x > 0
−1, x < 0

W 7. q

f(x) =

{
x2, x ≤ 1
ax + b, x > 1

t° a D b U) f Ê x = 1 u©//ª�í.
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