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單元 17: 微分式
({… §3.7)

q某ÁWTXí $240,000 í 30 �ì7l貸í©~X

GçÑ

P =
20,000r

1−
(
1 + r

12

)−360

w2 r Ñ�‚0. J�‚0}âñ‡í 7% ÓBüì貸

 ví 7.4% v, ©~ÛÖXGí貸 ÀçÑS? ø_

l�¤�ÄA‰b (à, �‚0 r) íü¾Z‰7ßÞí

@‰b (à, ~XGl貸ç P ) íZ‰¾£w^‹估lí

j¶Ñø函bí�}� (differential), ¤4…ÀjF«

níø�–1.

ø. Ó¾ (increments)

q x Ñø‰¾/â x1 Z‰B x2. ¤øZ‰¾

x2 − x1

˚T x íÓ¾ (increment in x), pT ∆x, 讀T

“delta x”, 即 x íÓ¾

∆x = x2 − x1
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qA‰b x D@‰b y íÉ[�Ñ

y = f(x)

JA‰b x â x ÓB x + ∆x, †ú@í y íZ‰¾

˚T y íÓ¾ (increment in y), pT ∆y, 讀T

“delta y”, /ì2Ñ

∆y = f(x + ∆x)− f(x)

àÇý.

W 1. q函b y = x3.

(a) t° x â 2 Z‰B 2.01 í ∆x D ∆y.

(b) t° x â 2 Z‰B 1.98 í ∆x D ∆y.

<j> I f(x) = x3. (a) 根Wì2, x íÓ¾

∆x = 2.01− 2 = 0.01

/ y íÓ¾

∆y = f(x + ∆x)− f(x) = (2.01)3 − 23

= 8.120601− 8 = 0.120601
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(b) âì2, x íÓ¾

∆x = 1.98− 2 = −0.02

/ y íÓ¾

∆y = f(x + ∆x)− f(x) = (1.98)3 − 23

= 7.762392− 8 = −0.237608

ù. �}� (differentials)

%âhô函b f íÇ$ª)ø估lâküí x Ó¾ ∆x

FßÞí y íÓ¾ ∆y íóú0§/�Àíj¶, àÇ

ý, 即Ê~õ P (x, f(x)) Ë¡, ~( T Ý�Q¡ f í

Ç$, ]ç ∆x 夠üv, dy }uø_ ∆y íß估l, 6

ÿuz,

∆y ≈ dy

y根Wû函bí~(é0<2, )~( T íé0

dy

∆x
= f ′(x) C dy = f ′(x)∆x

Ä¤, [A f Ê x íû函b f ′(x), ¤估lÑ

∆y ≈ dy = f ′(x)∆x

1˚ dy Ñ y í�}�.
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ì2. I y = f(x) Ñø x íª�函b. †

1. A‰b x í�}� dx ì2Ñ

dx = ∆x

2. @‰b y í�}� dy ì2Ñ

dy = f ′(x)∆x = f ′(x)dx

註 1. úA‰b x 7k, ∆x D dx ³�差æ, Ì�¾

â x B x + ∆x íZ‰.

註 2. ú@‰b y 7k, Ó¾ ∆y �¾çA‰b x â

x Z‰B x + ∆x v, y íöõ (õÒ) Z‰ (actual

change), 7�}� dy 4�¾Ê¤ó°í x Z‰-, y

í¡NZ‰ (approximate change), 即

∆y ≈ dy

註 3. �}� dy ¦²k x D dx, Oúk固ìí x,

dy uø dx í(4函b.
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W 2. I函b y = x3.

(a) t° y í�}� dy.

(b) tJ�}� dy ¡N x â 2 Z‰B 2.01 íÓ¾

∆y 1DW 1 í!‹ªœ.

(c) tJ�}� dy ¡N x â 2 Z‰B 1.98 íÓ¾

∆y 1DW 1 í!‹ªœ.

<j> I f(x) = x3. (a) âì2, ) y í�}�

dy = f ′(x)dx = 3x2dx

(b) H x = 2, dx = 2.01− 2 = 0.01, )

dy = 3x2dx = 3(2)2(0.01) = 0.12

óçQ¡öõíZ‰ ∆y = 0.120601.

(c) H x = 2, dx = 1.98− 2 = −0.02, )

dy = 3x2dx = 3(2)2(−0.02) = −0.24
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?óçQ¡öõíZ‰ ∆y = −0.237608.

W 3. tJ�}�估l-�®b值.

(a)
√

26.5

(b) 3√0.00096

(c)
√

3.98 + 1√
3.98

<j> (a) ²¦函b

y = f(x) =
√

x

/ x = 25 (靠¡ 26.5, /ql�|
√

25 = 5), )

dx = 26.5− 25 = 1.5

J£

∆y =
√

26.5−
√

25

≈ dy = f ′(x)dx

=

(
1

2
√

x

∣∣∣∣∣
x=25

)
(1.5) =

1.5

10
= 0.15
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Ä¤,
√

26.5 ≈
√

25 + 0.15 = 5.15

(b) ²¦函b

y = f(x) = 3√x

/ x = 0.001 = 10−3 (靠¡ 0.00096 /ql�|
3√
10−3 = 0.1), )

dx = 0.00096− 0.001 = −0.00004

J£

∆y =
3√
0.00096− 3√

10−3

≈ dy = f ′(x)dx

=
(

1

3x2/3

∣∣∣∣
x=10−3

)
(−0.00004)

= −
4× 10−5

3× 10−2
= −

4

3
× 10−3

Ä¤,

3√
0.00096 ≈ 3√

10−3 −
4

3
× 10−3

= 10−1 −
4

3
× 10−3

=
300− 4

3000
=

296

3000
≈ 0.0987
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(c) ²¦函b

y = f(x) =
√

x +
1
√

x

/ x = 4 (靠¡ 3.98 /q°| f(4) = 5
2), )

dx = 3.98− 4 = −0.02

J£

∆y = f(3.98)− f(4)

≈ dy = f ′(x)dx

=
(

1

2x1/2
−

1

2x3/2

∣∣∣∣
x=4

)
(−0.02)

=
(
1

4
−

1

16

)(
−

1

50

)
= −

3

800

Ä¤,
√

3.98 +
1√
3.98

≈
5

2
−

3

800

=
2000− 3

800
=

1997

800
= 2.49625

W 4. qJ�Ì§0 v 哩/v (mph) 駕駛ø卡šW%

ø 500 L哩¼˙í,I‘Ñ

C(v) = 125 + v +
4500

v
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t估lç�Ì§0â 55 哩/vÓB 58 哩/ví,I‘

Z‰¾.

<j> ¦ v = 55 /

∆v = dv = 58− 55 = 3

),I‘Ó¾

∆C ≈ dC = C′(v)dv

=
(
1−

4500

v2

∣∣∣∣
v=55

)
(3)

=
(
1−

4500

3025

)
(3) = −

1475

3025
(3)

= −
4425

3025
≈ −1.46

即,I‘�Áý $1.46, 6rªTÑ駕駛%�超越§Ì

55 哩/víÜâ.

W 5. q某ß¹í銷»,ç S D�µ‘ x íÉ[�Ñ

S(x)=−0.002x3+0.6x2+x+500,0 ≤ x ≤ 200

w2 x D S íÀPÌÑ—j. tJ�}�估l�µ‘â

$100,000 ÓB $105,000 v, 銷»,çíZ‰¾.

<j> ¦ x = 100 /

dx = 105− 100 = 5
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)銷»,çÓ¾

∆S ≈ dS = S′(x)dx

=
(
−0.006x2 + 1.2x + 1

∣∣∣
x=100

)
(5)

= (−60 + 120 + 1)(5) = 305

6ÿuz, 銷»,ç�Ó‹ $305,000.

W 6 qø=íqš�Ñ r, Õš�Ñ R /¤ùš�í差

R− r óúk r u夠üí, àÇý.

(a) tJ�}�估l=Þ	.

(b) ˛ø|Õ層½Ùr=íqš��Ñ 62,900 t¼/

[射Õ寬 (radial width) �Ñ 50 t¼. t估l

¤r=íÞ	.

<j> (a) 根Wš�Ñ x íÆÞ	t�

A = f(x) = πx2

£�}�–1, )=Þ	Ñ

πR2 − πr2 = f(R)− f(r) = ∆A

≈ dA = f ′(r)dr = 2πr(R− r)
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即=Þ	¡NkqÆ¶Å乘J=寬.

(b) 根W (a) 1Hp r = 62900, R− r = 50, )|

Õ層½Ùr=íÞ	�Ñ

2π(62900)(50) = 6290000π

≈ 1,9760,618 t¼2

q�¾ (Cl�) øö值Ñ q í¾v, FßÞí誤差Ñ

∆q, †˚

∆q

q

Ñ�¾ (Cl�) q íóú誤差 (relative error). Jø
∆q
q [Aì}ª (percentage), †˚ ∆q

q Ñì}誤差

(percentage error). ÄÑ ∆q ≈ dq, ]�J dq
q ¡

Nóú誤差, 即

∆q

q
≈

dq

q

W 7. q�¾ø7軸w (ball-bearing) íš�, )š

�Ñ 5 吋/|×�¾誤差Ñ ±0.0002 吋, †óú誤差

�Ñ

dr

r
=
±0.0002

5
= ±0.0004
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即ì}誤差�Ñ ±0.04%.

W 8. q�¾ø
jñ邊Åí|×ì}誤差Ñ 2%. t

J�}�估ll�¤
jññ	í|×ì}誤差.

<j> q
jñí邊ÅÑ x, †ñ	 V = x3. â�}�

dV = V ′(x)dx = 3x2dx

)ñ	íóú誤差

∆V

V
≈

dV

V
=

3x2dx

x3
= 3

dx

x

Ä¤, H ∣∣∣∣dx

x

∣∣∣∣ ≤ 0.02

) ∣∣∣∣∆V

V

∣∣∣∣ ≈ ∣∣∣∣dV

V

∣∣∣∣ = 3
∣∣∣∣dx

x

∣∣∣∣ ≤ 3(0.02) = 0.06

即l�
jññ	í|×ì}誤差�Ñ 6%.

W 9. q某Åðí×豆Û°j˙�Ñ

p = f(x) =
55

2x2 + 1
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w2 p íÀP: j/蒲�耳 (bushel, ¯ÿ‹侖) /�Û

°¾ x íÀP: 十h蒲�耳 (billions of bushels).

%Èçðã測ø� 1.8 ÀPíYA/|×ã測誤差Ñ

15%. t°©蒲�耳×豆íã測»gí|×誤差.

<j> ÄÑ

p′(x) = −
55

(2x2 + 1)2
(4x) = −

220x

(2x2 + 1)2

]â�}�, )ã測»gí誤差

∆p ≈ dp = p′(x)dx = −
220x

(2x2 + 1)2
dx

H x = 1.8 £

|dx| ≤ (1.8)(0.15) ≤ 0.27

)

|∆p| ≈ |dp| ≤
∣∣∣∣∣− 220(1.8)

(2(1.8)2 + 1)2
(0.27)

∣∣∣∣∣ ≈ 1.911

即ã測»gí|×誤差�Ñ ±$1.911/蒲�耳.
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