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函bíÇ$uøâegíi�«n函b4”í�à輔Œ	

x, ªTX函bF蘊含m7íêc¿b. ú`函bÇ$Î

7Û«à函bí遞Ó, 遞Á4Dóú”值£凹4D¥曲õ

�4”Õ, ?Û藉Œk-述«ní垂ò漸¡(D®�漸¡

(�4”.

ø. 垂ò漸¡( (vertical asymptotes)

q函b

f(x) =
x + 1

x− 1

l�ùÀ邊”Ì

lim
x→1+

x + 1

x− 1
=

2

0+
= ∞

£

lim
x→1−

x + 1

x− 1
=

2

0−
= −∞

)ø, ç x â¬邊k}Ë靠¡ 1 v, ú@í函b值

f(x) }ÌäË遞Ó, 即函bíÇ$}L</Ìä遞ÓË

Q¡鉛垂( x = 1, àÇý. °Ü, ç x â˝邊k}Ë
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靠¡ 1 v, ú@í函b值 f(x) }ÌäË遞Á, 即函bí

Ç$}L</Ìä遞ÁËQ¡鉛垂( x = 1, àÇý. ]

˚ x = 1 Ñ函b f í垂ò漸¡(. úkø般í函b, �

à-í

ì2. 鉛垂( x = a Ñ函b f í垂ò漸¡(J/唯J

lim
x→a+

f(x) = ∞ C −∞

C

lim
x→a−

f(x) = ∞ C −∞

針ú�Ü函b, ø_判i函bÇ$u´�垂ò漸¡(í�

Àj¶Ñ

�Ü函bí垂ò漸¡(判iÄ†. q�Ü函b

f(x) =
P (x)

Q(x)

w2 P (x) D Q(x) ÑÖá�函b, †鉛垂( x = a

Ñ f í垂ò漸¡(J

Q(a) = 0 O P (a) 6= 0

即 f Ê}母Ñ 0 O}ä.Ñ 0 íËj�垂ò漸¡(.
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W 1. t°函b

f(x) =
x2

4− x2

í垂ò漸¡(.

<j> ÄÑ f Ñ P (x) = x2 / Q(x) = 4− x2 í

�Ü函b/â}母

4− x2 = 0

)ù_ª?ßÞ垂ò漸¡(í x = −2 D x = 2.

QO, ð„. H x = −2, )

P (−2) = 4 6= 0

¢H x = 2, )

P (2) = 4 6= 0

]根W�Ü函bí垂ò漸¡(判iÄ†, f �ù垂ò漸¡

( x = −2 D x = 2.

註. 鉛垂( x = a Ñ�Ü函b f í垂ò漸¡(只Û}

母Ê x = a Ñ零. J}äD}母Ê x = a ÌÑ 0 v,
† x = a .uø垂ò漸¡(, à

f(x) =
4(x2 − 4)

x− 2
, x 6= 2
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)}ä P (2) = 0 /}母 Q(2) = 0. %â“�, )

f(x) =
4(x + 2)(x− 2)

x− 2
= 4(x + 2), x 6= 2

/

lim
x→2+

f(x) = lim
x→2−

f(x) = 16 6= ±∞

]âì2, x = 2 .uø垂ò漸¡(. àÇý, Î7

x = 2 JÕ, f íÇ$ÿuò( y = 4x + 8.

¢à函b

g(x) =
x3 − x

x(x + 1)

í}母Ê x = −1 D x = 0 Ñ 0, O}ä?Ñ 0, ]

x = −1 D x = 0 Ì.u垂ò漸¡(. 9õ,, %â“

�,

g(x) =
x(x− 1)(x + 1)

x(x + 1)
= x− 1, x 6= −1,0

àÇý, g íÇ$ÿuÎ7 x = −1 D x = 0 JÕí

ò( y = x− 1.

ù. ®�漸¡( (horizontal asymptotes)
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q函b

f(x) =
x + 1

x− 1

l�ÊÌ¤±í”Ì

lim
x→∞

x + 1

x− 1
= lim

x→∞
1 + 1

x

1− 1
x

=
1 + 0

1− 0
= 1

£

lim
x→−∞

x + 1

x− 1
= lim

x→−∞
1 + 1

x

1− 1
x

=
1 + 0

1− 0
= 1

)ø, ç x %¬邊k}Ë靠¡Ì¤±v, ú@í函b值

f(x) }L<ËQ¡ 1, 即函bíÇ$}L<ËQ¡®�

( y = 1, àÇý. °Ü, ç x %˝邊k}Ë靠¡ŠÌ

¤±v, ú@í函b值 f(x) }L<ËQ¡ 1, 即函bí

Ç$}L<ËQ¡®�( y = 1, àÇý. ]˚®�(

y = 1 Ñ®�漸¡(. úkø般í函b, �à-í

ì2. ®�( y = b Ñ函b f í®�漸¡(J/唯J

lim
x→∞ f(x) = b C lim

x→−∞
f(x) = b

W 2. t°函b

f(x) =
x2

4− x2
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í®�漸¡(.

<j> l�Ê£Ì¤±í”Ì, )

lim
x→∞

x2

4− x2
= lim

x→∞ =
1

4
x2 − 1

=
1

0− 1
= −1

l�ÊŠÌ¤±í”Ì, )

lim
x→−∞

x2

4− x2
= lim

x→−∞
=

1
4
x2 − 1

=
1

0− 1
= −1

], âì2, f 僅�ø‘®�漸¡( y = −1, àÇý.

W 3. t°函b

g(x) =
x√

x2 + 1

í®�漸¡(.

<j> 根W √
x2 = |x| =

{
x, x ≥ 0
−x, x < 0

l�ÊÌ¤±í”Ì, )

lim
x→∞

x√
x2 + 1

= lim
x→∞

1√
1 + 1

x2

= 1

6 2×bçÍ:PM



%ÈÍ�	}(:¯`ç, 100ç��) Àj 20: úÇ

J£

lim
x→−∞

x√
x2 + 1

= lim
x→−∞

−1√
1 + 1

x2

= −1

], âì2, g �ù®�漸¡( y = 1 D y = −1, à

Çý.

註. q P (x) ÑŸb×kC�k 1 íÖá�函b. %â

Z寫,

P (x) =
P (x)

1

4ø}母Ñ 1, 0.Ñ 0 í�Ü函b, ] P Ì垂ò漸¡

(. ¢

lim
x→∞P (x) = ∞ C −∞

C

lim
x→∞P (x) = ∞ C −∞

”Ì.æÊ, ] P Ì®�漸¡(. Ä¤, Ÿb×kC�k

1 íÖá�函bÌ垂ò漸¡(D®�漸¡(. ú. úÇ

3b根W漸¡(J£ø階Dù階û函bFTXím7, )

úÇN引
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1. üì函b f íì2域.

2. JªW, ° f í x-i距D y-i距.

3. 判iç |x| 夠×v, f íWÑ.

4. ° f í®�D垂ò漸¡(.

5. 判i f í遞Ó, 遞Á4 (À|4).

6. ° f íóú”值.

7. 判i f í凹4.

8. ° f í¥曲õ.

9. ·õ£™ý漸¡(, 1根WÀ|4, 凹4D f ÊÌ¤

±£垂ò漸¡(Ë¡íWÑ, Y序â˝B¬Ê©_ä

–È,, J�滑曲(ú|函bíÇ$.
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W 4. tú函b

y = f(x) = x3 − 6x2 + 9x + 2

íÇ$.

<j> 1. °ì2域, i距D漸¡(. ÄÑ f uÖá�函

b, ]0ì2/Ì漸¡(. I x = 0, ) y-i距 2. I

y = 0, ) x íøjúŸj˙�, .qj, ]ôI x-i
距ím7. ¢根Wäûá,

lim
x→∞ f(x) = lim

x→∞(x3 − 6x2 + 9x + 2)

= lim
x→∞x3

(
1−

6

x
+

9

x2
+

2

x3

)
= ∞(1) = ∞

即%¬邊Ìä遞Ó, /

lim
x→−∞

f(x) = lim
x→−∞

(x3 − 6x2 + 9x + 2)

= lim
x→−∞

x3
(
1−

6

x
+

9

x2
+

2

x3

)
= −∞(1) = −∞

即%˝邊Ìä遞Á.

2. °óú”值. ú x �}1“�, )

f ′(x) = 3x2 − 12x + 9 = 3(x2 − 4x + 3)

= 3(x− 1)(x− 3)
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0©/, ]I f ′ = 0, )ù@äb x = 1 D x = 3.

QO, l�ø階û函b f ′ Ê}割|íú_ä–È,í¯

U, )

(−∞,1): f ′ = (−)(−) = (+), f 遞Ó

(1,3): f ′ = (+)(−) = (−), f 遞Á

(3,∞): f ′ = (+)(+) = (+), f 遞Ó

àÇý. Ä¤, f Ê x = 1 �óú”×值

f(1) = 1− 6 + 9 + 2 = 6

/Ê x = 3 �óú”ü值

f(3) = 27− 54 + 27 + 2 = 2

3. °¥曲õ. yú x �}1“�, )

f ′′(x) = 6x− 12 = 6(x− 2)

0©/, ]I f ′′ = 0, )唯øí¥曲`²b x = 2.

QO, l�ù階û函b f ′′ Ê}割|íù_ä–È,í¯

U, )
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(−∞,2): f ′′ = (−), f -凹

(2,∞): f ′′ = (+), f ,凹

àÇý. ÄÑ¬ x = 2 v, 凹4Z‰/

f(2) = 8− 24 + 18 + 2 = 4

])¥曲õ (2,4).

4. ·õD©!. ™ý°)íóú”值D¥曲õ1ø f ′

í¯U0k x-軸í,j, f ′′ í¯U0k x-軸í-j, /

Y序Ê©_ä–È,根W f í遞Ó, 遞Á4, 凹4J£ f

Ê£ŠÌ¤±íWÑ, J�滑曲(©!™ýíõ7ú|函

b f íÇ$, àÇý.

W 5. tú函b

y = f(x) =
x + 1

x− 1

íÇ$.

<j> 1. °ì2域, i距D漸¡(. ÄÑ f Ñ�Ü函b

/}母Ê x = 1 Ñ 0, O}ä.Ñ 0, ]) f íì2域

(−∞,1) ∪ (1,∞)
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D垂ò漸¡( x = 1, J£Ê x = 1 Ë¡íWÑ

lim
x→1+

x + 1

x− 1
=

2

0+
= ∞

即 x â¬邊Q¡ 1 v, f Ìä遞Ó, J£

lim
x→1−

x + 1

x− 1
=

2

0−
= −∞

即 x â˝邊Q¡ 1 v, f Ìä遞Á.

¢

lim
x→∞

x + 1

x− 1
= 1 / lim

x→−∞
x + 1

x− 1
= 1

)®�漸¡( y = 1.

ÄÑ x > 1 v,

0 < x− 1 < x + 1

)

x + 1

x− 1
> 1

即 f Ç$â,jL<ËQ¡ y = 1. °Ü, ÄÑ

x < −1 v,

x− 1 < x + 1 < 0
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)

0 <
x + 1

x− 1
< 1

/ç −1 < x < 1 v,

x− 1 < 0 < x + 1

)

x + 1

x− 1
< 0

即 f íÇ$â-jL<ËQ¡ y = 1.

2. °óú”值. 根WÎ¶d†1“�, )

f ′(x) =
(x− 1)− (x + 1)

(x− 1)2
=

−2

(x− 1)2

0.Ñ 0 / f ′ Ê x = 1 .æÊ, O x = 1 .Ê f

íì2域q, ]Ì@äb, Ä7Ìóú”值.

QO, J˛-Æ™ý x = 1 /l� f ′ Ê}割|íù_

ä–È,í¯U, )

(−∞,1): f ′ = (−)
(+) = (−), f 遞Á

(1,∞): f ′ = (−)
(+) = (−), f 遞Á
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àÇý.

3. °¥曲õ. 根W©鎖d†1“�, )

f ′′(x) = (−2)(−2)(x− 1)−3 =
4

(x− 1)3

0.Ñ 0 /Ê x = 1 .æÊ, O x = 1 .Ê f íì

2域q, ]Ì¥曲`²b, ÄÑÌ¥曲õ.

QO, J˛-Æ™ý x = 1 1l� f ′′ Ê}割|íù_

ä–È,í¯U, )

(−∞,1): f ′′ = (+)
(−) = (−), f ′′ -凹

(1,∞): f ′′ = (+)
(+) = (+), f ′′ ,凹

àÇý, 即U¬ x = 1, 凹4Z‰, O f Ê x = 1 „ì

2, ]Ì¥曲õ.

4. ·õD©!. ¯併,述¥驟F)ím7, à™ýi距,

漸¡(1ø f ′ í¯U0k x-軸í,j, f ′′ í¯U0k

x-軸í-j, /Y序Ê©_ä–È,, 根W f íÀ|4,

凹4J£ f Ê漸¡(Ë¡íWÑ, J�滑曲(ú|函bí

Ç$, àÇý.
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W 6 tú函b

f(x) =
3

2
x4 − 2x3 − 6x2 + 8

íÇ$.

W 7. tú函b

f(x) =
x

x2 + 1

íÇ$.

W 8 tú函b

f(x) =
x

x2 − 4

íÇ$.

W 9. tú函b

f(x) =
x2

4− x2

íÇ$.
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