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單元 23: 指數函數
({… §5.1)

Nbƒb (exponential function) Êöõ0äí@à

£bç}析,ÌrÆóç½bíiH, �à, ÊÜ;ÕG

-, 培養皿2.°vÈí�菌b¾ªâNbƒb·述; [

射4Ó”4根WNb¢“0ÓOvÈ衰¢; 複‚íìæ!

ì}×ÛNbËAÅ; Ê$l2ªâNbƒb[Û某<½

bí}布�. �à-püí

ì2. q b > 0 / b 6= 1. ƒb

f(x)
def
= bx, −∞ < x < ∞

˚TJ b Ñ�b (base) / x ÑNb (exponent) í

Nbƒb.

Wà, J 2 Ñ�bíNbƒb

f(x) = 2x, −∞ < x < ∞

/

f(3) = 23 = 8, f

(
3

2

)
= 23/2 = 2

√
2

D

f(−1) = 2−1 =
1

2
, f(0) = 20 = 1
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J£

f

(
−

2

3

)
= 2−2/3 =

1

22/3
=

1
3√4

�ÉNbíl�ª藉ŒkÉkNbó
Î, NbíNbJ

£�bó
Îí

Nb
 (laws of exponents). q a D b Ñ£b/

x D y Ñõb. †

1. bx · by = bx+y

2.
bx

by
= bx−y

3. (bx)y = bxy

4. (ab)x = axbx

5.
(

a

b

)x
=

ax

bx
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註. Nb
.uÉkNbC�bó‹Áí��, bü-,

�誤à, ¹

bx ± by 6= bx±y

C

(a± b)x 6= ax ± bx

W 1. tl�-�®�.

(a) 167/4 · 16−1/2

(b)
85/3

8−1/3

(c) (644/3)−1/2

(d) (16 · 81)−1/4

(e)

(
31/2

21/3

)4
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(f) 31/4 · 9−5/8

(g)
(

8

27

)−1/3
·
(

81

256

)−1/4

<j> (a) ó°�bí
	, Nbó‹1“�, )

167/4 · 16−1/2 = 167/4−1/2 = 165/4

= (161/4)5 = 25 = 32

(b) ó°�bí}�, NbóÁ, )

85/3

8−1/3
= 85/3−(−1/3) = 82 = 64

(c) NbíNb, Nbó
1“�, )

(644/3)−1/2 = 64(4/3)(−1/2) = 64−2/3

=
1

642/3
=

1

(641/3)2

=
1

42
=

1

16

(d) .°�bí
	, .°�bíNbó
1“�, )

(16 · 81)−1/4 = 16−1/4 · 81−1/4

=
1

161/4
·

1

811/4
=

1

2
·
1

3
=

1

6
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(e) .°�bí}�, .°�bíNbóÎ1“�, )(
31/2

21/3

)4

=
34/2

24/3
=

9

24/3

(f) “A°�bí
	1根WNb
, )

31/4 · 9−5/8 = 31/4 · (32)−5/8

= 31/4 · 3−5/4 = 3−1 =
1

3
(g) 顛J, Nb‰U1根W.°�bíNb
“�, )(

8

27

)−1/3 (256

81

)−1/4
=
(
27

8

)1/3 ( 81

256

)1/4

=
271/3

81/3
·

811/4

2561/4
=

3

2
·
3

4
=

9

8

W 2. tj-�®j˙�.

(a) 22x−1 = 16

(b) 8x =
(

1

32

)x−2

(c) 3x−x2
=

1

9x
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(d) 32x − 12 · 3x + 27 = 0

<j> (a) “A°�b 2 1ªœNb, )

22x−1 = 24

¹

2x− 1 = 4

] x = 5
2.

(b) [AJ 2 Ñ�bíbç�1“�, )

(23)x = (2−5)x−2

¹

23x = 210−5x

]

3x = 10− 5x

)

x =
10

8
=

5

4

(c) “A°�b 3 1ªœNb, )

3x−x2
= 3−2x
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]

x− x2 = −2x

¹

x2 − 3x = x(x− 3) = 0

) x = 0 D x = 3.

(d) Z寫1}j, )

(3x)2 − 12(3x) + 27 = (3x − 3)(3x − 9)

= 0

]

3x = 3 C 3x = 9 = 32

) x = 1 D x = 2.

%â·õ (J(yJø階Dù階ûƒbF×ÛíÀ|4D

凹4J£”ÌWÑ·ú), )NbƒbíÇ$, àÇý, J

£óÉí

Nbƒbí4”. Nbƒb

y = bx, (b > 0, b 6= 1), −∞ < x < ∞

�à-í4”.
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1. ì2域Ñ (−∞,∞).

2. M域Ñ (0,∞).

3. ¬õ (0,1), ¹ b0 = 1.

4. Ê (−∞,∞) ,©/, ¹0©/.

5. J�b b > 1, Ê (−∞,∞) ,遞Ó, ¹0遞Ó; J

�b 0 < b < 1, Ê (−∞,∞) ,遞Á, ¹0遞Á.

6. J�b b > 1, †

lim
x→∞ bx =∞ / lim

x→−∞
bx = 0

J�b 0 < b < 1, †

lim
x→∞ bx = 0 / lim

x→−∞
bx =∞

ÌÜb

e ≈ 2.7182818 · · ·
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Å—-�

e = lim
m→∞

(
1 +

1

m

)m

<„> I, OªJl�Âüw, à{… p.333, [ 1.

JÌÜb e Ñ�bíNbƒb

y = ex

˚TAÍNbƒb (natural exponential

function), ÊÜ�£@à,ÌrÆ½bíiH, àÇý.

óÉíNbƒbÑ

y = e−x

àÇý, �àkNb衰¢模型í�構.

W 3. qƒb

f(x) = Aekx

/˛ø

f(0) = 100 / f(1) = 120

t° f(x).
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<j> H x = 0, )

100 = Aek(0) = A

yH x = 1 D A = 100, )

120 = 100ek

¹

ek =
120

100
=

6

5

Ä¤, 根WNb
1Hp, )

f(x) = A(ek)x = 100
(
6

5

)x

W 4. qƒb

f(t) =
1000

1 + Be−kt

/˛ø

f(0) = 20 D f(2) = 30

t° f(5).

<j> H t = 0, )

20 =
1000

1 + Be−k(0)
=

1000

1 + B
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¹

B + 1 =
1000

20
= 50

)

B = 50− 1 = 49

yH t = 2 D B = 49 1根WNb
, )

30 =
1000

1 + 49e−k(2)
=

1000

1 + 49(e−k)2

¹

1 + 49(e−k)2 =
1000

30
=

100

3

)

(e−k)2 =
1

49

(
100

3
− 1

)
=

1

49
·
97

3
=

97

147

]

e−k =
(

97

149

)1/2

|(, 根WNb
1Hp, )

f(t) =
1000

1 + B(e−k)t
=

1000

1 + 49
(

97
147

)t/2
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Ä¤,

f(5) =
1000

1 + 49
(

97
147

)5/2
≈ 54.55139
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